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Progress in Ab Initio Calculations
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[ cf. HH, Front. Phys. 8, 379 (2020) ]
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(Multi-Reference) In-Medium 

Similarity Renormalization Group
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Decoupling in A-Body Space

goal: decouple reference state  
from excitations
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Flow Equation

d
dsH(s) =

�
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�
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Operators

truncated at two-body level -

matrix is never constructed  

explicitly!
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“standard” IMSRG: build correlations on top of 

Slater determinant (=independent-particle state)
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Correlated Reference States

! IMSRG(2) IMSRG(3) IMSRG(4) IMSRG(5)

. . . 

Collective (aka static) correlations, e.g.

due to intrinsic deformation:
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Correlated Reference States

! MR-IMSRG(2)

. . . 

MR-IMSRG: build correlations on top of 

already correlated state (e.g., from a method that


describes static correlation well)

IMSRG

reference
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IMSRG-Improved Methods

XYZ 
define


reference

IMSRG 
evolve


operators

XYZ 
extract


observables

Could add

 self-consistency.

* mean field or 
explicitly correlated
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IMSRG-Improved Methods

XYZ 
define


reference

IMSRG 
evolve


operators

XYZ 
extract


observables

• IMSRG for closed and open-shell nuclei: IM-HF and 
IM-PHFB

• HH, Phys. Scripta, Phys. Scripta 92, 023002 (2017)


• HH, S. K. Bogner, T. D. Morris, A. Schwenk, and K. Tuskiyama, Phys. 
Rept. 621, 165 (2016)


• Valence-Space IMSRG (VS-IMSRG)                 

• S. R. Stroberg, HH, S. K. Bogner, J. D. Holt, Ann. Rev. Nucl. Part. Sci. 

69, 165 


• In-Medium No Core Shell Model (IM-NCSM)                                         

• E. Gebrerufael, K. Vobig, HH, R. Roth, PRL 118, 152503


• In-Medium Generator Coordinate Method (IM-GCM)                                               

• J. M. Yao, J. Engel, L. J. Wang, C. F. Jiao, HH PRC 98, 054311 (2018)


• J. M. Yao et al., PRL 124, 232501 (2020) 

cf. talk by  
Jason Holt
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Oxygen Isotope

consistent ground-state energies for the same interaction 
(and comparable Lattice EFT action)
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IT-NCSM
MR-IMSRG(2)
VS-IMSRG(2)
CCSD
Λ-CCSD(T)
ADC(3)
Lattice EFT

HH, Front. Phys. 8, 379 (2020)
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Calcium Charge Radii
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• differential observables like  are insensitive to variations of 
interaction cutoffs / resolution scale 

ΔRch

HH, Front. Phys. 8, 379 (2020) 
B. A. Brown et al., PRR 2, 022305(R) (2020) 

cf. talk by  
W. Nazarewicz
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Transitions
S. R. Stroberg, HH, S. K. Bogner, J. D. Holt, Ann. Rev. Part. Nucl. Sci. 69, 307 (2019) 

N. M. Parzuchowski, S. R. Stroberg et al., PRC 96, 034324 (2017) 
S. R. Stroberg et al. PRC 105, 034333 (2022)

• B(E2)s too small: missing collectivity due to intermediate 3p3h, 
… states that are truncated in IMSRG evolution (static 
correlation)

NS69CH12_Stroberg ARjats.cls October 9, 2019 19:47
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Figure 13
Electric quadrupole transition matrix element ⟨0+∥E2∥2+⟩ in 14C, 22O, and 32S, computed using the
valence-state in-medium similarity renormalization group with several choices of input chiral interaction.
Also shown are the energy of the 2+

1 state and the point proton radius squared. Experimental radii are from
Reference 252; energies and transition matrix elements are from Reference 243. Abbreviations: N2LO,
next-to-next-to-leading order; N3LO, next-to-next-to-next-to-leading order.

An early application of this approach was to electromagnetic transitions in light andmedium-mass
nuclei (123), which showed that the observables were well converged with respect to the model-
space truncation (i.e., frequency and number of major shells included in the initial harmonic os-
cillator basis). However, the computed values for collective observables such as magnetic mo-
ments or electric quadrupole and octupole transitions were substantially smaller than experimental
data.

The possible explanation for this discrepancy is that either the truncation of Equation 77 to
two-body operators is insufficient to capture this type of collectivity or the input chiral interactions
are deficient in some way. Most likely, both are in effect to some degree. The interaction used
in Reference 123 is known to underpredict charge radii in these same nuclei (240). Given that
the electric quadrupole operator is proportional to r2, where r is the point proton radius, and
that the transition strengths B(E2) go as r4, one would naturally expect some underestimation
of the quadrupole strength. However, as demonstrated in Figure 13, this cannot be the whole
story.

