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Example: deuteron-induced reactions particularly useful extracting 
nuclear properties, neutron capture reaction rates

S. Ahn, PRC100, 044613 (2019)

An accurate reaction theory is needed to credibly structure properties

80Ge(d, p)81Ge

81Ge energy 
levels

DIRECT NEUTRON CAPTURE CROSS SECTION ON … PHYSICAL REVIEW C 100, 044613 (2019)

FIG. 2. Q-value spectrum of protons in coincidence with a ger-
manium recoil from the 80Ge(d, p)81Ge reaction, detected in the
SIDAR and Micron SX3 detectors. Considering 0.05-MeV FWHM
energy resolution of one state from the energy calibration using
80Se(d, p)81Se reactions and the precise level energies of 81Ge from
Ref. [25], two states are expected to be populated in the peak at
Ex = 0.69 MeV with 0.25-MeV FWHM resolution. The ground-state
Q value of the reaction is Q = 2.63 MeV.

potential was constructed using the Johnson and Tandy optical
parametrization method [38] with Chapel-Hill 89 (CH89) [40]
nucleonic potentials for the neutron and the proton. The CH89
global optical potential was also used for the exit channel. All
transfer calculations in this work were performed with FRESCO
[41], and adiabatic potentials were obtained with a modified
version of TWOFNR [42]. Fixed standard radius and diffuseness

FIG. 3. Proton angular distributions in the center of mass from
backward-angle detectors compared to differential cross sections
calculated with FRESCO [41] for the unresolved doublet at Ex = 679
and 711 keV. For the red curve, 3s 1

2
transfer was assumed for the 679-

keV state (dash blue) and 2d 5
2

transfer to the 711-keV component
(dash magenta). For the dark green curve, 2p 1

2
transfer was assumed

for the 679-keV state. The first five data points at the most forward
angles are used to fit the curves. In parentheses after the shell-model
configuration are the spectroscopic factors that result from the fit of
the theoretical to experimental differential cross sections.

TABLE I. Spectroscopic factors deduced from ADWA-FR calcu-
lations of low-lying intruder states in 81Ge from the measurements of
the 80Ge(d, p)81Ge neutron transfer reaction in inverse kinematics.

Ex(keV) Jπ Snl j

679 1
2

+
S3s 1

2
= 0.27 ± 0.11

711 5
2

+
S2d 5

2
= 0.39 ± 0.17

parameters, r0 = 1.25 fm and a = 0.65 fm, respectively, were
used for the bound state. The Reid interaction [43] was used
to obtain the deuteron wave function and the transfer operator.

The differential cross sections in Fig. 3 favor calculations
that include s-wave transfers (red curve) rather than the one
including p-wave transfers (dark green curve). Since it is
well known [44–46] that the calculated transfer cross sections
better represent the data on the first peak of the angular
distribution, spectroscopic factors were obtained by fitting the
most-forward angle data only. The shape of the red curve in
Fig. 3 shows the best fit using this procedure.

The angular distributions were also analyzed using a
Distorted Wave Born Approximation (DWBA) analysis (not
shown here) in order to compare with ADWA-FR. In this case,
global (Lohr-Haeberli [47] + CH89) optical potentials were
used for the entrance and exit channels. Note that DWBA does
not take into account deuteron breakup. The fit of " = 0 and
" = 2 angular momentum transfer mixing in the calculation
gave the best result with the data, similar to the ADWA-FR
results. We, therefore, conclude that the 679-keV level is a 1

2
+

state with a strong 3s 1
2

component and the state at 711 keV

is 5
2

+
with a strong 2d 5

2
component, consistent with previous

work. The β-decay study [25] deduced the t1/2 of the 679-
keV isomer and found that it was consistent with Jπ = 1

2
+

and that the spin parity of the 711-keV state was consistent
with 5

2
+

. In addition, the observation of an apparent shift in
centroid as a function of angle, from Ex = 670 ± 50 keV to
Ex = 700 ± 50 keV, supports our conclusion of an unresolved
doublet.

Spectroscopic factors were extracted from the angular
distributions considering the single peak results from the
population of two levels ( 1

2
+

and 5
2

+
) shown in Table I. The

quoted uncertainties are the combination in quadrature of the
statistical best-fit uncertainty (30%), the estimated uncertainty
in the target thickness (13%), the systematic uncertainty
(10%) due to the geometrical parameters in the detector setup,
and the theoretical uncertainty (25%) from a sensitivity study
of the calculation. This last uncertainty was estimated by
varying the bound-state potential radius, r, between 1.25–1.35
fm and examining the effect on the spectroscopic factors.

III. DISCUSSION

The present result, supported by precise level energies
for low-lying 81Ge levels from Ref. [25], consistently shows
that the spins and parities of the states at Ex = 679 keV
and 711 keV in 81Ge are 1

2
+

and 5
2

+
with significant 3s 1

2

and 2d 5
2

components, respectively. The ground state of 81Ge

044613-3

reaction theory
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Many problem reduced onto the three-particle space by identifying 
relevant degrees of freedom

e.g. optical potentials

Few-body description of such reactions requires solution of 
three-body quantum mechanical problem 
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Excitations of the cores allowed

e.g., optical potentials
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A variety of approximate techniques with a varying degrees of complexity

CD
CC

Beam energy

M
as

s n
um

be
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Inconsistent treatment of reaction dynamics can lead to 
ambiguous results!

J.A. Tostevin, A. Gade Phys. Rev. C 90, 057602 (2014
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Exact and complete solution of three-body problem provided by Faddeev
formalism

nucleus

+

+
(b) nucleon transfer

(a) elastic/inelastic scattering

+

deuteron

Provides exact treatment of three-body reactions

++Y =

Y 1 Y 2 Y 3

Ludvig Faddeev

(c) breakup

+ +
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We solve the AGS formulation in a basis of momentum eigenstates and 
Coulomb scattering states (charged clusters <= 2)

Faddeev method with exact treatment of Coulomb potential: 

ü Separable representation of pairwise potentials
ü Treatment of complex singular integrals momentum space 
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L. Hlophe, et al.,
submitted to PRC,
arxiv:2208.10568

Faddeev method provides consistent description across different 
isotopes and beam energies

11

Faddeev method with exact treatment of Coulomb potential: 

ü Separable representation of pairwise potentials
ü Treatment of complex singular integrals momentum space 
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Binary and ternary observables computed simultaneously and consistentlyBenchmark against standard solution proves that the COUL-AGS 
works

elastic scattering

+ +

LLNL-PRES-LLNL-PRES-815995
4

We use a separable expansion method to solve the Faddeev-AGS 
equations; results are consistent with other techniques 

Ø Three-body binding energy for 6Li:

E3 = -3.787 MeV => E(6Li)= -32.01 MeV

Ø d+⍺ elastic scattering

Benchmark (I): bound state properties

9

6Li three-body binding energy 6Li momentum  distributions

• np-system: CD-Bonn potential;  
n/p-alpha: Woods-Saxon well + spin-orbit (Bang) 

Excellent agreement of binding energy,  
momentum distribution 

alpha     

CD-Bonn Bang

Hlophe et al., Phys. Rev. C 96, 064003 (2017)

p
n

Use of unrestricted EST basis 
leads to very precise results 

L. HLOPHE et al. PHYSICAL REVIEW C 100, 034609 (2019)

TABLE IV. Same as Table III but for 20 MeV incident deuteron energy.

