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Corrections to the Fermi Matrix Element for Superallowed P Decay
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Corrections to the Fermi matrix element for superallowed transitions due to isospin nonconservation
are reexamined. The sources of theoretical uncertainty and the possibility of a previously neglected
correction based on the mismatch between the spectator nucleons are investigated. The consequences to
the conserved-vector-current hypothesis and the Kobayashi-Maskawa mixing angles are discussed.
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From these Pt values, it is then possible to determine
empirical values of 6l .

Until recently, the experimental ft values, together
with the calculated corrections 6~ and 6'~ for the eight
most accurately measured ft values (' 0, Al, CI,

K, Sc, V, Mn, Co), failed to yield constant Pt
values. In fact, the data gave two Pt values, one con-
sistent for Z & 21, and another for Z ~ 21. This failure
to give constant Vt values persisted even after an intense

Superallowed Fermi P decay has been the subject of
intense study for several decades (cf. Refs. 1-5 and ref-
erences therein). According to the conserved-vector-
current (CVC) hypothesis, their ft values should be con-
stant for all nuclei, and given by

K
Gv2

I MF I

'

where %=8.1201X10 is a product of fundamental
constants, Gl is the vector coupling constant for nucleon

P decay [measured in units of (Ac) ], and MF is the
Fermi matrix element, MF=(yf I

T~
I tlr;). By compar-

ing the vector coupling constant for nucleon P decay to
that of muon P decay, the Kobayashi-Maskawa mixing
angle between u and d quarks (v„d) can be deter-
mined, ' and a test of the three-generation standard
model of the electroweak interaction is possible.

Two classes of nucleus-dependent corrections, howev-

er, must be applied to Eq. (1). The first is radiative
corrections to the statistical rate function f, denoted by
~R giving fR =f(1 + 6R ). The second is corrections to
the nuclear matrix element due to the presence of iso-
spin-nonconserving (INC) forces in nuclei, and is denot-
ed by Sc', that is

I MF I
=

I MF, I
(I ~c), where MF,

= [T(T+ 1) —Tz, Tzf~ &if. With &R and &c, the
"nucleus-independent" ft value for (0+,T=l)~ (0+,
T=1) transitions is

effort to measure the ft values as accurately as possible.
It appears that the primary reason for the lack of

agreement with the CVC hypothesis was due to an in-

correct evaluation of the Ze contribution to Bg. The
study of superallowed Fermi transitions, however, cannot
be satisfactorily concluded because the values of 6p cal-
culated previously by Towner, Hardy, and Harvey
(THH) and Wilkinson (W) ' yield considerably
different Pt values than do those of the more recent re-
evaluation of Ormand and Brown (OB)."' In this
Letter, we reexamine the nuclear corrections 6'~, also in-

vestigating the possibility of a correction based on the
mismatch between the spectator nucleons.

The formalism needed to perform microscopic calcula-
tions of 6~ is given in Refs. 3 and 11. Conventionally,
6~ has been factored into two components, i.e. , 6~ =61M
+BRg. The first, 61M, is due to isospin mixing between
the different shell-model configuration states, while BRO

is due to the deviation from unity of the radial overlap
between the converted proton and corresponding neutron
(i.e., mixing between states that lie outside of the shell-
model configuration space). The OB study found that
BRO))61M. The essential ingredient of a calculation of
6'1M is an INC interaction that is added onto the stan-
dard shell-model Hamiltonian, while the calculation of
6R0 is based on radial wave functions that are obtained
from a suitable parametrization of the mean field.

The present problem with superallowed Fermi P decay
is that in the recent reevaluation both 6~M and 6'Ro were
found to be considerably smaller than those obtained pre-
viously. ' Although both sets of 6'~ agree with the CVC
hypothesis almost equally well, they yield inconsistent
averaged Pt values. The principal differences in these
two calculations are as follows: The THH INC interac-
tion was obtained by (i) adding Coulomb matrix ele-
ments onto the proton-proton Hamiltonian; (ii) increas-
ing the T=l part of the proton-neutron interaction by
2%; and (iii) determining the single-particle energies
from closed-core plus proton and neutron nuclei, whereas
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Ss =2 gnq, Aq, +(n~ —1)A~, +n„Q~, (3)

where p and i represent a sum over proton (z) and neu-
tron (v) core orbits, n„, represents the number of protons
or neutrons occupying the ith orbit, and v denotes the
valence orbit in the parent nucleus. The overlaps Q
denote the deviation from unity of the parent (P) and
daughter (D) radial wave functions, i.e., 0„,= 1—f dr &'~P~D

Inserting radial wave functions obtained from a Har-
tree-Fock calculation utilizing a Skyrme-type force into
Eq. (3), one finds 6s to be appreciable. Using the SG II
force, ' we find Bq=0.18% for Co, as compared to
6RQ =0.38%. It is known, however, that Hartree-Fock
calculations do not conserve isospin under the inter-
change of the last nucleon in mirror nuclei even though
the two-body force is isoscalar. ' To determine the sen-
sitivity of Eq. (3) to this type of spurious mixing, we
have evaluated 6~ while excluding the Coulomb poten-

the OB INC interaction was determined empirically by
requiring that the parameters of a Coulomb plus phe-
nomenological isovector and isotensor potential repro-
duce experimental isotopic mass splittings. "' It was
found that this procedure better determined the single-
particle energies for nuclei away from a closed major
shell, and was responsible for most of the decrease in

