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A6s6racts Differential cxoss sections for the elastic scattering of a-particles from 4°Ca, ~'~ °Ti, SgIVi,
°°7s and 2°sPb at 140 MeV and from ss.so.s a.saNi at 172 MeV are analysed using a double-folding
model with a semirealistic density-dependent effective interaction beaed on the M3Y interaction
for the real potential and various phenomenological imaginary potentials . Very good fits with
consistent parameters of the model have been obtained.
The application of the folding modelanalyses of a-particle elastic scattering to thedetermination

o! the nuclear matter density distribution is critically e:emined~

1. Introdaction

The elastic scattering of a-particles at energies high enough for the refractive
rainbow scattering at angles larger than the rainbow angle to be observed resolves
the discrete ambiguities of the optical potential that occur in analyses of data at
lower energies. The value of the rainbow angle and the slope of the differential
cross section beyond it essentially depend on the real potential and so its depth
can be uniquely determined . In this way Goldberg 1) established the superiority of
real potentials with Woods axon squared form factors and depths around
140 MeV.
Another advantage of analysing the data at higher energies is that since no

potentialpocket exists for the grazing 1-values, the cross section is almost exclusively
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** Research sponsored by the Division of Hesic Energy Sciences, US Dept . of Energy .

65



66

	

A.M. Kobos et al. l Folding modelanalysis

due to the barrier scattering amplitudes with no interference from the internal
wave amplitudes z). This leads to a reduced sensitivity of the cross section to the
details of the complex potential. Forthese reasons the elastic scattering of a-particles
at high energies, probing further into the target nucleus, can be used to assess the
applicability of different folding models to calculate the real potential .

Folding model potentials can be calculated in two ways:
(a) The single folding model uses a parametrized a-nucleon interaction folded

with the target density or a nucleon-target optical potential folded with the a-
particle density. This latter potential does not include properly the density depen-
dence of the interaction or its surface features or the couplings to other channels
as discussed by Satchler and Love 3). These effects lead to a considerable overesti-
mate of the strength of the real potential, and indeed Goldberg a) showed that a
single-folded potential is much too deep to fit the rainbow scattering .

(b) The double-folded model expresses the potential in terms of an effective
nucleon-nucleon (~ interaction between the nucleons of the interacting nuclei
integrated over both their densities. The effective interaction calculated in the
medium of the two nuclei can remove soiree of the shortcomings of the effective
interactions used in the single-folding approach . However, the depth of the double-
folded potential for a particles is still overestimated, and in a realistic analysis it
proved necessary to explicitly include the antisymmetrization-exchange effects and
the density-dependent saturation effects in the effective NN interaction S) .

Essentially, the density dependence of the effective interaction arises from the
Pauli principle effects in the overlapping region and from the energy denominator
of the Bethe~roldstone equation 6) .
The aim of this work was to study more precisely the density dependent effective

interaction applied in the double-folding model and to examine the extent to which
folding model analyses of a-particle elastic scattering can be used to determine
nuclear matter densities, particularly in the view of their crucial importance when
the efféctive interaction is explicitly dependent upon the densities.

2. Definition of the potential and outline of the fitting procedure

The double folded real potential may be written 3)

UF(R)= J dri J drzPi(ri)Pz(rz)t(s =R+rz -rl)~

	

(1)

where pt(r,), i =1, 2, are the density distributions of the point-like nucleons in the
ground state of the ith (projectile and target) nuclei, R is the separation of the
centres-of-mass of the colliding nuclei, and t is the effective NN interaction which
may depend on the local densities pl and pz and on energy in ways to be discussed
later .
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A.M. Kobos et al. / Foldingmodelanalysis

	

67

For the elastic scattering of spinless particles the potential OF is calculated using
only the isoscalar ts_o,T_o component of the effective interaction since the isovector
(T =1) term in the effective interaction does not contribute in this case .

In the analyses, the folded real potential was allowed an overall adjustable
normalization ~t . The imaginary potential was taken as a phenomenologically fitted
Woods-Saxon, (WS), or Woods

	

axon-squared, (WS) s, form .
Some attempts to use for the imaginary potential the same folded potential as

the real one, except for a different normalization, did not prove successful') .
Theoretical calculations of the imaginary potential by Vinh Maue) have not been
used to fit experimental data .
The imaginary potential used in our analysis has one of the forms

Form (2c) is a mixture of volume and derivative (surface) terms with independent
geometrical parameters (rv, av) and (rD, aD).
The Coulomb potential V~(r) of a uniformly charged sphere of radius R~ _

1 .34ATa was used throughout the calculations .
The total scattering potential is then

V(r) _ -aUF(r)+iW(r) + V~(r) .

	

(4)

The analysis was performed using our comprehensive optical model code which
utilizes the double folding (in momentum space) routines originally written by
Cook 9) and modified to include a density-dependent effective interaction and
shell-model densities as calculated by the Oxford Shell-Model Density code . The
searches for three (or six) parameters of the imaginary potential and the overall
normalization a of the real folded potential OF were made using the CERN
minimizing program package MINUIT lo) .

