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A new method of calculating the charge distributions of isotopic sequences is described and applied to the oxygen and 
calcium isotopes. It is based on the method of summing the squares of single-particle wave functions of the occupied orbits, 
together with an iteration procedure to ensure the self-consistency of the neutron and proton distributions. The interactions 
between the core and valence nucleons are included, and configuration mixing may be taken into account by using shell- 
model orbit occupation probabilities. 

The H a r t r e e - F o c k  method is widely used to calcu- 
late nuclear charge and matter  distributions, but suf- 
fers from the disadvantages that the effective interac- 
tion is not well known and also that it becomes in- 
creasingly difficult to just ify away from closed shells 
[1 ]. The method based on the sum of  the squares of  
single-particle wave functions in a Saxon-Woods  po- 
tential, on the other hand, is able to give precision fits 
to experimental charge distributions but  is not  self- 
consistent and lacks a realistic prescription for treating 
nearby nuclei in a unified way [2]. We have therefore 
extended the latter method to include self-consistency 
and the interactions between the core and the valence 
nucleons, and have applied it to calculate the charge 
distributions of  several isotopic sequences of  nuclei. 

Our calculations proceed in two stages: we first ob- 
tain the proton distribution for the core nucleus by the 
usual (non-self-consistent) Saxon-Woods  parameter- 
ization and then we extend the calculations to include 
the neutrons and the valence nucleons. 

We use a potential  of  the standard form 

Vp,n(r ) = Vcoul(r ) + Vp,nf(r ) + Vso(r),  (1) 

where Vcoul(r ) is the Coulomb potential  that is present 
only for protons,  Vp,nf(r  ) the central potential ,  Vso(r ) 
the sp in -o rb i t  potential  and 

f (r )  = [1 + e x p ( ( r  - R)/a)]  - I  

Instead of  the usual expression 

Vp, n = v o +- ( ( X -  Z ) / A ) V  1 , (2) 

we use 

Vp, n = V 0 +- (Pl(r)/Po(r))V1 , (3) 

where 

P0 = Pn(r) + pp(r)  , (4) 

and 

Pl  = On(r) -- pp(r)  , 

where Pn(r) and pp(r)  are the neutron and proton dis- 
tributions, respectively. Unlike eq. (2) the isospin term 
in form (3) is non-zero for N = Z nuclei, and so enables 
the difference between the two distributions for these 
nuclei to be calculated self-consistently. 

We begin by adjusting the parameters V 0 and R to 
give the rms charge radius of  a closed-shell (core) nu- 
cleus, and the experimental proton single-particle cen- 
troid energies. The neutron and proton distributions 
are defined by expressions of  the form 

1 ]1 2 
p(r) = ~ ~an(n l j )  r Unlj(r) ' (5) 

where the n(nlj) are occupation probabilities, Unlj(r ) 
the radial wave functions and the sum runs over all 
occupied orbits. The symmetry potential  V 1 = 30 MeV 
and the other parameters have standard values V° = 7 
MeV, a = 0.65 fm, aso = 0.65 fm, and R so = 1. IA 1/~'fm. 

167 



Volume 85B, number 2,3 PHYSICS LETTERS 13 August 1979 

After the first calculation, the proton and neutron 
distributions are inserted in eq. (3) and the whole cal- 
culation iterated to self-consistency in the proton and 
neutron distributions. To obtain the charge and matter 
distributions these are folded with the corresponding 
distributions of  the nucleons themselves, and the sp in-  
orbit, Darwin-Foldy and centre-of-mass motion cor- 
rections are included in the usual way. 

To extend the calculation to nuclei with valence 
nucleons, the central potential is written in the form 

Vp,nf(r)= {V 0 PO(r) +- V 1 Pl(r)}F(r)  , (6) 

where F(r) = f(r)/p~)(r), and p~)(r) refers to the core 
nucleus. This expression is identical to eq. (3) for the 
core nucleus but for nuclei with valence nucleons it 
has additional terms that include the effects of  the 
interaction between the core and valence nucleons. 

Using this potential, the calculation can then be 
repeated for the nuclei in an isotopic sequence without 
any additional parameters. Throughout the calculation 
the potentials are constrained to fit the single-particle 
centroid energies and the orbit occupation probai~dities 
are taken either from analyses of  nucleon transfer re- 
actions or from shell-model calculations. 

In contrast to previous calculations [2], we have 
made no attempt to adjust the Saxon-Woods param- 
eters or occupation probabilities in order to fit the de- 
tails of  the radial dependence (the oscillations) of  the 
total charge distribution of  the closed shell nuclei. This 
is because these details are probably very sensitive to 
short range aspects of  the nuclear force which are not 
included in the non-self-consistent Saxon-Woods po- 
tential and in addition mesonic effects which are not 
included and are difficult to calculate may give rise to 
additional effective oscillations in the charge density. 
Rather, we concentrate here on the charge density dif- 
ferences between different members of  the isotope 
which give a direct measure of  the rearrangement of  
charge due to core-polarization and shell-breaking ef- 
fects. 