BiM.
'' The THH radial wave functions were obtained

with a Woods-Saxon plus Coulomb potential, while those
of the OB study were determined with a self-consistent
Hartree-Fock (HF) calculation using a Skyrme-type in-
teraction that also included the Coulomb exchange term.
The advantage of the HF procedure is that since the
mean field is proportional to the nucleon densities, the
Coulomb force induces a one-body isovector potential
that tends to counter Coulomb repulsion, thereby reduc-
ing BRQ.

In addition to these corrections, we should also ac-
count for the fact that all the parent and daughter nu-
cleons feel the effects of different mean fields before and
after the transition. With this in mind, we expect a cor-
rection to Eq. (1) of the form

tial. For Co, we find Bs =0.16%, indicating that the
spurious mixing is important. In addition, a nonzero 6~
in the absence of the Coulomb potential violates the Beh-
rends-Sirlon-Ademollo-Gatto theorem, ' which states
that corrections to Eq. (1) must be proportional to the
mass difference between the initial and final states.

Given these considerations, an estimate of 6~ might be
obtained in two ways. First, by taking the difference be-
tween the results obtained by Eq. (3) with and without
the Coulomb potential, leading to corrections of the or-
der 0.02%-0.05%. The second procedure, which avoids
the problem encountered in the absence of the Coulomb
potential, is to use wave functions obtained from the
Tz =0 mean field. In this case, the effect of the Cou-
lomb potential in the Tz~O nucleus can be accounted
for by using an eA'ective charge e' =e(1+2Tz/4), where
A is the number of nucleons, and Tz for the proton is
taken to be positive. Using these wave functions, we find
6~ &0.01. Given these considerations, 6~ is probably
negligible: however, we account for it by including a con-
servative uncertainty of 0.05% in the total correction 6c.

Other sources of uncertainty in 6~ lie in the pro-
cedures used to evaluate BRQ and BiM. In order to deter-
mine the sensitivity in 6RQ to the Skyrme parameters, we
have evaluated 6&Q using five different Skyrme forces:
A, ', SG I, ' SG II, ', Skyrme M, ' and Skyrme M*.
The SG II values were found to be very nearly equal to
the average obtained with all forces, and since this is the
same force used previously"' ' these values are report-
ed here in Table I (under the heading HF). The varia-
tions in 6'RQ were typically + 0.03%, and are due to the
fact that the explicit isovector properties of the Skyrme
force cannot be determined unambiguously. An addi-
tional uncertainty of =0.03% in B~Q arises from the
selection of the shell-model Hamiltonian and truncations
on the configuration space (see Ref. 21).

Just as in the case for 6'g mentioned above, we note
that in the limit that the Coulomb potential is switched
off, BRQ is also nonzero. This effect is due to the fact
that the HF binding energies of the Tz =0 and ~ 1 nu-
clei are not equal, and is largest for the lightest nuclei,
BRQ=0.04% for ' 0, and decreases for the heavier nu-

TABLE I. Comparison of the values of PRO and 6~M.

Nucleus HF
6RQ (%%uo)

ECHF AVG THH
~IM (%)

OB THH

14O

26mAl

34Cl
38mK

42Sc
46@

Mn
'4co

0.15
0.27
0.47
0.49
0.29
0.24
0.31
0.38

0.21
0.18
0.36
0.27
0.25
0.17
0.24
0.30

0.18(S)
O.23(6)
O.42(7)
0.38 (12)
0.28 (5)
o.2o(6)
0.28 (6)
0.34(6)

0.23 (3)
O. 27 (4)
O.62(7)
0.54(7)
0.35(6)
O.36(6)
o.4o(9)
o.s6(6)

0.01
0.01
0.06
0. 1 1

0. 1 1

0.01
0.004
0.005

0.05
0.07
0.23
0.16
0.13
0.04
0.03
0.04
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clei, BRQ=0.01% for Cl. Further, in this case, if the
binding energies of the parent and daughter states are
constrained to be equal, BRQ reduces to nearly zero. We
have also evaluated 6RQ using the Tz =0 eff'ective-

charge Hartree-Fock (ECHF) mean fields described
above, and are also given in Table I. The ECHF values
of BRQ tend to be somewhat smaller than their HF coun-
terparts. In particular, for K where the ECHF value is
= 0.2% smaller. This reAects an uncertainty in our abil-
ity to calculate BRQ. Here, we use the average of the two
values when evaluating the total correction Bc, which is
also given in Table I along with the THH values of BRQ.