Applying the double folding procedure to the real potential with phenomenologi-
cal WS or (WS)z imaginary potentials wé have analysed the following data for high
energy a-partiçle scattering :

(i) se,eo.6z.eaNi(a, a) at 172.5 MeV [Budzanowski et al. ll)],
(ü) 9°Zr(a, a) at 140 MeV; a°Ca(a, a) at 141 .7 MeV; seNi(a, a) at 139MeV)

[Goldberg et al. la )],
(iü) s°gPb(a, a) at 140 MeV [Goldberg et al.' 3)],
(iv) ae "as,so.hi(a, a) at 140MeV [Roberson et al. la)] .

W(r) _ -Wvfv(r) ~ (2a)

W(r) _-Wvfv(r) ~ (2b)

W(r) df r)_ -Wvfv (r) +4aDWD ' (2c)dr
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Before presenting our final results we discuss in the next section the components
of the calculation of the folded real potential (1) and also present some intermediate
results.

3. 1be effective interaction

The effective interaction applied in the double-folding formula (1) is the M3Y
interaction of Bertsch et al.'s) based on the G-matrix elements of the Reid NN
interaction, supplemented by a single-nucleon exchange term (SNE). In para-
metriudform it is : 3)

e-2 .s.
tools, E) =79994s -2134 2.Ss +.%o(E) a(s) ,

(5)
Îoo(E) _ -276(1-O.OOSEp/AP) .

This interaction averaged at Ep/Ap=10MeV/Ap has been widely and in general
suooessfully used to analyse heavy ion elastic scattering 3) . We note that :

(i) This interaction is density independent. It is an average over some range of
densities 3), and is thought to be typical of an average density of perhaps 3 of the
density po of normal nuclear matter.

~ü) The energy dependence of the M3Yinteraction (5) is not important for heavy
ions 3), but this is not so for light projectiles at high energies 1~.

3.1 . RESULTS WITH THE M3Y FOLDED REAL POTENTIAL

We first describe calculations made with density-independent interactions . With
the interaction (5) andnucleardensities obtained as described in sect . 5we calculated
the M3Y double folded real potential (1) for the nuclei and energies listed above.
As an example we discuss here the results for a +seNi at 172.5 MeVobtained with
a volume (WS)z imaginary potential (2b) . The depth of the M3Y potential (with

_ -216.5 MeV " fm3 was -231 MeV, and for a `standard' value of ~oo=
-262 MeV " fm3, corresponding to E=10MeV/A� it was -264 MeV.
The M3Y potential produced a broad maximum in the cross section between

40° and 65° followed by a fall-off at larger angles . Renormalizing theM3Ypotential
by 0.55, we were only able to obtain a qualitative fit to the data CrZ/F~89, F
being the number of degrees of freedom) âs shown in fig. 1 by curve labelled RM3Y
(the potential RM3Y is given in table 8) . It is not only the region of the rainbow
angle but also the fine diffraction structure in the cross section at very forward
angles that is very dif<icult to fit simultaneously with the rainbow scattering. Since
the forward-angle scattering is most sensitive to the potential near the strong
absorption radius, this means that with such a large renormalization, the renormal-
ized M3Y potential is much too shallow in the nuclear surface.



Fig . 1 . Zhe "beet" 6t to °sIVi(a, a) at 172.5 MeV with the density-independent M3Y renormalized
potential (itM3Y) and the one when the fitting procedure was restricted to forward angles <30° (M3YF) .

We also fitted with the M3Y potential the data limited to the diffraction region
up to 8 = 30°. With a little renormalization, 0.96 (the potential M3YF of table 8)
we obtained a very good fit (X Z/F=3.0) in this angular region shown by the curve
M3YF in fig. 1. This fit is almost of the same quality as obtained with the density
dependence described later (the corresponding Xz/F=2.5) but is quite unaccep-
table beyond the rainbow angle. The potential in the first case above is 1.8 times
deeper in the surface (at the strong absorption radius) than the previous largely
renormalized M3Y potential, and it is close to the density-dependent potential in
the second case .
The general features of the M3Y folded potential described here have persisted

for all the cases studied.
This model calculation again shows the necessity of large-angle data in the

rainbow region for an unambiguous determination of the real potential .
At this point we should like to comment that a successful application of the pure

M3Ypotential to a + 4°Ca elastic scattering at 29 MeV [ref . r')], resulting in a deep
real folded potential of about 250 MeV, was probably untypical . Later model-
independent analyses ta), of the same experimental data resulted in potentials much
shallower in the interior and this agrees well with our potentials to be described
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in this paper, although obviously the model-independent analyses are inherently
capable of giving better fits . Thus the real double folded M3Y potential is clearly
too deep in the centre. One way to remedy this is to apply a density dependence
to the effective interaction .

4. The density dependence

We first applied the density dependence of the G-matrix elements (so-called
DDD interaction) of Eisen and Daye) in the same way as for heavy ions 3). The
effect was to decrease the central depth of the folded real potential by merely S
with no effect on the calculated rainbow scattering which is inconsistent with
experimental data . Fitting the data with the folded potential of this type gave very
similar results to those previously described (subsect . 3 .1) with the pure M3Y
potential. This density dependence has little effect on a-particle scattering as was
previously foundfor heavy ion scattering 3).