Cross section [mb]
Potential

np n/p-α Elastic Breakup Total

NN-EST3-1 NA-EST3-1 814.6 540.8 1355.4
NN-EST4-1 NA-EST4-1 812.1 540.9 1353.0
NN-EST5-1 NA-EST5-1 811.0 540.3 1351.5
NN-EST6-1 NA-EST6-1 810.6 541.7 1352.3
NN-EST7-1 NA-EST7-1 808.2 543.2 1351.5

NN-EST6-2 NA-EST6-2 810.5 541.7 1352.2
NN-EST6-3 NA-EST6-3 810.2 541.6 1351.8
NN-EST7-2 NA-EST7-2 810.4 541.6 1352.0

CD-Bonn Bang 809.2 542.5 1351.6

of MeV does not introduce any principal technical difficulties
except that, obviously, the dependence on the rank of the
separable expansion needs to be reevaluated.

3. Deuteron breakup: Fivefold differential cross section

For an even more stringent test of the separable expansion
method, we explore the convergence of the fivefold breakup
differential cross section with respect to the rank of the
separable expansion. Typically, one proceeds by specifying
configurations defined by the outgoing proton and α-particle
angles (θp, φp) and (θα, φα ). The corresponding S-curves are
then evaluated using energy and momentum conservation as
described in Appendix B. Each configuration is given in the
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FIG. 1. The differential cross section for elastic deuteron-α scat-
tering as a function of the center-of-mass angle θc.m.. Panels (a) and
(b) display results for the incident deuteron energies Ed = 10 and
20 MeV as indicated in the figure. The solid curve shows cross
sections computed using the nonseparable approach. The results
calculated with the rank-3, rank-4, and rank-5 potentials are illus-
trated by the dot-dot-dashed, dot-dashed, and dashed curves. Panel
(c) depicts the differential cross section at Ed = 50 MeV. The solid
and dashed curves indicate the converged results evaluated via the
separable and nonseparable approach.

format (θα, φα; θp, φp), with the angles given in degrees.
We consider two configurations, one of which corresponds
to the final state interaction (FSI). The FSI configurations are
defined such that Enp ≈ 0 for a single value of the arclength S.
Here Enp is the relative energy between the outgoing neutron
and proton.

Figure 2 displays the fivefold breakup differential cross
section on the S-curve for Ed = 10 MeV for two dif-
ferent configurations of the α + n + p system. Panel (a)
shows results for the configuration (25.6◦, 0◦; 63.6◦, 180◦)
while panel (b) depicts results for the FSI configuration
(31.4◦, 0◦; 5.1◦, 180◦). The cross sections computed with
the nonseparable method are indicated by the solid line.
Results evaluated using the separable expansion method are
depicted by the dash-dot-dotted, dash-dotted, and dashed lines
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FIG. 2. The fivefold differential cross section for deuteron-α
scattering as a function of the arc-length S at 10 MeV incident
deuteron energy. Panel (a) shows results for the configuration
(25.6◦, 0◦; 63.6◦, 180◦) while panel (b) depicts results for the FSI
configuration (31.4◦, 0◦; 5.1◦, 180◦). The solid line corresponds to
results calculated using the nonseparable approach while the ones
computed via the separable expansion method are illustrated by
the dash-dot-dotted, dash-dotted, and dashed lines for the rank-3,
rank-4, and rank-5 separable potentials, respectively. The FSI point
is indicated by the symbol.
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Benchmark (I): bound state properties
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6Li three-body binding energy 6Li momentum  distributions

• np-system: CD-Bonn potential;  
n/p-alpha: Woods-Saxon well + spin-orbit (Bang) 

Excellent agreement of binding energy,  
momentum distribution 

alpha     

CD-Bonn Bang

Hlophe et al., Phys. Rev. C 96, 064003 (2017)

p
n

Use of unrestricted EST basis 
leads to very precise results 

Vnp = CD-Bonn 

Vn/p-⍺ = Bang [Woods-Saxon ] 

Benchmark (II): elastic scattering

d+alpha scattering

ReA3

FRIB

— rapid convence with rank 
— agreement is excellent!

Non-separable: A. Deltuva

10

FRIB

Hlophe et al., Phys. Rev. C 100, 034609 
(2019) 

Benchmark (II): elastic scattering

d+alpha scattering

ReA3

FRIB

— rapid convence with rank 
— agreement is excellent!

Non-separable: A. Deltuva

10

FRIB

Hlophe et al., Phys. Rev. C 100, 034609 
(2019) 

Ø Long-ranged Coulomb potential ommited

• rank = basis size

d+a cross sections

LLNL-PRES-LLNL-PRES-815995
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Benchmark (III): breakup — 5-fold diff. cross section
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FIG. 2. The five-fold di↵erential cross section for deuteron-alpha scattering as a function of the arc-length S at 10 MeV incident
deuteron energy. Panel (a) shows results for the QFS configuration while panel (b) depicts results for the FSI configuration.
The solid line corresponds to results calculated using the non-separable approach while the ones computed via the separable
expansion method are illustrated by the dash-dot-dotted, dash-dotted, and dashed lines for the rank-3, rank-4, and rank-5
separable potentials, respectively. The QFS and FSI points are indicated by the symbols.

0

10

20

30

40

50

60 non-separable
rank-3
rank-4
rank-5

0 5 10 15 20 25 30 35
S [MeV]

0

20

40

60

80

100

(a)

(b)

  E
d
 = 20 MeV

d
5
σ

/d
Ω

p
d

Ω
α
d
S

 [
m

b
/M

e
V

/s
r2

]

FSI point

QFS point

FIG. 3. Same as Fig, 2 but for 20 MeV incident deuteron energy.Checked various configurations: all are in excellent agreement!
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FIG. 4. The five-fold di↵erential cross section for deuteron-alpha scattering as a function of the arc-length S at 50 MeV incident
deuteron energy. Panel (a) shows results for the QFS configuration while panel (d) depicts results for the FSI configuration.
Panel (b) and (c) illustrate results for the o↵-plane configurations. The QFS and FSI points are indicated by the symbols. The
solid line corresponds to results calculated using the non-separable approach while the dashed lines depicts those computed via
the separable expansion method.
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FIG. 4. The five-fold di↵erential cross section for deuteron-alpha scattering as a function of the arc-length S at 50 MeV incident
deuteron energy. Panel (a) shows results for the QFS configuration while panel (d) depicts results for the FSI configuration.
Panel (b) and (c) illustrate results for the o↵-plane configurations. The QFS and FSI points are indicated by the symbols. The
solid line corresponds to results calculated using the non-separable approach while the dashed lines depicts those computed via
the separable expansion method.