The configuration-mixing corrections BiM are sensitive
to the choice of the shell-model configuration space, the
isoscalar Hamiltonian, and the isovector single-particle
energies. The uncertainties due to these quantities are
somewhat di%cult to estimate. However, in this work,
the most recent isoscalar shell-model Hamiltonians were
used within largest shell-model configuration space possi-
ble, and, further, the INC interactions were determined
empirically for each shell-model Hamiltonian. ' In all
cases, 6~M was found to be much smaller than B~Q, with
an upper limit being approximately 0.1%. In this regard,
we have chosen to assign an uncertainty of 0.05% in BiM.
For the purpose of comparison, both the THH values of
61M and those of the present work are also given in Table
I.

The total uncertainties discussed up to this point add

up to approximately 0.09% in most cases. This arises
from the addition in quadrature of 0.05% in 6p, 0.05% in

BiM, and 0.06% in BRQ. The uncertainties in 6RQ are
0.03% due to difI'erent Skyrme forces, 0.03% due to
model-space truncations, and typically 0.04% (0.11% in

K) from the difference in the ECHF and HF calcula-
tions.

Given in Table II are the experimental ft values, the
outer radiative correction 6g, ' and a comparison be-
tween the OB and THH values of 6~, and the corre-
sponding "nucleus-independent" Pt values. Both sets of
corrections yield essentially constant, but inconsistent

averaged Vt values. The THH corrections give (Vt)„s
=3071.5~ 1.6 sec with g /v=0. 64, while the correc-
tions reported here yield (Vt),„s=3077.3+ 1.9 sec with

E /v=0. 63.
From the averaged Pt values the vector coupling con-

stant for single nucleon p decay can be determined, and
the Kobayashi-Maskawa mixing matrix element U, d is
then

v„d= (1+a —a )
~v

P

where G„/(hc) =1.16637(13)&& 10 GeV (Ref. 25)
is the vector coupling constant for muon P decay, and Ap

and h,„are the "inner" radiative corrections to both nu-
cleon and muon p decay, with hp —h„=0.023(2). The
THH and OB corrections give v,d =0.9746+ 0.0010 and
0.9737~0.0010, respectively. With U,d determined, a
test of the three-generation standard model is possible at
the level of quantum corrections, i.e., the Kobayshi-
Maskawa matrix should be unitary (v =v„d+v„,
+ v„b = 1). Taking v„, =0.220+ 0.002 (Ref. 27) and
v„b & 0.0075 (90% confidence level), the unitarity con-
dition for the THH and OB values are v =0.9982
~ 0.0021 and 0.9965+ 0.0021, respectively. The THH
and OB sets of nuclear corrections appear to be in agree-
ment at this level. However, the error is dominated by
the uncertainty in the "inner radiative corrections. If
this uncertainty were reduced to the level of the uncer-
tainty in the nuclear corrections, the conclusions might
be diff'erent. For instance, if the inner radiative correc-
tion does not change in value, the v obtained with the
THH nuclear corrections would agree better with the
unitarity condition.

At this point, we wish to emphasize that both the OB
and THH values of 6c yield Pt values that are essential-
ly in equally good agreement with the CVC hypothesis,
i.e., at the level of 0.06%. However, as is pointed out,
they yield inconsistent averaged values, leading to some-
what diA'erent conclusions regarding a test of the three-
generation standard model. The principal difference be-

TA13LE 11. List of' ft values, corrections, and "nucleus-independent" Pt values.

Nucleus 8'R (%) OB
Sc (%)

THH OB THH
1 4O
&6mA1

34cl
3smK

42Sc
46@.

"Mn
'4CO

Avg
Z'/v

3038.1 (23)
3034.5 (14)
3052.0(29)
3045. 1 (26)
3048.7 (63)
3043.7(22)
3039.9 (40)
3044.7 (23)

1.S3(1)
1.47(2)
1.45(3)
1.44(3)
1.46(4)
1.46(4)
1.46(S)
1.45(5)

0.19(13)
0.24(13)
0.48 (14)
0.49 (17)
0.39(13)
0.21(13)
0.28 (13)
0.35 (13)

0.33 (10)
0.34(11)
0.85 (12)
0.70(12)
0.48 (12)
0.40(12)
0.43 (13)
0.60(12)

3078.7 (47)
3071.7 (44)
3081.4 (53)
3073.7 (59)
3081.1(76)
3081.6(49)
3075.6(59)
3077. 1 (49)

3077.3(19)
0.63

3074.4 (37)
3068.6(37)
3070.0(47)
3067.3 (48)
3078.4(76)
3075.7(46)
3071.0(59)
3070.3 (48)

3071.5 (16)
0.64
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tween these two estimates lies in the radial overlap
correction. Here BRQ is reduced considerably relative to
the THH values. This reduction is primarily due to the
diAerent treatments of the Coulomb potential and the
nuclear mean fields. The THH Coulomb potential was
that of a uniformly charged sphere, while in this work it
was obtained from the proton densities via a self-
consistent Hartree-Fock calculation. Further, the
influence of the Coulomb exchange term and the "in-
duced" isovector potential described previously were in-
cluded. The net eff'ect of these diA'erences is to produce
a HF potential for the protons that is both deeper at the
origin, and has a higher barrier at the surface than the
Woods-Saxon potential, therefore, increasing the overlap
between the converted proton and corresponding neu-
tron. ' '
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