In order to simplify the calculations, it was assumed that the density dependence
and the radial dependence could be factorized as in 19)

t&(s, p)=s& (s)fE(p) ,

	

(6)

where g$(s) is a function of the distance s, in our case given by the M3Yinteraction
(5), and f&(p) is a function of density, for given energy E.
A study of the energy and density dependence of the real isoscalar optical

potential, based on the Brueckner-Hartree-Fock nuclear matter calculations of
Jeukenne et al. 2~, provides aconvenient way of introducing the density dependence
into the folding calculations . The density dependence of their quantity ~ V°~lp, which
is the volume integral of the interaction per nucleon (for a given energy), can be
easily parametrized with an exponential form :

with parameters C~, a andß that maydepend on energy . This form is rather similar
to another parametrization of the density dependence f(p) = C(1-ap

z~s) intro-
duced by Myers z') . One of the possible prescriptions for the density entering (7)
is that p is the density midway between the two interacting nucleons, but in the
view of the short range of the effective interaction it is sufficiently accurate to use
the more convenient form p =pl(r l) +pZ(rZ) [refs. Zz.s)] . This approximation has
been studied by Goldfarb and Nagel

Zs) and was found to underestimate the folded
potential up to about 15% in the inner radial regions for a +4°Ca at 29 MeV, i.e .

when the projectile penetrates deeply into the target nucleus. Such an approximation

allows easily for the factorization of the density-dependent interaction necessary
to perform the folding calculation in momantum space, but it may lead to a
non-realistic build up of the nuclear densities. We shall briefly discuss this point
later in our conclusions. The density dependence (7) has been successfully used for
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a heavy ion calculation z2), with the parameters a = 6.2 and ß = 8 .64fm
-3 corres-

ponding to ~ Vo~/p of ref. z° ), calculated for Ep/A,=10MeV/AP.
So far, the constant C° in (7) was treated somewhat arbitrarily . It has for instance

been proposed ~`) that C° should be determined by the requirement that f(p)=1
for p = 3po, with po being the "normal" nuclear density, po =0.17fm

3
. This means

that for this particular density one would regain the M3Y interaction, in the
agreement with the heavy ion scattering results already obtained with the M3Y
interaction 3). This normalization is based, for example, on the finding that the
M3Y interaction has a strength similar to that of the density-dependent DDD
interaction 6), mentioned at the beginning of this section, at p = 3Po.
The data we have been analysing are for energies corresponding to EP/AP equal

to 43 and 35 MeV/A. Due to a considerable energy dependence of the density
dependence, that becomes weaker with increasing energy 2~, we adopted another
approach.

In the nuclear matter calculations the volume integral of the G-matrix for one
boundand onefree nucleon interacting in the presence of nuclear matter of density
p, with the assumption (6), is

Vo(P,E) _ ~
8$(s)f&(P) d3s,

	

(8)
P

where gE(s) is the radial part of the e$ective interaction and fE(p) is its density
dependence for a given energy. With fE(p) given by (7) we have

Va(P~E)
P

=C°(E)(l+a(E)e-~~5~°)IgE(s)d3s .

	

(9)

For the two energies studied, we calculated the normalizing constants C°, having
precisely fitted ~ Vo~/p calculated according to ref. z°) with the exponential form (7),
and assuming the radial dependence g&(s) to be the same as the energy-dependent
M3Y interaction (5) for t(s, E). (We should note, however, that the calculations
of ref. z°) only extend to densities around that of normal nuclear matter, whereas
larger densities are encountered in the folding calculation in the nuclear interior.
In addition, the effects of density gradients are ignored.)
The effective interaction finally used in the folding formula (1) is then

e-a .
e
-z .s .

-t(s,p)= (-79994s +2134
2.Ss

	

.fooS(s))C°(1+a e_

	

ec°-°l+°2') .

	

(10)

We call this the density-dependent M3Y interaction (DDM3Y). The parameters
andvolume integrals of this interaction used for thetwoenergies are given in table 1.
The normalizing constants Cq as listed in table 1, in the density dependence (7)

obtained by normalizing to the results of ref. z° ) correspond to f(p)=1 for pl + pz =
0.090 fm-s at 172.5 MeV and to 0.095 fm-s at 140 MeV. For these densities the
volume integrals Jo of the DDM3Y interaction are equal to the volume integrals
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TwHLg 1
The parameter and volume integrals lo ofthe M3Yanddemity-dependent M3Y(DDM3Y) interactions

lo

	

lo~P = 3P0)

	

lo(p =Po)
E % CP a ß (M3Y) (DDM3Y) (DDM3Y)

(MeV)

	

(MeV " fm~

	

(fm')

	

(MeV " fm')

	

(MeV " fm')

	

(MeV ' tm~

140 -227.7 0.279 5.141 7.202 373.3 460.2 261.6
172.5 -216.5 0.204 6.814 6.152 362.2 428.1 250.2

of the corresponding pure M3Y interaction. As can be seen from the volume
integrals listed in table 1, the effect of the density dependence is to considerably
reduce the interaction at large densities and to enhance it at small densities. As
required this density dependence will have a larger effect than that of the DDD
interaction . The effect at large densities does not depend on energy while at small
densities it decreases with energy . Encouragingly the numbers of table 1 are
reasonable and consistent for the two energies . Should we however want to incorpor-
ate the final overall normalization factor A ~ 1.3 for the real potential, as obtained
in this work, into CP =AC, then the value of pt +pz corresponding to f(p) =1
would be 0.14 fm-3 .