The point proton radius squared (R2
pp in Figure 13) is underpredicted at approximately the

same level in 14C and 32S. In contrast, while the E2 strength for 14C is reasonably reproduced, in
32S it is underpredicted by ∼ 25–50%, and the strength in 22O is underpredicted by ∼ 65%.Clearly,
the underprediction of E2 strength in 32S cannot be explained solely by the radius deficiencies.

Supporting this interpretation, unpublished calculations in a small space where exact diago-
nalizations are possible show unambiguously that the IMSRG(2) truncation misses a significant
fraction of the E2 strength, and that capturing the full strength requires inclusion of correlated
many-particle many-hole excitations. In addition, symmetry-adapted NCSM calculations of sd
shell nuclei yielded significantly greater E2 strength using the same starting interaction (231).

It is interesting to compare the IMSRG results with the above-mentioned approach of Siegel
& Zamick (251). They considered three levels of approximation for the E2 operator, first-order
core polarization, TDA, and RPA. Figure 14 presents typical diagrams contributing to these ap-
proximations.The effective operator generated by the VS-IMSRG via Equation 77 contains TDA
and RPA graphs to all orders. The VS-IMSRG also sums higher-order diagrams such as that in
Figure 14d, but because of the truncation to two-body operators, certain types of diagrams are
undercounted or missing altogether (see References 145, 174, and 175 for more details).

342 Stroberg et al.
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Capturing Collective Correlations: 

In-Medium Generator Coordinate 
Method

J. M. Yao, A. Belley, R. Wirth, T. Miyagi, C. G. Payne, S. R. Stroberg, HH, J. D. Holt, 
PRC 103, 014315 (2021)

J. M. Yao, B. Bally, J. Engel, R. Wirth, T. R. Rodriguez, HH, PRL 124, 232501 (2020)

J. M. Yao, J. Engel, L. J. Wang, C. F. Jiao, HH, PRC 98, 054311 (2018)
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In-Medium GCM
J. M. Yao, et al., PRC 98, 054311 (2018),  PRL 124,  232501 (2020), PRC 103, 014315 (2021) 

GCM 
define


reference

IMSRG 
evolve


operators

GCM 
extract


observables

• no-core (or valence space) GCM 
calculation to prepare reference state

• evolve Hamiltonian and observables with  
MR-IMSRG


• decoupling in A-body space

• no-core GCM calculation using evolved 
Hamiltonian


• calculate GCM wave functions, observables
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Perturbative Enhancement of IM-GCM
M. Frosini et al., EPJA  58, 64 (2022)

• s-dependence is a built-in diagnostic tool for IM-GCM (not 
available in phenomenological GCM)

• if operator and wave function offer sufficient degrees of freedom, 

evolution of observables is unitary 

• need richer references and/or IMSRG(3) for certain observables
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Collectivity in AMg: IM-GCM

• Prolate configurations gain more energy than the weakly deformed 
one via IMSRG flow (targeting states or groups/bands of states)


• Dominant configuration is more concentrated at large prolate 
deformation, which enhances the quadrupole collectivity in 32Mg.

Application to deformed nuclei: AMg

Pure GCM calculation based on chiral interaction for 32Mg

Weakly deformed ground state.
The 3NF makes the nucleus easier to be deformed.
Coexistence of spherical vibrational excitations and prolate deformed rotational
excitations.

J. M. Yao FRIB/MSU MR-IMSRG for Deformed Nuclei May 12, 2019 13 / 44

J. M. Yao, HH, in preparation
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Magnesium Isotopes

• much improved B(E2) values compared to standard GCM or VS-
IMSRG calculations: IM-GCM captures dynamical and static 
correlations!

Application to deformed nuclei: AMg

The B(E2 : 0+
1 ! 2+

1 ) are nicely reproduced, even though the radii are
systematically underestimated by 6% as expected from the interaction.
The excitation energies of 2+

1 states are systematically overestimated, while the
evolution trend is reproduced excellently.

J. M. Yao FRIB/MSU MR-IMSRG for Deformed Nuclei May 12, 2019 14 / 44

J. M. Yao, HH, in preparation

EM1.8/2.0



H. Hergert - FRIB-TA Topical Program “Theoretical Justifications and Motivations for Early High-Profile FRIB Experiments”, East Lansing, May 22, 2023

Magnesium Isotopes

• induced 2B quadrupole operator is small (~5%), contrary to typical 
VS-IMSRG (~50%): GCM reference equips operator basis with better 
capability to capture collectivity

Application to deformed nuclei: AMg

The B(E2 : 0+
1 ! 2+

1 ) are nicely reproduced, even though the radii are
systematically underestimated by 6% as expected from the interaction.
The excitation energies of 2+

1 states are systematically overestimated, while the
evolution trend is reproduced excellently.