This method has been applied to the oxygen and 
calcium isotopes, and some of  the results are shown 
in figs. 1 -3 .  In the case of  oxygen, we calculate the 
charge distribution differences (1) with the simple 
model of  one or two neutrons outside a closed 160 
core and (2) using the Reehal-Wildenthal [3] inter- 
action within a model space of  lPl/2, 2Sl/2 and ld5/2 
(psd) allowing for up to four holes in the Pl/2 orbit. 
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Fig. 1. Experimental charge density differences between 170 
and 160 and between 180 and 160 (Miska et al. [6]) com- 
pared with calculations using (1) closed ls and lp shell con- 
figurations, and (2) the occupation probabilities from the 
Reehal-Wildenthal wave functions. 

In (1) we take valence configurations with one neutron 
in the ld5/2 orbit for 170 and an (sd) 2 configuration 
for 180 with occupation probabilities calculated with 
the Chung-Wildenthal [4] interaction. The psd occup- 
ation probabilities of  180 and 170 relative to 160, 
which are the quantities relevant to the change in the 
charge distribution, are given by Anp(p) -- - 0 . 0 5 ,  
Z~p(d) = 0.04, Anp(S) = 0.01, Ann(P) = 0.000, Ann(d ) 
= 0.99 and Ann(S ) = 0.01 for 1 7 0 - 1 6 0 ,  Anp(p) = 0.49, 
Anp(d) = 0.31, Anp(S)= 0.18, Ann(P) = -0 .21 ,  Ann(d ) 
= 1.77 and Ann(S ) = 0.44 for 1 8 0 - 1 6 0 .  The psd oc- 
cupation difference between 170 and 160 is well rep- 
resented by a d5/2 neutron weakly coupled to 160 and 
hence the calculations (1) and (2) are essentially iden- 
tical in this case; only (2) is shown in fig. 1. 

The desirability of  using wave functions with 6 p - 4 h  
excitations for 180 is shown by comparing the rms 
charge radii with those obtained with a simpler one- 
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Fig. 2. Experimental and theoretical charge density differences 
between 42Ca and 4°Ca. The experimental curve is from the 
model-dependent fit to the electron scattering data by Frosch 
et al. [11]. The two theoretical curves correspond to (1) a 
closed sd shell configuration, and (2) a non-closed sd shell con- 
figuration with A(2) = 1.0. 
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Fig. 3. Experimental and theoretical charge density differences 
between 48Ca and 4°Ca. The experimental curve is from the 
model-independent fits of Sick [ 12] and Frois [ 16] and the 
theoretical curves correspond to (1) a closed sd shell config- 
uration, and (2) a non-closed sd shell configuration with A(8) 
= - - 0 . 4 .  

parameter schematic wave function of  the form 

1180) = al(vsd) 2) +/3[(rrPl/2)-2(Trsd)2(psd)2), (7) 

which has been used by Lawson et al. [5]. To repro- 
duce the experimental rms charge radius with this sim- 
plified wave function we need t32 = 0.20, implying 0.39 
fewer p-shell protons in 180 than in 160. However, 
this value of  t32 is inconsistent with the analyses of  
other data such as B(E2) values and spectroscopic fac- 
tors which give/32 = 0.10 [5]. This probably indicates 
the need for including 6 p - 4 h  excitations. The psd 
wave functions which include such configurations gives 
0.073 fm for the difference in rms radii between 160 
and 180, in agreement with the experimental value of  
0.074 + 0.005 [6]. The corresponding values for 170 
are 0.003 fm compared with - 0 . 0 0 8  +- 0.007 fm [4]. 
The experimental and theoretical values of  the rms 
radii themselves are compared in table 1. 

Many previous calculations have been made for the 

calcium isotopes using the Saxon-Woods  [7] and 
H a r t r e e - F o c k  [8] methods.  Compared with the pre- 
sent calculations the former have too many parameters 

Table 1 
Rms charge radii 

Experime~at a) Theory 

(1) (2) 

160 2.720 (4) 2.720 2.720 
170 2.712 (5) 2.726 2.723 
180 2.794 (3) 2.730 2.793 
4°Ca 3.480 3.483 3.476 
42Ca 3.510 3.490 3.510 
44Ca 3.520 3.497 3.515 
46Ca 3.501 3.503 3.493 
48Ca 3.481 3.509 3.473 

a) The experimental data are from refs. [6] and [15] for the 
oxygen and calcium isotopes, respectively. 
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while the latter are not in good accord with experiment, 
probably due to the neglect of  non-closed shell con- 
figurations. 