5. 1Le n~devr densities

The nuclear matter distributions are calculated by summing the absolute squares
of the wave functions of the occupied orbits, weighted by the occupation prob-
abilities .
The potential has the form

V(r)=Vc(r)+Ufl(r) + \m~clzU` i ddz~r)L ~ ~,

	

(11)

where V~(r) is the electrostatic potential due to a uniformly charged sphere of
radius R~=r~lt~3 and charge Z -1, U and U, are potential depths, and the form
factor fr(r) ~[1 +exp {(r-R,)/a,}]-1 with R, = r,Ati3

.

Thevalues of the parameters U, rl and a1 of this potential were fixed to reproduce
the experimental quantities for 4°Ca and z°aPb listed in table 2. The values of the
parameters for other nuclei were obtained using the interpolation and extrapolation
formula

JSC(N~Z~P/n)=XotXt(NAZ)+Xz(A 1 ~3 -(208)'~s) . (12)

The parameters for the spin-orbit potential were fixed to the values U, =6 MeV;
rz =1.1 fm, az =0.65 fm .



`) EP and E, are the energia of the oaupied orbits nearest the Fermi surface .
q F.stimata based on the result of Styrene HF calculations and the tail densities of neutron orbits

from heavy ion sub-Coulomb stripping ezperimenb u).

Fn table 2, the diffuseness ti is defined in terms of the second and fourth moments
of the distribution

where
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Twsr.B 2
Data fitted by the etandatd potential
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The energies EP and Ea are those of the occupied proton or neutron state nearest
the Fermi surface, and the radii quoted are all point radii except for the charge
distribution .
With these parameters the wave functions of all single-particle states can be

calculated, and hence the required density distributions from the expression

P(~)=E ae~+~~~x .

	

(15)e

where a, are occupation numbers and the sum runs over all occupied orbits.
For the closed shell nuclei 4°Ca, 9°Zr and ~l?b the occupation numbers were

set to those of the extreme single-particle shell model. For the Ni isotopes these
were supplemented by shell-model calculations of the occupation numbers as given
in table 3. For 4°Ca calculations were also made with the Hartree-Fock formalism

Twâr. .e 3
Occupation numbers for the Ni isotopes as obtained by Koops i~

(13)

(a)

ssNi

(v) (ar)

6°Ni

(v) (ar)

6~Ni

(v)

~Ni

(~a) (v)

1f~~2 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.00
2pais 0 1.17 0 1.98 0 2.61 3.1s
lfs~~ ~ 0 0.64 0 1.s4 0 2.s3 3.ss
2p~iz 0 0.19 0 0.48 0 0.86 1.30
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~ Frois tt al. az) .

Twst.e 4
Properties of the calculated densities

(rz)~z

`) Extreme single-particle model.
~ See table 2.
~ Diffuseness parameter as defined by eq . (13) for the point neutron plus proton matter distribution.
°) WohHahrt etab ~.
°) wohlfahrt tt at. 3~.

~ Rothhaas ") .

using the Skyrme 3 interaction z' "za). Some properties of the calculated densities
are summarized in table 4.
The theoretical rms charge radii obtained from the above methods are generally

in agreement with experiment for all nuclei in the region A =40-208 to within
less than 1% .Since the experimental charge radii for most stable nuclei have been
measured to an accuracy of about 0.1%,the theoretical densities were adjusted to
give exactly the measured charge radii by scaling all densities by the monopole
Werntz and Überall model 33)'

(

	

dP(r)P~(r)=P(r)+~rl- (r~-~\3P(r)+r dr ~'

	

~16)

which maintains the constancy of the nucleon number. This scaling has a negligible
effect on rn -rp.
For the a-particle density we used the point proton matter density obtained by

Sick 3`) from a model-independent analysis of the experimental a~harge form
factor 3x'36) which takes into account the proton and neutron finite charge distribu-

Occupation
numbers Potential

(fm)

exp theor

da

theor

(rz)ô~z- (ra)P~z

theor

dm~

theor

4°Ca `) WS 3.483 (3) °) 3.477 0.521 -0.089 0.481
Skyrme 3 3.473 0.475 -0.036 0.437

~I'i `) WS 3.614 (4) °) 3.576 0.506 -0.012 0.473
~Ti `) WS 3.599 (4) °) 3.570 0.496 0.072 0.470
s°Ti `) WS 3.576 (4) °) 3.567 0.488 0.146 0.468
seNi q WS 3.777 (5) °) 3.849 0.495 -0.047 0.469