Ed=20 MeV

Ed=50 MeV

Ed=50 MeV

!17

Hlophe et al., to be submitted  

Breakup angular distributions on S-curve

+ + +

3-body breakup

Hlophe et al., Phys. Rev. C 100,
034609 (2019) 

Configuration 1

Configuration 2

12

Ø Elastic and inelastic scattering

Ø Transfer cross sections

Ø Breakup: Five-fold differential cross 
sections for a variety A-p-n 
configurations

Hlophe et. al, Phys. Rev. C 100 (2019)
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Grounding the few-body problem on microscopic theory 

+

Vnp Vna Vpa

+

+
V3B

[E-H3B ] |Y3B⟩

[E-HA ] |YA⟩

Internal cluster dynamics can be recovered by using ab initio nucleon-nucleus potentials
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Exact and complete solution of three-body problem 
provided by Faddeev formalism

YA = Y3B =

+

Vnp Vna Vpa

+H3B = +

V3B

Internal cluster dynamics can be recovered by using ab initio nucleon-nucleus potentials

Solve using Faddeev
formalism



LLNL-PRES-847592

10

Similarly, the omission of such three-body interaction terms 
also shifts the position of the 3+ d-a resonance by ~400 keV
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FIG. 4. The 6Li ground-state binding energy as a function of Nmax calculated using the NCSM/RGM and the three-body
Fadeev approach. Panel (a) depicts the total 6-body binding energy of 6Li while panel (b) shows the relative three-body
binding energy for n+p+↵ system. The Faddeev results are indicated by solid lines with filled squares while the NCSM/RGM
calculations are depicted by dashed lines with circles.
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FIG. 8. [Color online] The di↵erential cross section for elastic d+↵ scattering as a function of the center-of-mass energy Ec.m.

at the scattering angle ✓c.m. = 38.7 deg. The [blue] dashed lines shows phase shifts computed using the NCSM/RGM while the
Faddeev results are depicted by [red] solid lines. The model space for the Faddeev calculation is restricted to a total two-body
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where the R̃n`(p) is the momentum space representation of the radial harmonic oscillator wavefunction. Additionally,
we introduce the square root of the norm kernel N 1/2 and its inverse N

�1/2 which are defined such that [N 1/2
·

N
1/2]⌫⌫0(p, p0) ⌘ N⌫⌫0(p, p0) and [N 1/2

· N
�1/2]⌫⌫0(p, p0) ⌘ �(p,p0)

pp0 �⌫⌫0 . The multiplication by the norm implies a sum
over channel indices and an integral over the momentum coordinate such that, e.g.,

[N 1/2
· N

1/2]⌫⌫0(p, p0) =
X

⌫00

Z
dp

00
p
002

N
1/2
⌫⌫00(p, p00) N

1/2
⌫00⌫0(p00, p0). (A3)

Further, the (inverse) square root fulfills Eq. (A2), with matrix elements ⇤±1/2
n⌫,n0⌫0 replacing ⇤n⌫,n0⌫0 and represents

the component of the norm square (inverse square) root inside the P space. To proceed, we note that the momentum
space representation of the average Coulomb potential V̄ c(r) is non-local and has an angular dependence so that
V̄

c
⌘ V̄

c
` (p, p

0). By introducing the average Coulomb potential kernel Vc
⌫⌫0(p, p0) = V̄

c
` (p, p

0) �⌫⌫0 and the relative
potential kernel

V
rel
⌫⌫0(p, p0) ⌘

⌦
�⌫p

��A V
rel
A
���⌫0p0

↵
, (A4)

the Hamiltonian kernel can be expressed as

H⌫⌫0(p, p0) = E
(A)
⌫ N⌫⌫0(p, p0) +

p
2

2µ
N⌫⌫0(p, p0) +

⇥
V
c
N
⇤
⌫⌫0(p, p

0) + V
rel
⌫⌫0(p, p0). (A5)

The (A+ 1)-body Schrödinger equation satisfied by the NCSM/RGM wave function of Eq. (19) can thus be cast as

X

⌫0

Z
dp

0
p
02
h
EA+1 N⌫⌫0(p, p0)�H⌫⌫0(p, p0)

i h
N

�1/2
�

i

⌫0⌫0

(p0, p0) = 0, (A6)

or in the condensed form
⇥
EA+1 � H̄

⇤
� = 0, (A7)

after multiplying by N
�1/2 from the left, where the e↵ective potential is given by H̄ ⌘ N

�1/2
H N

�1/2 and EA+1

is the total energy of the nucleon-target system. The model space Hamiltonian kernel H̄mod (i.e., the component

++YFD=

~400 keV

~400 keV

Hlophe, et. al, Phys. Rev. C 107 (2023)
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Conclusion and outlook
Ø The irreducible effective three-body force arising from 

antisymmentrization of  (A+n+p)-body system has sizeable 
effects on d+A observables   

Ø Performing similar studies for a variety of d+A systems and 
higher beam energies to establish energy dependence

Ø Lays groundwork  to derive a scheme to represent such  
terms using n/p-A interactions  and thus improve the three-
body calculations

Ø Use NCSMC instead of NCSM/RGM to assess effect of core 
excitations

653 421
projectiletarget 

static properties dynamics

𝛹𝑁𝐶𝑆𝑀𝐶= +

no-core shell model with continuum

Hlophe, et. al, Phys. Rev. C 107 (2023)



LLNL-PRES-847592

12

Predictive microscopic theory for ternary reactions  

§ Compute three-body interactions
from NCSMC 

§ Solve Faddeev equations to 
compute reaction rate with proper 
inclusion of irreducible three-body 
force

§ Use predicted rates in r-process 
nucleosynthesis to predict 
abundances  

Y2Y1 Y3

+ +Y =

+

9Be
= +

𝛾
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More recent advances allow for extension to heavier 
projectiles, e.g., a particle 

0 5 10 15 20 25
E

kin
 [MeV]

-300

-200

-100

0

100

200

δ 
[d

eg
]

0
+
0

4
+
0

8
+
0

Momenutm space NCSM/RGM

Microscopic r-matrix NCSM/RGM
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Next: a+a+n capture cross sections  

+
9Be

= +
!

a+a phase shifts
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Outlook 

Leveraging exact description of few-body dynamics and ab initio 
theory to advance the description of nuclear reactions

Faddeev framework: elastic 
and inelastic, scattering, 
transfer, breakup, capture

Application to deuteron-
induced reactions: nucleon 
transfer, breakup

Advance ab initio reaction 
theory for ternary reactions
a(an,g)9Be reaction

Microscopic theory to improve 
three-body model Few-body universality 

with focus on 17B(t,p)19B* 

Extension of Faddeev
method to four-body
continuum

Perspectives on few-body cluster structures in exotic nuclei, 
Fossez et. al., arXiv:2211.06281

https://arxiv.org/abs/2211.06281
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Thank you!

