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Define rx, ry, εx, εy, in terms of 2nd order moments 

€ 

d x 2

ds
= 2 xx'

d xx'
ds

= xx' ' + x '2

d x '2

ds
= 2 x' x ' '





Envelope Equations derived in course: 
I. Statistical rms envelope equations (envelopes defined in 
terms of rms quantities; emittance not guaranteed to be 
a conserved quantity). 

1. Paraxial:  rb;  azimuthal symmetry; ρ(r) 
2. Cartesian; rx, ry;  elliptical symmetry ρ(x2/rx

2 + y2/ry
2) 

3. Longitudinal: rz for  

4. Ellipsoidal (rf) bunches: 
5. Cartesian with images: rx, ry;  
6. Larmor frame: periodic solenoids: 
7. Cartesian including scattering: rx, ry; emittance 
evolves  (             ) 

II. Kinetic envelope equations (constraint equations 
governing the parameters of the distribution function. 
Emittance conserved.) 

1. KV distribution elliptical uniform density beam 
f(x,x',y,y')~  δ(1-Cx-Cy);      Ex ~ x;    Ey ~ y;	

(Identical envelope equation to #2 above). 
2. Neuffer distribution for 1D (longitudinal projections of 
phase space) parabolic line charge density profiles 
f(z,z')~(1-Cz)1/2; Ez ~ z;	

(Identical envelope equation to #3 above). 

III. Moment equations 
 1. Transverse with chromatic effects 

€ 

Ez = −
g

4πε 0

∂λ
∂z

∝ z;    λ ∝ (1− 4z2 /rz
2);   v ∝ z /rz

                                     

€ 

r⊥,  rz  (Also  rx, ry, rx; cf Wangler sec 9.9)  

€ 

˜ r x,  ˜ r z  

€ 

dεx
2

ds
= 4Cscrx

2

€ 

x 2 , xx' , x'2 , x 2δ , xx'δ , x'2δ ,...
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Outward expansion at 2cs; Inward at cs	
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x' '≅ qB'
p
x

θ = Δx '≅ qB' l
p

x⇒ dθ
dp

= −
qB' l
p2

= −
θ
p

For a single quad: 
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Geometry⇒
dd
dθ

=
δd
Δθ

≅
d
θ

rspot = θ
dd
dθ

dθ
dp

δp

      = θ
d
θ

⎛ 

⎝ 
⎜ 
⎞ 

⎠ 
⎟ 
θ
p

⎛ 

⎝ 
⎜ 
⎞ 

⎠ 
⎟ δp = θd δp

p
  (for  a  single  magnet)
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Processes: 
1. Coulomb collisions (intra-beam) 

2. Coulomb collisions with residual gas 

3. Charge exchange 

4. Stripping 

5. Neutralization 

6. Gas Ionization 

HI 
+ HI 

++ 
HI 

+ 

HI 
o 

HI 
+ HI 

+ 

HI 
+ 

HI 
+ 

HI 
+ 

HI 
o 

+ 

HI 
+ 

Heavy ion Residual gas 
molecule 

HI 
+ 

HI 
+ 

+ 

e- 

e-   electron 

HI 
+ 

HI 
++ e- 

HI 
+ HI 

+ 
+ 

+ 

€ 

dT
⊥

dt
= −

1
2
dT||
dt

=
−(T⊥ −T|| )

τ

τ ~ νc
-1 

€ 

dεn
ds

~
64πng
γβ 3kβ

ZZge
2

4πε0mc
2

⎛ 

⎝ 
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⎞ 

⎠ 
⎟ 

2

ln(204Zg
−1/ 3)

€ 

}

€ 

}

Charge 
changing  
collisions: 

Beam  
loss; 
ηHI  
molecules 
from wall 

ηg  
molecules 
from wall 

€ 

dng
dt

=
ng
τ

+ qeff
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HI 
+ 

Ion 
+ 

e- 
e- 

electron emission 

desorption & 
sputtering 

reflection 

e- 
e- 

desorption & 
sputtering 

e- 
e- desorption  e- 

e- 
e- desorption  

HI 
+ 

γ	


γ   synchrotron photon   

7. Wall interactions 





Summary of  
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