`) WS 3.848 0.495 -0.047 0.474
6°Ni q WS 3.815 (6)°) 3.852 0.487 0.020 0.477

`) WS 3.848 0.487 0.021 0.490
ezNi ~ WS 3.844 (5) ~ 3.857 0.480 0.080 0.486

`) WS 3.854 0.480 0.088 0.508
~Ni ~ WS 3.862 (S) ~ 3.864 0.474 0.133 0.495

`) WS 3.862 0.474 0.138 0.508
9°Zr `) WS 4.263 (8)7 4.256 0.534 0.096 0.490
~Pb `) WS 5.503 (5) ~ 5.514 0.510 0.206 0.538
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tions . It is a good approximation to take po(r) =pP(r). We mention that the point
density obtained by Sick 3a) is unusual in that there is a marked depression in the
interior density (inside 0.7 fm) which cannot yet be understood theoretically. This
depression may be due to mesonic exchange effects in the charge form factor s')
which were not included in the analysis of Sick s4), which would mean that the
point nucleon density could actually be more normal in the interior. However,
given that this effect is not important until large momentum transfer in the form
factor (q x 3 fm-1) and that the nucleon probability distribution involved in the
central depression is small (because of the rZ factor), this uncertainty will have little
effect on the present results.

6. The resalte

We have analysed the experimental data listed in sect . 2 with the double folded
density-dependent M3Y real potential with an overall normalization factor x and
three different types of imaginary potentials :

(i) Woods-Saxon volume potential [WS], cf. (2a) ;
(ü) Woods

	

axon-squared volume potential [(WS)z], cf . (2b) ;
(iii) Woods axon-squared volume plus Woods axon surface (derivative)

potentials with independent geometries [(WS)z +D], cf . (2c) .
These three imaginary potentials constitute a phenomenological attempt to find

how the cross-section depended on the shape of the imaginary potential . We did
not try a model-independent (spline) parametrization of the imaginary potential
since it appeared that we have given a sufficient flexibility to the imaginary potential
by using type (2c) above.
The results of fitting are summarized in tables 5, 6 and 7. In fig. 2 we show the

best fits for Sg'6°'62' 6`Ni(a, a) at 172.5 MeV with imaginary potential (2c) . We do
not show the remaining fits since the data have been published elsewhere and our
calculated cross sections essentially go through all the experimental points. In
general the quality of fit is very good. We comment that for 6°Ni 25% of the total
Xz comes from one data point at 46°. For 62Ni 84% of the total Xz comes from a
single point near the minimum at 10.5°, and without this point Xz/F would be
1.05. We believe that the experimental angular resolution may be extremely
important for points in this very deep and sharp minimum. For' e "s°"6z.~hTi(a, a)
at 172.5 MeV we also fitted the data with a phenomenological (WS)z real and
(WS)2 imaginary potentials, and the correspondingXz/F, volume integrals and rms
radii are given in parentheses in table S. It seems that we can approach with the
folded real potential the limits in fitting achieved with the phenomenologically
fitted real (WS)z potential. Moreover, for many cases we are close to the limits set
by model-independent analysis ae) .

The fits obtained for es"as .so.Li(a, a) at 140MeV have a larger Xz/F than the
other cases. Nevertheless, the results listed in table 7 follow all the trends found
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6.1 . THE REAL POTENITAL

Angle ( c . m . 1

Fig . 2. The fits to 172.5 MeV a-particle elastic scattering from'ab° '6~.saNi isotopes calculated with the
density-dependent M3Y folded real and volume+derivative Woods-Saxon-squared imaginary

potentials .

for the remaining targets and thus constitute additional support for our model. In
particular, the renormalizing factor x for the Ti isotopes is very close to that for
other targets, and so are the features of the imaginary potentials (discussed below) .
The best fit is obtained for s°Ti which has closed neutron shells . We note that

the calculated densities may not be as good in the case of non-closed shells for
protons and neutrons in `6Ti and `aTi . We also comment that for `&I'i a very large
fraction of XZ/F comesfrom the far rainbow region wherethe experimental data 14)

have some unusual wiggling.
We now discuss our results concerning the potentials and densities.

In fig. 3 we show different real potentials for'8Ni(a, ~) at 172.5 MeV together
with the imaginary potential accompanying the "best fit" DDM3Y real potential.
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Fig . 3 . The real potentials calculated witfi different approaches to the M3Y folding model and the
imaginary potential for'8Ni(a, a) nattering at 172.5 MeV, as discussed in tert .

This graph and table 5 enables us to draw some conclusions about the real
potential:

(i) The central depth of the real potential that can fit the data well in the whole
angular region is very well established (to within less than 2%) in accordance with
phenomenological analyses `) . The normalizing factor a changes very little with
the mass number and energy.