Acknowledgements: K. Kravvaris, S. Quaglioni
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More recent advances allow for extension to heavier 
projectiles, e.g., a particle 

0 2 4 6 8 10 12 14 16 18
EÆ (MeV)

0

50

100

150

200

P
h
as

e
S
h
if
t

(d
eg

re
es

)

0+

2+

4+

(a)

NN
NN+3Nloc

NN+3Nlnl

3 4 5 6 7 8 9 10 11 12
EÆ (MeV)

10°4

10°3

10°2

10°1

100

101

102

(d
æ
/d

≠
) c

.m
.
(b

/s
r)

(b)

µ = 40±£300

µ = 90±£40

µ = 70±

0 2 4 6 8 10 12 14 16 18
EÆ (MeV)

0

50

100

150

200

P
h
as

e
S
h
if
t

(d
eg

re
es

)

0+

2+

4+

(a)

NN
NN+3Nloc

NN+3Nlnl

3 4 5 6 7 8 9 10 11 12
EÆ (MeV)

10°4

10°3

10°2

10°1

100

101

102

(d
æ
/d

≠
) c

.m
.
(b

/s
r)

(b)

µ = 40±£300

µ = 90±£40

µ = 70±

+
X

⌫

Z
dru⌫(r)

<latexit sha1_base64="IpUfSVVQEeTeig+eoI1UHwIoM/s=">AAACEHicbVDLSgMxFM3UV62vqks3wSJWhDJTBV0W3bisYB/QKUMmk2lDk8yQhzAM/QQ3/oobF4q4denOvzF9LLR6IHByzr3ce0+YMqq06345haXlldW14nppY3Nre6e8u9dWiZGYtHDCEtkNkSKMCtLSVDPSTSVBPGSkE46uJ37nnkhFE3Gns5T0ORoIGlOMtJWC8vGpH1GVMpQpnTHiK8MDXxifCg0jCc3kU5UnMChX3Jo7BfxLvDmpgDmaQfnTjxJsOBEaM6RUz3NT3c+R1BQzMi75RpEU4REakJ6lAnGi+vn0oDE8skoE40TaZxeZqj87csSVynhoKznSQ7XoTcT/vJ7R8WU/pyI1mgg8GxQbBnUCJ+nAiEqCNcssQVhSuyvEQyQR1jbDkg3BWzz5L2nXa95ZrX57XmlczeMoggNwCKrAAxegAW5AE7QABg/gCbyAV+fReXbenPdZacGZ9+yDX3A+vgGVZJzl</latexit>

|
<latexit sha1_base64="3S7e63ZJ+SLpPBFpwSdafXh3lMs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtaEIF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AO2XjQQ=</latexit>

i
<latexit sha1_base64="W7kl9hCy1LhyuISuTnv2qfX5iJg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01dUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6adeq3lW19lCvNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB2Kmj5k=</latexit>

|
<latexit sha1_base64="3S7e63ZJ+SLpPBFpwSdafXh3lMs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtaEIF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AO2XjQQ=</latexit>

i
<latexit sha1_base64="W7kl9hCy1LhyuISuTnv2qfX5iJg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01dUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6adeq3lW19lCvNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB2Kmj5k=</latexit>

.

.
.

.

.
.

..
.

.
.

.
..

.
.

.
.

.

.

.
.

.
.

.

.
.

. .

.
.

.
.

.
.

. =
X

�

c�
<latexit sha1_base64="bdBota+F4Y07QXg00f6l/E6hPDo=">AAACFHicbZBNS8MwGMfT+Tbn29Sjl+AQBGG0U9CLMPTicYJ7gbWUNE23sCQtSSqUsg/hxa/ixYMiXj1489uYbUV08w+BH//neZI8/yBhVGnb/rJKS8srq2vl9crG5tb2TnV3r6PiVGLSxjGLZS9AijAqSFtTzUgvkQTxgJFuMLqe1Lv3RCoaizudJcTjaCBoRDHSxvKrJ25LUXgJ3ZCqhKFM6YwRV6Xcd5m5JUQQ/5Bfrdl1eyq4CE4BNVCo5Vc/3TDGKSdCY4aU6jt2or0cSU0xI+OKmyqSIDxCA9I3KBAnysunS43hkXFCGMXSHKHh1P09kSOuVMYD08mRHqr52sT8r9ZPdXTh5VQkqSYCzx6KUgZ1DCcJwZBKgjXLDCAsqfkrxEMkEdYmx4oJwZlfeRE6jbpzWm/cntWaV0UcZXAADsExcMA5aIIb0AJtgMEDeAIv4NV6tJ6tN+t91lqyipl98EfWxzdyYp5x</latexit>

Kravvaris et al., arXiv:2012.00228 



LLNL-PRES-847592

21

We adopt ab initio reaction theory based on the no-core shell model 
(NCSM) combined with the resonating group method (RGM)

static properties dynamics

𝛹𝑁𝐶𝑆𝑀𝐶= +

no-core shell model with continuum

𝛹𝑅𝐺𝑀 =

NCSM/RGM

As a first step, we adopt the simpler NCSM/RGM for the present study, and only include the 4He g.s.
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NCSM/RGM is used to compute momentum space n/p-a potentials

§ NCSM/RGM yields real, non-local energy-
independent potentials 𝑊ν’v(𝘱ʹ, 𝘱)

§ Use NSCM/RGM formalism to generate nucleon-
nucleus (N-A) potentials

§ Ansatz for (A+a)-body scattering wavefunction  

§ Potentials generated directly in momentum space

§ The n-p, n-⍺, p-⍺ potentials are consistently derived 
from same NN interaction (N3LO)

Eigenstates of nuclei A 
and a are computed 
with NCSM

2

I. INTRODUCTION

II. FORMALISM

Approach I requires the ab initio solution of the d+A scattering problem and this is accomplished by employing the
No-Core Shell Model coupled with the Resonating Group Method [1] or NCSM/RGM. Further, the implementation
of aproach II requires the ab initio calculation of the nucleon-nucleus potentials VnA and VpA, which, together with
the np potential Vnp, constitute the pairwise three-body Hamiltonian H3 = H0 + Vnp + VnA + VpA. A detailed
description of the NCSM/RGM is presented in Refs. [1, 2] and we therefore only discuss its application in evaluating
the momentum space nucleon-nucleus potentials. Additionally, the solution of three-particle scattering problem is
provided by the Faddeev-AGS equations. The latter emerge from a reformulation of the Faddeev equations [3] in
terms of the three-particle transition amplitudes and were first introduced by Alt, Grassberger, and Sandhas [4] and
are numerically solved in momentum space.