In our calculations we first assume a closed sd shell 
with valence neutrons in the fp shell, and use simplified 
but realistic fp shell occupation probabilities of 90% 1 f7/2 
particles plus 10% 2P3/2 particles. The resulting isotop- 
ic dependence of  the rms radii given in table 1 is weak 
and smooth in disagreement with experiment, but the 
density changes are large and in qualitative agreement 
with experiment as shown in figs. 2 and 3. 

The amount of  proton excitation from the sd shell 
to the fp shell needed to reproduce the rms radii was 
then determined using the following wave functions, 
fo rn>~2:  

140+n Ca) = ctl(uf7/2p 3/2) n ) 

+ (31(Trd3/2)-2(Trf7/2P3/2)2(uf7/2P3/2)n), (8) 

and 

14°Ca) = c~10) + 131(lrd3/2)- 1 (Trf7/2P3/2) 

X (vd3/2)- 1 (uf7/2P3/2)) ' (9) 

where 10) is the closed shell configuration and it is as- 
sumed that the f7/2P3/2 configuration is as before. The 
number of  proton holes in the d3/2 orbit relative to 
40Ca is given by 

A(n) = 2/32(40+nCa) - 132(40Ca). (10) 

We have rather arbitrarily chosen a value ofl32(40Ca) 
= 0.7 and have adjusted R to reproduce the 40Ca rms 
charge radius. The value of/32 which we use for 40Ca 
and those which we will find for the other calcium iso- 
topes are unrealistically large in order to compensate 
for the many-particle many-hole parts of  the wave 
function which are not explicitly included. 

The quantity A(n) was fixed to reproduce the iso- 
topic dependence of  the experimental rms radii; this 
gives A(2) = 1.0, A(4) = 1.1, A(6) = 0.35 and A(8) = 
--0.4. The results of  these calculations are compared 
with the experimental charge distribution differences 
in figs. 2 and 3. On the whole the agreement is excel- 
lent. The calculation (2) which includes core excitation 
is much better than the closed shell calculation (1) es- 
pecially in the surface region. We note that the experi- 
mental curve for 42Ca-4°Ca shown in fig. 2 from ref. 
[11 ] is very model dependent; new data and a model- 

independent f i t for  the 42Ca electron scattering is es- 
sential. The experimental and theoretical rms charge 
radii are compared in table 1. 

The values of  A obtained in this way from electron 
scattering are compared in table 2 with the estimates 
of the numbers of  proton holes in the sd shell H(sd) 
obtained from analyses of  stripping reactions and from 
the particles in the fp shell P(fp) from pickup reactions. 
Consistency then requires A + 6 = P(fp) = H(sd) where 
6 is the number of  proton holes in 40Ca; we have ar- 
bitrarily chosen 6 = 0.7 for our calculations. Examina- 
tion of  table 1 shows that none of  these quantities 
agree well. The discrepancy between the stripping and 
pickup reactions has already been noted [10] and is 
probably connected with the need to include all high- 
lying states and to take account of  the anomalies that 
arise when comparing states of  very different binding 
energies [13]. 

Many shell model calculations of  increasing sophis- 
tication have been made for the calcium isotopes [ 14], 
but they are still far from explaining the experimental 
situation. In particular, the values o f  A are in very poor 
agreement with theory except in the case of  the large- 
basis calculations for 40Ca including configurations 
up to 4 p - 4 h  and 8p -8h .  

This model is thus able to account for many features 
of the charge distributions of  the oxygen and calcium 
isotopes. It is in several respects complementary to the 
Har t ree-Fock method, as it takes full account of  the 
complex configuration mixing in light nuclei but is not 
fully self-consistent as the potential is allowed to vary 
only linearly with the density. The Har t ree-Fock 

Table 2 
Comparison of the number of proton holes in the sd shell ob- 
tained from electron scattering (A + 6), pickup reactions 
[P(fp)], and stripping reactions [H(sd)]. 

A + 6 H(sd) a) H(sd) b) p(fp) c) p(fp) d) 

4°Ca 0.7 0.4 0.27 0.73 0.3 
42Ca 1.7 0.9 1.12 1.03 0.4 
44Ca 1.8 1.9 1.98 1.01 0.6 
46ca 1.05 0.4 0.2 
48Ca 0.3 0.15 0.44 0 0 

a) (3He ' d), quoted by v.d. Decken et al. [9]. b) (3He ' d), 
quoted by Doll et al. [10]. c) (d, 3He), Doll et al. [10]. 
d) (t, c0, quoted by Dehnhard and Cage [17]. 
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me thod ,  on the o ther  hand,  is fully self-consistent but  

the conf igura t ion  is restr icted to a single Slater deter- 

minant  wi th  the part icles in the lowest  spherical or de- 

formed configurat ion.  

Once the parameters  o f  this mode l  are f ixed by com- 

parison wi th  the charge distr ibut ions it gives the neu- 
tron distr ibut ions w i thou t  further  parameter  adjust- 

ment .  The compar i son  of  the resulting dis tr ibut ions 

wi th  the exper imenta l  data will be repor ted  separately.  
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