(ü) The unnormalized M3Y real potential is much deeper in the centre than the
density dependent M3Y (DDM3Y) potential but it is quite close to the latter in
the nuclear surface, at the strong absorption radius (SAR), and that is why it
can fit well the forward angle data, but cannot fit the rainbow cross section, as
mentioned in subsect. 3 .1 . The inner part of the potential affects the large angle
scattering .

(iü) The phenomenological (WS)z real potential is very close to the DDM3Y up
to about 9fm and its volume integral and rms radius are very similar to those of
the latter .

(iv) The volume integrals of the real potentials change little with A, slightly
decreasingwith ~,in accord with other predictions involving density dependence s9)

.

The volume integrals are smaller and vary less withA than those reported from a
model-independent analysis sa) . In accord with ref. ss), for a single case of saNi, we
found them to decrease with energy at the rate 0.45 MeV " fm3/MeV, in the energy
range 140-173MeV.
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In all cases we found a definite superiority of the Woods-Saxon squaredimaginary
volume potential over the Woods-Saxon one. Moreover, having achieved very
good fits with the (WS)z imaginary volume potential, we were tempted to allow
the imaginary potential a greater flexibility in shape, adding a derivative of the
(WS)z term with its geometry independent of that of the volume term . Unexpectedly,
with a weak derivative term we found a statistically meaningful improvement in
the fits with the reduction of XZ/F often by a factor of 2.
A similar parametrization was successfully used by Budzanowski et al.'°) who

found evidence for aweak surface form with rather similar parameters for sBhTi(a, a)
at 139 MeV [ref. 12 )] analysed with Woods-Saxon-squared real and imaginary
potentials.
The volume integrals and rms radii of the imaginary potentials are very similar

for the two cases involving the (WS)z form factor . Thus it seems that the bulk
characteristics of the imaginary potential are very well determined once the fits
become very good.
We did not see any instability of the volume integrals of the real potential nor

a coupling of the imaginary potential to the real one when using a (WS)z form
factor, as has been reported elsewhere ss) . Our nms radiii of the imaginary potential
are slightly larger than those of ref. se); however in agreement with this reference
we found that the volume integral of the imaginary potential decreased with mass
number and increased with energy.
Our findings about the shape of the imaginary potential cast some doubt on

phenomenological claims'4"3s.39) that the imaginary optical potential for a-particles
should be exclusively of a Woods axon shape. It could even be worthwhile to
revive the problem of a model-independent imaginary potential, since it is the
imaginary potential that is particularly liable to mock up the contributions from
higher order processes.
We note that in each case under study, no matter what starting parameter values

were chosen, the sequence of MINUIT i~ searches converged to extremely similar
final parameters .
For one case, a°Ca(a, a) at 141 .7 MeV where we have reached the statistically

meaningful limit of Xs/F =1 we give in table 6 the uncertainties of the final potential
parameters as calculated by MINiJIT from the inverted covariance matrix . These
uncertainties are quite small and they mean that within their limits there exists
another set of parameters that could produce a fit with aXz/Fchanged by 1 . There
is, obviously, no free choice of the parameters within those limits since the para-
meters, peculiarly those of the imaginary potential, are strongly correlated.
However, the normalization d is fixed veryprecisely and it is very weakly correlated
with the imaginary potential.
We mention here that we also tried to fit sBNi(a, a) scattering at 172.5 MeV

with both the real and imaginary potentials derived from the DDM3Y, i.e . taking
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the imaginary potential to have the same shape as the real one derived from the
DDM3Y, i.e . the A normalizing factor being complex. This resulted in A =
1 .387 +0.6721 and XZ/F=53. The fit was particularly bad in the region of the
rainbow angle. A similar feature was also found in an earlier study at). In a search
restricted to forward angles only (B<30°) a was 1.414+0.7271 and XZlF=45.
These results mean that the imaginary potential definitely requires a different shape
from the real potential.

In table 8 we list for some cases the strong absorption radius, SAR, defined as s)

where Lt~2 is the (interpolated) angular momentum for which the transmission
coefficient TL�~ =1- ESL� z~2=0:5, k is the wavenumber and n is the Sommerfeld
parameter. Also listed are the real potentials at this radius, U(SAR). In addition
we give the ratio of the imaginary (,WS)2 potential to the real double-folded potential
( W/ U) at this radius, and a, the inverse of the logarithmic derivative of the real
potential at SAR, as the measure of the slope of the real potential.

T.+Hr e 8
Characteristics of the potentials at the strong absorption radius (SAR)

DDM3Y: Density dependent M3Ypotential as used in this paper.
M3Y: Pure M3Y potential.
RM3Y : Renormalized M3Ypotential so as to roughly fit the data for all angles .
M3YF: Renormalized M3Ypotential so as to fit the data for forward angles .
RDDD: Renormaliud density-dependent potential with the DDD density-dependent interaction .
(R+S)~ : R+oods-Saxon squared potential.