A. Ab initio calculation of nucleon-nucleus potential.

To compute the ab initio momentum space nucleon-nucleus potentials, we start from a microscopic (A+ 1)�body
Hamiltonian which generally consists of two- (NN) and three-nucleon (3N) forces

H = H0 +
X

i>j

V
ij
NN +

X

i>j>k

V
ijk
3N , (1)

and can be decomposed into the convenient form

H = H
(A) +H0 + V

c + V
rel

, (2)

where the intrinsic H
(A) Hamiltonian governs the dynamics of the A-nucleon nucleus within the nucleus red A + 1

system. The relative kinetic energy, relative potential, and average Coulomb potential for the nucleon-nucleus system
are represented, respectively, by H0, V rel, and V

c. % It may be a good idea to provide the expressions for the relative
and average Coulomb potentials because I do not think that they are as commonly used/known. The ansatz for the
nucleon-nucleus scattering wave function has the form

�� J⇡T
⌫0; p0

↵
=

X

⌫

Z
dpp

2
g̃
J⇡T
⌫⌫0

(p, p0) A
���J⇡T

⌫p

↵
, (3)

where ⌫ denotes an arbitrary angular momentum channel while ⌫0 and p0 indicate the incident channel and momentum.
The channels basis states are denoted by

���⌫

↵
and the operator A antisymmetrizes the projectile nucleon with respect

to the nucleons in the nucleus A. If we chose ↵ and � to indicate the quantum numbers of the nucleus and the projectile
nucleon, the channel states with a total spin-parity J

⇡ and total isospin T are given by

���J⇡T
⌫p

↵
=

n���(A)
↵

↵
⌦

��Y�

↵oJ⇡T �(p� pA,A+1)

ppA,A+1
, (4)

where |�(A)
↵ i is an eigenstate of the intrinsic Hamiltonian H

(A) with energy eigenvalue E
(A)
↵ . The relative an-

gular motion of the projectile nucleon with respect to the target nucleus is described by
��Y�

↵
while the relative

momentum is denoted by pA,A+1. Equation (4) implies that
���J⇡T

⌫p

↵
is also an eigenstate of H

(A) with energy

eigenvalue E
(A)
⌫ = E

(A)
↵ . By introducing the norm and potential kernels N

J⇡T
⌫⌫0 (p, p0) ⌘

⌦
�J⇡T

⌫p

��A2
���J⇡T

⌫0p0

↵
and

V
rel,J⇡T
⌫⌫0 (p, p0) ⌘

⌦
�J⇡T

⌫p

��A V
rel

A
���J⇡T

⌫0p0

↵
, the (A + 1)-body Schrödinger equation satisfied by the wave function

in Eq. (3) can be written as % This equation is missing [ somewhere

X

⌫0

Z
dp

0
p
02 ⇥

E⌫ �H0(p)
⇤
N

J⇡T
⌫⌫0 (p, p0)� [Vc

l N
c,J⇡T
⌫⌫0 ](p, p0)� V

rel,J⇡T
⌫⌫0 (p, p0)

i
ḡ
J⇡T
⌫0⌫0

(p0, p0) = 0, (5)

where l % l ( I would prefer if you used ` instead of l. I think it would be more visible.) is the relative orbital
angular momentum for the N + A system. An e↵ective two-body Schrödinger equation is obtained by adopting the
orthogonalization procedure of Ref. [2] leading to

"
E⌫ �

p
2

2µ

#
g̃
J⇡T
⌫0⌫0

(p, p0) =
X

⌫0

Z
dp

0
p
02
V
J⇡T
⌫⌫0 (p, p0) ḡJ

⇡T
⌫0⌫0

(p0, p0), (6)
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FIG. 2. The partial wave n-α potential W I
l (p, p′) in units of fm2

as a function of the momenta p and p′. (a) and (c) depict, respectively,
the s1/2 and p3/2 microscopic NCSM/RGM potentials while the
corresponding Woods-Saxon (WS) potential is shown in (b) and (d),
respectively. The WS potential is scaled down by the strength of the
Pauli projector [34] " = 1100 fm−1. The NCSM/RGM model space
is truncated at Nmax = 12/13 for the positive/negative parity partial
waves with h̄# = 14 MeV and λSRG = 1.5 fm−1.

III. RESULTS AND DISCUSSION

A. Momentum-space microscopic n +4 He and p +4 He
potentials

The starting point for all our calculations is a soft
SRG-evolved NN potential at fourth order (SRG-N3LO NN
potential) obtained by evolving the χEFT interaction of
Ref. [9] to a momentum resolution scale of λSRG = 1.5 fm−1.
The low momentum resolution scale helps to speed up con-
vergence of the HO expansion and ensures a reasonable
description of 6Li bound state properties despite the omis-
sion of explicit 3N forces. For all calculations presented in
this section the wave function of the α particle is evaluated
using an HO basis expansion up to Nmax = 12 while the
positive/negative-parity NCSM/RGM partial-wave potentials
are computed in momentum space using Nmax = 12/13 for
the N-α system. This model space, together with the HO fre-
quency h̄# = 14 MeV, was demonstrated to yield an accurate
convergence for the d-α phase shifts for an identical choice of
the NN interaction [47].

To obtain the microscopic N-α momentum-space poten-
tials required as input for the Faddeev n + p + α calculation,
we apply the momentum-space NCSM/RGM approach de-
scribed in Sec. II B. For this case, the N-α potentials are
diagonal in & and the isospin is fixed at T = 1/2, or WIπ T

νν ′ ≡
W I

& δνν ′ , since the ground state spin and isospin of the α par-
ticle are zero. First, we note that the NCSM/RGM-generated
N-α potentials are smooth short-ranged functions of the mo-
mentum coordinates (Fig. 2) and are therefore suitable for
implementation in the Faddeev-AGS framework to compute
d + α observables. Further, we see that the microscopically
computed p-wave potential (Fig. 3) has a similar shape to
the phenomenologically fitted Woods-Saxon (WS) potential
[44] at low momenta. However, there is a bigger difference

0 1 2 3 4 5 6
p [fm-1]

-0.1

-0.05

0

 W
l=

1 (p
,p
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p)
 [f

m
2 ]

NCSM/RGM
WS

FIG. 3. The diagonal elements of the p-wave potential
W I

&=1(p, p′ = p) for the n + α system as a function of the rel-
ative momentum coordinate p. The (red) solid lines depicts the
microscopic potentials computed with the NCSM/RGM while the
corresponding Woods-Saxon (WS) phenomenological potential
[44] is indicated by the (black) dashed line. The NCSM/RGM
model space is truncated at Nmax = 13 with h̄# = 14 MeV and
λSRG = 1.5 fm−1.

at large momenta owing to the presence of high-momentum
components in the WS potential. A comparison for the s
wave (Fig. 4) shows that the shape of the microscopically
computed potentials is similar to its WS counterpart. Similarly
to the p-wave potential, the s-wave potential NCSM/RGM
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FIG. 4. The diagonal elements of the s1/2 potential W I
&=0(p, p′ =

p) for the n + α system as a function of the relative momen-
tum coordinate p. The microscopic potentials computed with the
NCSM/RGM are depicted by (red) solid lines while the Woods-
Saxon (WS) phenomenological potentials [44] are indicated by
(black) dashed lines. A scaled up (by a factor of 1.43 × 104)
NSM/RGM potential is indicated by the (green) dash-dotted line.
The NCSM/RGM model space is truncated at Nmax = 12 with h̄# =
14 MeV and λSRG = 1.5 fm−1.