J. M. Yao FRIB/MSU MR-IMSRG for Deformed Nuclei May 12, 2019 14 / 44

J. M. Yao, HH, in preparation

O = O(1) →
s→∞

O(s) = O(1)(s) + O(2)(s) + …
induced contributions

EM1.8/2.0
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Cluster Structures: 8Be
Application to deformed nuclei: 8Be

Chiral Interaction: SRG softened NN from Entem & Machleidt with 3NF from chiral EFT.
K. Hebeler et al PRC (2011)

J. M. Yao FRIB/MSU MR-IMSRG for Deformed Nuclei May 12, 2019 9 / 44

J. M. Yao, R. Wirth, HH, in progress

HFB potential energy surface
Pr
el
im
in
ar
y



Application to deformed nuclei: 8Be

Starting from the spherical
reference state and the
energy-minimum deformed
state, the IMSRG(2) is
converged to different
solutions.

J. M. Yao FRIB/MSU MR-IMSRG for Deformed Nuclei May 12, 2019 10 / 44

Application to deformed nuclei: 8Be

E2 transition in GCM/IMSRG/6/2 calculation (ref.: �2 = 0.8)

B(E2 : 2+
1 ! 0+

1 ) = 5.77e2fm4, Rm = 2.27 fm (bare operator)

B(E2 : 2+
1 ! 0+

1 ) = 8.76e2fm4 , Rm = 2.54 fm (evolved operator)

J. M. Yao FRIB/MSU MR-IMSRG for Deformed Nuclei May 12, 2019 11 / 44

0+
2

0+
1
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Cluster Structures: 8Be
J. M. Yao, R. Wirth, HH, in progress

• Prolate and spherical references flow towards  and  states              
[cf. Sargsyan et al., PRL128, 202503; Caurier et al., PRC64, 051301(R)]


• seems consistent with IM-NCSM

0+
1 0+

2

Exp.       Nmax=4    Nmax=2       IM-GCM

                  IM-NCSM              ("2=0.8)      Pr

el
im
in
ar
y



Looking Ahead 
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What Is Next?

• nuclear structure (and reaction) studies with multiple 
complementary methods: IM-GCM, VS-IMSRG, Coupled 
Cluster, (symmetry-adapted) NCSM(C)…


• improved truncations: IMSRG(3) and tailored operator 
bases 

• accelerate IMSRG & IM-GCM (GPUs, factorization, 
Machine Learning, …)                                                           
[A. M. Romero et al., PRC 104, 054317; X. Zhang et al., PRC 107, 024304] 

• Uncertainty Quantification / Sensitivity Analysis 

• need cheap surrogate models (emulators)



Pearson coefficient: 

p = cov(HDMD, HIMSRG)
σDMD σIMSRG

HDMD(s) vs. HIMSRG(s)
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Emulating IMSRG Flows
J. Davison, J. Crawford, S. Bogner, HH, in preparation

Dynamic Mode Decomposition 
emulator “learns” all flowing 
operator coefficients from 
snapshots!

EM(500) N3LO, λ = 2.0 fm−1

E(
s)

[M
eV

]

s [MeV−1]

20Ne
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Parametric DMD

• -full, NNLO 
NN+3N


• , 




• 200000+ 
samples 


• 4-5 order of 
magnitude 
reduction in 
computational 
effort

Δ

emax = 12
E3max = 14

J. Davison, J. Crawford, S. Bogner, HH, in preparation

Pre
lim
ina
ry

optimal experimental design: 
Identify nuclei and observables from which we 


can learn most about physical phenomena, 

interactions / EFTs, …
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Transforming the Hamiltonian

• reference state: single Slater 
determinant

�
�
⇤⇤�
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excitations relative 

to reference state:

normal-ordering

|Ǫ� |Ǫa
i � |Ǫab

ij � |Ǫabc
ijk �

|Ǫ
ab

c
ijk

�
|Ǫ

ab ij
�

|Ǫ
a i�

|Ǫ
�

���� ���� ����

ε�

ε�

�

�F

a,b, . . . : � > �F

i, j, . . . : � � �F

p,q, . . . : full basis



H. Hergert - FRIB-TA Topical Program “Theoretical Justifications and Motivations for Early High-Profile FRIB Experiments”, East Lansing, May 22, 2023

Decoupling

off-diagonal couplings    
are rapidly driven to zero
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non-perturbative    
resummation of MBPT series      

(correlations)
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• absorb correlations into RG-improved Hamiltonian


• reference state is ansatz for transformed, less correlated 
eigenstate:

H. Hergert - FRIB-TA Topical Program “Theoretical Justifications and Motivations for Early High-Profile FRIB Experiments”, East Lansing, May 22, 2023
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