The imaginary potential are the (WS)' [eq. (2b)] ezcept for the DDM3Y entries where these are the

It is clear from table 8 that to fit the data, even at forward angles only, the W/U
at theSARmust be less than 1. Theheavilyrenormalized M3YandDDDpotentials
that failed to fit the data lack this property. For other targets the ratio W/U was
very similar to the value listed for SahTi and 4°Ca. We also see from fig. 3 that -while

Potential
SAR
(fm)

-U(SAR)
(MeV) W/U -a XZ/F Reaction

DDM3Y 7.26 4.28 0.69 0.75 2.05
M3Y 7.22 4.04 0.74 0.69 Sx10s ssNi(a, a)RM3Y 7.29 2.04 1 .36 0.63 89
M3YF 7.27 3.62 0.78 0.65 3.00 at. 172.5 MeVRDDD 7.59 1.08 3.08 0.61 98
(WS)' 7.17 4.60 0.67 0.77 4.51
DDM3Y 7.31 4.11 0.67 0.78 1.81 ~Ni(a, a)140MeV
DDM3Y 6.72 4.54 0.66 0.77 1.01 ~°Ca(a, a) 140 MeV
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the imaginary potential is appreciably weaker than the real one in the interior
region, it becomes stronger at radii about 2 fm beyond the SAR.

6.3 . THE NUCLEAR MATTER DENSITIES

Our previous knowledge of the proton and neutron densities in 4°Ca is rather
complete because model-independent charge distributions have been extracted
from elastic electron scattering data 4z) and because the difference between the
proton and neutron distributions can be calculated relatively accurately since it is
due to the Coulomb force. Thus as we have argued previously 43 '°4), °°Ca should
be used primarily as a test for the reaction theory models and to test their sensitivity
to the neutron distribution .
The entries in the row labelled "best" in table 9 are based on the experimental

charge density, which we have characterized by the two moments r~ _(r2)~2 and
4 1/4(r )~ [or equivalently r~ and ä~ via eq . (13)] and the density of nucleon charge

near the centre p~(r = 0) . The quantities ro-rP and an -ap (which refer to the point
nucleon densities) for the "best" parameters came from the Hartree-Fock calcula-
tion which takes into account the self-consistency between the Coulomb and
isovector nuclear potentials 43)

. Actually, none of the individual calculations which
we have made are able to reproduce all of these "best" parameters . In particular
the defects with the Woods axon are that rn -rp is too large because the self-
consistency between the Coulomb and isovector nuclear potentials is not taken
into account and that the density at the origin is too large, whereas the defect in
the Skyrme Hartree-Fuck results is that the diffuseness ä is too small.
The ~-scattering data are insensitive to the interior density andwe will therefore

confine our remarks to the sensitivities to rn - rp and the diffuseness â. It is a
good approximation to correct the Woods

	

axon r�-rP defect by making a radial

Tns~ 9
4°Ca density parameters

') See tezt of subsect . 6.3 .
q fN refers to results with a neutron density resealed to give a neutron rms radius which is tN%

different from the original Woods-Saxon calculation .
~ Hartres-Fork calculation with a Srynme 3 interaction .
°) xz per degree of fresdom.

r~
(fm)

â~
(1m)

ro -rv
(fm)

ao -ao
(fm)

P~n(r=0)
(nucleons/fm') xz/Fa)

"best"') 3.483 0.520 -0.036 -0.014 0.088
WS-2 q 3.483 0.522 -0.154 -0.034 0.097 3.6
WS+O 3.483 0.522 -0.089 -0.024 0.097 1.2
WS+2 3.483 0.522 -0.023 -0.016 0.097 1.6
WS+S 3.483 0.522 0.076 -0.010 0.097 8.4
HF ~ 3.483 0.476 -0.036 -0.014 0.082 1.0
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adjustment of the neutron density with the monopole Werntz and LTberall mode1 33)
[eq. (16)]. We have varied the neutron radius by t2°~6 and t5% and in each case
have fit the alpha scattering data by allowing the imaginary potential and overall
normalization to vary and the results for the Xz per degree of freedom, Xz/F, are
given in table 9.
By taking the limits where XZ/F increases by a factor of two to determine the

error we obtain ro- rp=-0.07t0.06 fm . This error could only be reduced by
making some further theoretical assumptions about the imaginary potential or
about the overall normalization. An error of 10.06 fm is encouraging in that it is
about the same as obtained from high energy proton scattering. [Errors quoted for
the matter radii rm~ 2(r�+rp) from high energy proton scattering are typically as
small as f0.03 fm [ref. ~)] which gives a 10.06 fm error for rn -rP since r�-rP~
2(rm-rp) and rp is accurately known from the charge radius .] However, an error
of 10.06 fm is rather large relative to the variations between different reliable
theoretical predictions for the quantity rn-rP which are typically less than 10.03 fm.
By comparing the "WS+2" and "HF" results in table 9 we can conclude that

if rn -rp is fixed then the matter diffuseness âm can be extracted from analyses of
a-particle elastic scattering with an error of about 10.09 fm .
The next stage would be to somehow vary both rn -rp and the diffuseness.