014315-6

hw= 14 MeV, l=1.5 fm-1, Nmax=13

Hlophe et al., PRC107, 014315 (2023)
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Momentum space  NCSM/RGM gives the same n+a scattering phase shifts 
as coordinate space calculations

QUANTIFYING UNCERTAINTIES DUE TO IRREDUCIBLE … PHYSICAL REVIEW C 107, 014315 (2023)
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FIG. 5. The phase shifts for n + α scattering as a function of
the relative kinetic energy. The (red) solid lines show the phase
shifts computed in momentum space using the LS equation while the
(black) dashed lines represent the corresponding coordinate space
results obtained via the microscopic R-matrix formalism [45,46].
The dash-dotted lines with circles indicate the phase shifts computed
using a phenomenologically fitted Woods-Saxon (WS) potential [44].
The NCSM/RGM model space is truncated at Nmax = 12/13 for the
positive/negative parity partial waves. Note that the coordinate space
and momentum space NCSM/RGM results are indistinguishable
within the line thickness.

potential lacks the high-momentum components owing to the
low-momentum resolution of the NN potential used in the
microscopic calculation. We also note that the magnitude of
the WS s-wave potential is orders of magnitude larger than
the NCSM/RGM potential. This is a consequence of the
approximate treatment of the Pauli exclusion principle in the
WS potential [34]. Specifically, the WS well used to fit the
N + α phase shifts supports a Pauli-forbidden bound state that
is removed by adding the term |φ0〉#〈φ0|, with |φ0〉 being
the bound-state wave function and the parameter # → ∞ is
the strength of the Pauli projector (in practice we work with
finite values, e.g., # = 1100 fm−1 in this case). This proce-
dure approximates the Pauli exclusion principle by effectively
shifting the spurious bound state to very large positive ener-
gies, well beyond the kinematic range under consideration,
leading to the unusually large values for the s-wave potential.
It should be pointed out that, since the magnitude of the
s-wave potential reflects the size of the projector strength, it
is arbitrarily large. Also, the scattering states are unaffected
by the projector term so that the phase shifts are identical to
those of the unmodified Woods-Saxon potential.

To verify the accuracy of the NCSM/RGM-generated mo-
mentum space potentials, we employ the LS equation (25)
to compute N-α scattering phase shifts and compare them
with the results obtained by solving the orthogonalized
NCSM/RGM equations in coordinate space, using the mi-
croscopic R-matrix method on a Lagrange mesh [45,46]. The
agreement between the two calculations is excellent (Fig. 5),
and demonstrates the accuracy of the momentum space N-α
potentials. We also compare the results of the microscopic
potentials to the phase shifts computed using the phenomeno-

logical WS fits. There is generally a reasonable agreement
for the s1/2 and p3/2 partial waves. The s1/2 phase shifts are
substantially larger than those of the WS potential, indicat-
ing an underestimation of the spin-orbit splitting, as already
observed in Ref. [47]. The inclusion of three-nucleon forces
combined with the solution of the problem within the more
complete approach of the no-core shell model with continuum
(NSCMC) resolves this issue [48,49].

B. NCSM/RGM calculations for 6Li and d- 4He scattering

We obtain the fully microscopic solution for the d-α bound
and scattering states using the NCSM/RGM approach for
deuteron-nucleus systems [47]. To enable a direct compari-
son with the Faddeev n + p + α calculations, we employ the
same NN interaction and consistent HO model space as for
the N-α potentials (Sec. III A). Different from the Faddeev
formalism, here the wave function of the deuteron projec-
tile is computed by diagonalizing the two-nucleon intrinsic
Hamiltonian in a two-body NCSM model space of consistent
size Nmax and HO frequency $ as the α particle. Further,
the deformation and virtual breakup of the weakly bound
deuteron projectile are treated by including excited deuteron
pseudostates (discretizing the deuteron continuum) in the
NCSM/RGM coupled-channel equations, similar to what was
done in Ref. [47]. In that work it was demonstrated that the
inclusion of the n + p angular momentum channels 3S1 − 3D1,
3D2, and 3D3 − 3G3, while limiting the number of deuteron
pseudostates to no more than seven, yields well-converged
results for the d + α system.

C. Faddeev calculations for the d +4 He system

We proceed to solve the bound-state Faddeev equations for
the n + p + α system using the effective three-body Hamil-
tonian of Eq. (1) where Wnα , and Wpα are computed
microscopically as described in Sec. III A, and V np is the same
SRG-evolved NN interaction employed in the NCM/RGM
calculations above. By varying the value of Nmax used in the
computation of the N − α potentials, we determine that the
6Li ground-state energy is indeed well converged at Nmax =
12 (Fig. 6), which is consistent with the convergence patterns
of the d + α microscopic calculations discussed in Sec. III B.
Additionally, the convergence of the 6Li ground-state energy
with Nmax is similar to that of the relative binding ener-
gies E2 ≡ E (6Li) − E (α) − E (d ) and E3 ≡ E (6Li) − E (α).
Further, the Faddeev calculation requires a truncation in
the number of N-α partial waves included in the effective
three-body Hamiltonian. We find that the 6Li ground state
is well converged for the total angular momenta In+p !
3 and IN−α ! 5/2 for the n + p and N + α subsystems,
respectively. The n + p + α three-body binding energy is de-
termined to be E3 = −3.18 MeV, which is combined with the
energy of the α particle (Table I) to obtain a 6Li ground-state
energy of E6 = −31.41 MeV. The resulting 6Li ground-
state energy is found to be E6 = −32.01 MeV, which is
approximately 600 KeV more bound than the Faddeev
three-body calculation. This underbinding of the Faddeev
calculation indicates a missing attractive strength in the

014315-7
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FIG. 6. [Color online] The 6Li ground-state binding energy as a function of Nmax calculated using the NCSM/RGM and the
three-body Fadeev approach. Panel (a) depicts the total 6-body binding energy of 6Li while panels (b) and (c) respectively
show the relative binding energy for the n+p+↵ and d+↵ systems. The Faddeev results are indicated by [red] solid lines with
filled squares while the NCSM/RGM calculations are depicted by [black] dashed lines with circles. The NCSM/RGM model
space is truncated at Nmax = 12/13 for the positive/negative parity partial waves and h̄⌦ = 14 MeV. The microscopic N -↵
potentials that was used as input in the Faddeev computation of the 6Li bound state were obtained using Nmax = 12/13 with
the angular momentum truncation In+p  2 and IN+↵  5/2.

In the future, three-body calculations of d + ↵ may be improved by using the two-nucleon exchange terms in
NCSM/RGM-generated d�↵ potential to evaluate the irreducible three-body force. Moreover, a similar study based
on more complete formalism of the NCSMC [41, 44] (where the NCSM/RGM ansatz is augmented with an expansion
in square-integrable NCSM eigenstates of the composite (A + 2)-nucleon system), is necessary for the quantification
of additional components arising from excitations of the nucleons inside the target nucleus. Lastly, performing
similar studies for other light nuclei and establishing a mass dependence of the irreducible three-body force would
providevaluable information for phenomenological models that have a wider range of applicability in mass and energy.

653 421
projectiletarget 

The omission of ‘exchange’ three-body interaction terms
causes ~600 keV underbinding for the 6Li ground state

++YFD=

𝛹𝑅𝐺𝑀 =

Intrinsically three-body terms not captured in pairwise potentials!
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Nmax 5 7 9 11 13
E(6Li)  [MeV] -30.610 -31.160 -31.363 -31.401 -31.408

Faddeev

Nmax 5 7 9 11 13
E3(6Li)  [MeV] -3.334 -3.180 -3.190 -3.186 -3.183

Nmax 5 7 9 11 13
E(4He)  [MeV] -27.276 -27.983 -28.173 -28.214 -28.224



LLNL-PRES-847592

27

Astrophysics: r-process abundances simulated using nuclear 
properties as input, e.g., neutron capture rates

– 20 –
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Fig. 1.— Light-mass region of the extended nuclear reaction network (”full network”) used

for the present r-process nucleosynthesis calculations.

+
n AX

+ 𝛾
A+1X

neutron capture

+
e- A+1Y

beta decay
+n

Astrophysical implications: 
 origin of the elements

!7

heavy elements: r-process in the chart

!49

• R-process nucleosynthesis produces isotopes 
far from valley of stability  

• Modeling r-process requires information about 
structure & neutron capture rates on  
rare isotopes 

• Neutron capture rates require 
indirect measurements 
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Example: deuteron-induced reactions particularly useful extracting 
nuclear properties, neutron capture reaction rates

S. Ahn, PRC100, 044613 (2019)

Needed for r-
process 
simulations

No 
constraint

Constrained 
with (d,p)

An accurate reaction theory is needed to credibly constrain (n,g) reaction

80Ge(d, p)81Ge
81Ge energy 
levels

reaction theory

DIRECT NEUTRON CAPTURE CROSS SECTION ON … PHYSICAL REVIEW C 100, 044613 (2019)

FIG. 2. Q-value spectrum of protons in coincidence with a ger-
manium recoil from the 80Ge(d, p)81Ge reaction, detected in the
SIDAR and Micron SX3 detectors. Considering 0.05-MeV FWHM
energy resolution of one state from the energy calibration using
80Se(d, p)81Se reactions and the precise level energies of 81Ge from
Ref. [25], two states are expected to be populated in the peak at
Ex = 0.69 MeV with 0.25-MeV FWHM resolution. The ground-state
Q value of the reaction is Q = 2.63 MeV.

potential was constructed using the Johnson and Tandy optical
parametrization method [38] with Chapel-Hill 89 (CH89) [40]
nucleonic potentials for the neutron and the proton. The CH89
global optical potential was also used for the exit channel. All
transfer calculations in this work were performed with FRESCO
[41], and adiabatic potentials were obtained with a modified
version of TWOFNR [42]. Fixed standard radius and diffuseness

FIG. 3. Proton angular distributions in the center of mass from
backward-angle detectors compared to differential cross sections
calculated with FRESCO [41] for the unresolved doublet at Ex = 679
and 711 keV. For the red curve, 3s 1

2
transfer was assumed for the 679-

keV state (dash blue) and 2d 5
2

transfer to the 711-keV component
(dash magenta). For the dark green curve, 2p 1

2
transfer was assumed

for the 679-keV state. The first five data points at the most forward
angles are used to fit the curves. In parentheses after the shell-model
configuration are the spectroscopic factors that result from the fit of
the theoretical to experimental differential cross sections.

TABLE I. Spectroscopic factors deduced from ADWA-FR calcu-
lations of low-lying intruder states in 81Ge from the measurements of
the 80Ge(d, p)81Ge neutron transfer reaction in inverse kinematics.

Ex(keV) Jπ Snl j

679 1
2

+
S3s 1

2
= 0.27 ± 0.11

711 5
2

+
S2d 5

2
= 0.39 ± 0.17

parameters, r0 = 1.25 fm and a = 0.65 fm, respectively, were
used for the bound state. The Reid interaction [43] was used
to obtain the deuteron wave function and the transfer operator.

The differential cross sections in Fig. 3 favor calculations
that include s-wave transfers (red curve) rather than the one
including p-wave transfers (dark green curve). Since it is
well known [44–46] that the calculated transfer cross sections
better represent the data on the first peak of the angular
distribution, spectroscopic factors were obtained by fitting the
most-forward angle data only. The shape of the red curve in
Fig. 3 shows the best fit using this procedure.

The angular distributions were also analyzed using a
Distorted Wave Born Approximation (DWBA) analysis (not
shown here) in order to compare with ADWA-FR. In this case,
global (Lohr-Haeberli [47] + CH89) optical potentials were
used for the entrance and exit channels. Note that DWBA does
not take into account deuteron breakup. The fit of " = 0 and
" = 2 angular momentum transfer mixing in the calculation
gave the best result with the data, similar to the ADWA-FR
results. We, therefore, conclude that the 679-keV level is a 1

2
+

state with a strong 3s 1
2

component and the state at 711 keV

is 5
2

+
with a strong 2d 5

2
component, consistent with previous

work. The β-decay study [25] deduced the t1/2 of the 679-
keV isomer and found that it was consistent with Jπ = 1

2
+

and that the spin parity of the 711-keV state was consistent
with 5

2
+

. In addition, the observation of an apparent shift in
centroid as a function of angle, from Ex = 670 ± 50 keV to
Ex = 700 ± 50 keV, supports our conclusion of an unresolved
doublet.

Spectroscopic factors were extracted from the angular
distributions considering the single peak results from the
population of two levels ( 1

2
+

and 5
2

+
) shown in Table I. The

quoted uncertainties are the combination in quadrature of the
statistical best-fit uncertainty (30%), the estimated uncertainty
in the target thickness (13%), the systematic uncertainty
(10%) due to the geometrical parameters in the detector setup,
and the theoretical uncertainty (25%) from a sensitivity study
of the calculation. This last uncertainty was estimated by
varying the bound-state potential radius, r, between 1.25–1.35
fm and examining the effect on the spectroscopic factors.

III. DISCUSSION

The present result, supported by precise level energies
for low-lying 81Ge levels from Ref. [25], consistently shows
that the spins and parities of the states at Ex = 679 keV
and 711 keV in 81Ge are 1

2
+

and 5
2

+
with significant 3s 1

2

and 2d 5
2

components, respectively. The ground state of 81Ge

044613-3
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Nmax 6 8 10 12
E(4He)  [MeV] -27.983 -28.173 -28.214 -28.224

Nmax 6 8 10 12
E(2H)  [MeV] -2.098 -2.143 -2.183 -2.195

Nmax 7 9 11 13
E2(d-a)  [MeV] -1.198 -1.662 -1.637 -1.591

Nmax 7 9 11 13
E(6Li)  [MeV] -31.279 -31.978 -32.035 -32.009

Nmax 7 9 11 13
E3(n-p-a)  
[MeV]

-3.234 -3.845 -3.820 3.786

NCSM/RGM
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The shift in the 3+ resonance leads to a change in shape for the 
angular differential cross section
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Shape of differential cross section differ 
appreciably for the two approaches
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Three-body model for d+⍺ problem is revisited using potentials 
derived from ab initio reaction theory

LLNL-PRES-806181
7

§ The CI picture is no longer sufficient to 
describe the many-body system.