However, it is clear in this case that the error in both will be larger than before.
The logical continuation of this process of increasing the number of parameters is
the ~"model-independent" density as used for example by the Karlsruhe group s9)

for which the error band and error in ro-rp would probably be too large for a
meaningful comparison with theory.
At present the errors on the determined densities can only be kept reasonably

small by limiting the family of shapes to those which are theoretically reasonable
as obtained from Woods axon and Hartree-Fock bound-state potential models
as we have done in this work. .

Since Xz/F is near unity for the values of ro -rP and â~ which are near the
"best" values in 4°Ca, we conclude that the folding model approach is successful
for 4°Ca and that various nuclear matter distributions for other nuclei can be tested
in the sense that a smallXa/F indicates a "consistent" neutron and proton density,
since it is improbable that errors in both the folded potentials and the densities
would cancel to give a smallXs/F.

However, if Xs/F is much larger than unity for some other nuclei it is in general
not possible to ascribe this to a fault in only the folded potential description or a
fault in only the calculated density. The above remarks pertain to absolute cross
sections and densities; it would be interesting in the future to investigate the
uncertainties in our approach to a folding model analysis of relative cross sections
and densities such as in an isotopic sequence .
The Ni densities calculated with the configuration mixed occupation numbers of

Koops 26) differ from the densities calculated with the extreme single-pârticle
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occupation numbers primarily in the matter diffuseness parameter which is 0.005
to 0.020 fm larger in the former case (see table 4) . The results for the a-scattering
fits with the mixed configuration densities (see tables 5 and 6) give Xs/F values
between 2 and 3 for the Ni isotopes which are somewhat worse than for 4°Ca . It
is encouraging that the less reliable densities obtained with the extreme single-
particle occupation numbers give about a 50°k larger XZ/F for the Ni isotopes .
With ro -rp fixed, a change in âm of about 10.04 fm has resulted in an increase in
Xz/F by a factor of two.

7. Concloeione and diecwion

Using a generalization of the M3Y interaction which incorporates a density
dependence based upon nuclear matter calculations we fitted very well the differen-
tial cross sections for the elastic scattering of a-particles by nuclei of different mass
numbers at two energies 140 and 173 MeV, where the rainbow scattering was
observed . We proved that this interaction can work well and consistently, enabling
a precise determination of the depth of the folded potential. However, the folded
density-dependent M3Y potential has to be renormalized by the considerable but
almost universal factor of 1 .3 . The proposed density dependence appeared to be
too strong. Although we note that the results of ref. Z3) show that if we had chosen
the density pineq. (7) to be that midway between the two nucleons, the renormaliz-
ation required would be some 10% smaller.
One possible reason for needing A > 1 is that the G-matrix upon which our

interaction is based is for a single nucleon traversing nuclear matter. However, we
are concerned here with two pieces of nuclear matter moving relative to one another
and not being simply superimposed . In this situation the effect of the Pauli principle
may be weakened and the effective interaction be somewhat stronger than the one
we have used . There are also indications that the shape of the effective interaction
may depend on the density `s). A recent, more accurate approach to the density
and energy dependence in the effective interaction by ~Faessler et al. ~) does take
these effects into account. It however also assumesno readjustment of the densities
in the region where they overlap.

Nevertheless, the model we have been using does work rather well and con-
sistently over a range of nuclei and we can regard it as a semi-phenomenological
density-dependent M3Y folding model.
We note that the alternative prescription of taking the density of the system as

the geometrical mean of the two densities as used in a single-folding model °')
avoids the build up of high densities but it weakens the density dependence in the
important region where two low densities overlap. However, this prescription
considerably overestimates the depth of the real potential and a renormalizing
factor of 0.6-0.7 was required to get good fits .
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We found a definite preference for the imaginary potential to have the Woods-
Saxon-squared form supplemented by a weak surface term . Much worse fits were
obtained with the Woods

	

axon form factor of the imaginary potential .
We find in general that uncertainties in the folding model real and imaginary

potential parameters can be partially mocked up by uncertainties in the nuclear
densities distributions even when the fits to data are very good. The "model-
independent" density extracted from a fit to experiment will have an error band
which is too large to make comparison with theoretical densities meaningful. Hence
our strategy has been to start with densities which have a very restricted family of
shapes based on single-particle potential models which already reproduce as well
as possible the experimental charge distribution .

4°Ca can be used mainly as a test of the scattering potential model since the
density shape is already well determined andwe find that the folding model theory
with a reasonable renormalization works remarkably well . From the fits to 4°Ca
data, the sensitivity to ro -ro is 10.06 fm and the sensitivity to the difiuseness â is
about 10.09 fm (taking into account no correlation between these two parameters),
which are about the same size as has been previously extracted from high energy
proton scattering 43'`4) but are still rather large to be a very sensitive test of the
currently most reliable theoretical models .

A.M.K. thanks Dr J.R. Rook for discussions and Dr J. Cook for permission to
modify and use his folding code . A.M.K. is also grateful to Professor P.J . Wurm
for hospitality in Heidelberg and to MaxPlanck Institute fur Kernphysik, Heidelberg
- where this work was started - for support, and to the British Council and the
Science and Engineering Research Council for enabling a stay at Nuclear Physics
Laboratory, Oxford, where it was finished .
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