§ We need to expand the basis with 
collective excitations targeting the cluster 
effects.

… and dynamical clustered descriptions
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§ The CI picture is no longer sufficient to 
describe the many-body system.

§ We need to expand the basis with 
collective excitations targeting the cluster 
effects.

… and dynamical clustered descriptions
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Few-body description of deuteron-induced reactions

!6

+ +

++

+

+

elastic

n-transfer

p-transfer

breakup

 — Constitutes a many-
      body scattering problem
      for large A

 — Ab-initio solution not
     feasible

Identify relevant degrees of  freedom

Motivation EST separable expansion Faddeev-AGS equations 6Li bound state and d + ↵ scattering Summary and outlook

Three-Body Model for (d, p) Reactions

The many-body problem

• The deuteron (d) + target (A) system consists of A+ 2
nucleons

• Solutions not feasible for reactions involving heavy targets

Isolating relevant degrees of freedom

• Formulation of three-body problem by Faddeev

• Momentum space formulation: Faddeev-AGS equations

3 / 29

   

  

     
  

r r

R R

Application to deuteron-induced reactions

• Ambiguities in off-shell behavior of effective 2-body potential lead to 
different predictions for 3-body observables

• For universal systems, one observable can be used to fix a 3-body parameter 
and the other observables can be predicted   

2

H3b= H0+Vnp+VnA+VpA

• Nucleus treated 
as dynamically 
inert core 

• But single particle 
and collective 
excitations can 
be included 
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§ The CI picture is no longer sufficient to 
describe the many-body system.

§ We need to expand the basis with 
collective excitations targeting the cluster 
effects.

… and dynamical clustered descriptions
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Discrete structure
information input

Continuous dynamical
input (clustering/reactions)

+
X

⌫

Z
dru⌫(r)

<latexit sha1_base64="IpUfSVVQEeTeig+eoI1UHwIoM/s=">AAACEHicbVDLSgMxFM3UV62vqks3wSJWhDJTBV0W3bisYB/QKUMmk2lDk8yQhzAM/QQ3/oobF4q4denOvzF9LLR6IHByzr3ce0+YMqq06345haXlldW14nppY3Nre6e8u9dWiZGYtHDCEtkNkSKMCtLSVDPSTSVBPGSkE46uJ37nnkhFE3Gns5T0ORoIGlOMtJWC8vGpH1GVMpQpnTHiK8MDXxifCg0jCc3kU5UnMChX3Jo7BfxLvDmpgDmaQfnTjxJsOBEaM6RUz3NT3c+R1BQzMi75RpEU4REakJ6lAnGi+vn0oDE8skoE40TaZxeZqj87csSVynhoKznSQ7XoTcT/vJ7R8WU/pyI1mgg8GxQbBnUCJ+nAiEqCNcssQVhSuyvEQyQR1jbDkg3BWzz5L2nXa95ZrX57XmlczeMoggNwCKrAAxegAW5AE7QABg/gCbyAV+fReXbenPdZacGZ9+yDX3A+vgGVZJzl</latexit>

|
<latexit sha1_base64="3S7e63ZJ+SLpPBFpwSdafXh3lMs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtaEIF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AO2XjQQ=</latexit>

i
<latexit sha1_base64="W7kl9hCy1LhyuISuTnv2qfX5iJg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01dUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6adeq3lW19lCvNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB2Kmj5k=</latexit>

|
<latexit sha1_base64="3S7e63ZJ+SLpPBFpwSdafXh3lMs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtaEIF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AO2XjQQ=</latexit>

i
<latexit sha1_base64="W7kl9hCy1LhyuISuTnv2qfX5iJg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01dUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6adeq3lW19lCvNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB2Kmj5k=</latexit>

.

.
.

.

.
.

..
.

.
.

.
..

.
.

.
.

.

.

.
.

.
.

.

.
.

. .

.
.

.
.

.
.

. =
X

�

c�
<latexit sha1_base64="bdBota+F4Y07QXg00f6l/E6hPDo=">AAACFHicbZBNS8MwGMfT+Tbn29Sjl+AQBGG0U9CLMPTicYJ7gbWUNE23sCQtSSqUsg/hxa/ixYMiXj1489uYbUV08w+BH//neZI8/yBhVGnb/rJKS8srq2vl9crG5tb2TnV3r6PiVGLSxjGLZS9AijAqSFtTzUgvkQTxgJFuMLqe1Lv3RCoaizudJcTjaCBoRDHSxvKrJ25LUXgJ3ZCqhKFM6YwRV6Xcd5m5JUQQ/5Bfrdl1eyq4CE4BNVCo5Vc/3TDGKSdCY4aU6jt2or0cSU0xI+OKmyqSIDxCA9I3KBAnysunS43hkXFCGMXSHKHh1P09kSOuVMYD08mRHqr52sT8r9ZPdXTh5VQkqSYCzx6KUgZ1DCcJwZBKgjXLDCAsqfkrxEMkEdYmx4oJwZlfeRE6jbpzWm/cntWaV0UcZXAADsExcMA5aIIb0AJtgMEDeAIv4NV6tJ6tN+t91lqyipl98EfWxzdyYp5x</latexit>

.

. .
.

.
.

. .
.

.
.

. .

...

.
.

.

.

.
.

.
.

.

.
.

.

.

.
.

.
.

.
.

.

.
.

.
.

LLNL-PRES-806181
7

§ The CI picture is no longer sufficient to 
describe the many-body system.

§ We need to expand the basis with 
collective excitations targeting the cluster 
effects.

… and dynamical clustered descriptions
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Use NSCM/RGM formalism to generate 
nucleon-nucleus (N-A) potentials

v Start from (A+1)-body Hamiltonian 

v NN interactions from 𝜒-EFT and  SRG evolved
to improve convergence

v Expand wavefunction in basis

v The n-p, n-⍺, p-⍺ potentials are consistently 
derived from same NN interaction à ambiguity 
of phenomenological fits is avoided

Eigenstates of nucleus A computed with NCSM

n-a phase shifts

0 2 4 6 8 10
E

n
 [MeV]

0

20

40

60

80

100

120

p
h
as

e 
sh

if
ts

 [
d
eg

]

phenomenological fit

NN+3N full (λ = 2 fm
-1

, Nmax= 11)

NN+3N induced (λ =2 fm
-1

, Nmax= 11)

NN only, (Nmax =13, λ = 1.5 fm
-1

)

P
3/2

n+α

P
1/2


