
PHYSICAL REVIEW C VOLUME 42, NUMBER 3 SEPTEMBER 1990
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The 2vPP decay matrix element of 'Ca has been studied in a large basis shell-model space. The
theoretical and experimental p and p+ spectra and their relation to 2vpp are discussed. A new

empirical effective interaction is found to give the best agreement to p and p+ spectra with the

effective Gamow-Teller operator 0 t =0.770t. The predicted Tl ~2 =1.9X 10' yr differs by a factor
of 2 from the present experimental limit of T, f2) 3.6X10"yr. We also compare the matrix ele-

ments obtained at various levels of the truncation in the shell-model space.

Double beta (PP) decay is a rare transition between
two nuclei of the same mass number having a change of
two units of nuclear charge. In cases of interest, ordinary
single beta decay is forbidden because of the energy con-
servation or angular momentum mismatch. There are
two modes of double beta decay. One involving the emis-
sion of two antineutrinos and two electrons (2v mode),
occurs in second order of the standard weak interaction
theory and is independent of a possible small neutrino
mass. The other involving no neutrinos and two elec-
trons (Ov mode) violates the lepton number conservation
and requires the neutrino to have a nonzero mass. '

Analysis of the experimental result to determine the char-
acter of the neutrino in pp decay strongly depends on the
precise calculation of the nuclear matrix elements. In
particular, agreement between experiment and theory for
the standard 2v mode is one of the prerequisites for a reli-
able interpretation of the more exotic Ov mode. In this
paper, we study the 2vpp decay of Ca which has the
largest double beta decay g value of any nucleus.

There are several diSculties with previous shell-model
calculations for the 2vPP decay of Ca. In cases where
intermediate states in Sc were considered explicitly the
fp shell-model space was highly truncated, in other
cases where the truncation was less severe the intermedi-
ate states were not calculated and the closure approxima-
tion was used instead. ' ' Also the effective interactions
used were not always well tested with regard to the nu-
clear spectra. In a more recent calculation (Ref. 9) a new
method was used to implicitly take into account the spec-
trum of the intermediate 1+ states exactly. However, we
will emphasize below the importance of testing the in-
teractions with respect to the explicit intermediate spec-
trum.

The quasiparticle random phase approximation
(QRPA) is another widely used method to calculate p and

pp decay matrix elements. ' ' But there are many
shortcomings with the QRPA. The equations violate the
particle number conservation, and some approximations
must be made to match the excited states of odd-odd nu-

clei based on the different initial and final even-even nu-
clei ground states. There are also uncertainties in the in-
teractions used, and the QRPA equations become unsta-
ble with the interaction strengths just above realistic
values.

In this paper, we calculate the nuclear matrix elements
for 2vPP decay of Ca and the related P and P+ decay
in the Of 7/2 lp3/2 Of 5/2 Ip &/3( fp) shell-model space
with a much larger basis than previously used and with a
new and more reliable effective interaction. The trunca-
tion in the fp shell is defined by the set of partitions

f7/2 (p3/3f 5/3p] /2 )". In this work, the partitions as-
sumed for Ca(0+, T =4), Sc(1+,T =3), and

Ti(O, T=2) are (n (4), (n (5), and (n 4), respec-
tively. The n n, „means that n =0, . . . , n,„are al-
lowed. The corresponding J-scheme dimensions are 133,
5599, and 3613, respectively. This is an order of magni-
tude larger basis than has been used in previous calcula-
tions. Our calculations were carried out with the shell-
model code OxBAsH (Ref. 13) on a VAX computer. The
most complete fp shell calculation should be based on the
full-basis space (n (8), but at present this is impossible
because of the large dimensions involved. For example,
the J-scheme dimension for the Ti ground state is
10872 in the full-basis space. It is at the edge of our
current computer capability. In later discussions, we will
argue that our truncation is a good approximation to the
full-basis space.

The model space for the intermediate nucleus ( Sc)
should include all states reachable by a one-body opera-
tor from the initial and final nuclei. Thus for our initial
( Ca) and final ( Ti) states which have n (4, we include
n ~ 5 configurations in the intermediate system. Then the
B(GT) (where GT denotes Gamow-Teller) from the Ti
or Ca ground states satisfy the sum rule,

gB(GT ) —QB(GT+ ) =3(N —Z),
where

B«T)=(&fInert lt ) )'=( &f~~trt~(t ) )'/(2J;+1) .
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The effective interactions used in this paper are called
MH (Muto and Horie' ) and MSOBEP. ' The MH in-

teraction has a long history. McGrory et al. ' started
with the renormalized Kuo-Brown interaction' and
changed several T = 1 two-body matrix elements
(TBME), which involved the f, /z and/or p3/z orbits.
Later McGrory et al. " added 50 keV to the f, /z f5/&-
diagonal J =1 TBME and introduced new single-particle
energies. Based on Ref. 18, Muto and Horie' shifted the
monopole of the intershe11 matrix elements

~f7/2j I I If7nj &
'="

(j =p3/2' pl/2' and f7/2) by
MeV.

MSOBEP is a new effective interaction based on a
modified surface (MS) one-boson exchange potential
(OBEP).' Modified refers to the addition of monopole
(infinitely long range) terms to the central part of the po-
tential, and surface refers to an assumed density depen-
dence which empirically is surface peaked. This
MSOBEP potential has been successful in reproducing
the sd-shell energy levels in terms of a few parameters as-
sociated with the strengths of the various OBEP chan-
nels. Richter et al. " have recently refit the parameters
of this potential to 61 energy level data in the lower part
of the fp shell, and this is the new interaction which we

employ in the present work.
Based on previous beta decay and (p, n ) reaction stud-

ies, we use the effective Gamow-Teller operator

geff
0 = o. =0.77' . (2)

This is used because experimental 8(GT) strengths are
uniformly 30-50%%uo less than the shell-model calcula-
tions. The missing strength can be explained by a com-
bination of the coupling to 6-particle —S-hole
configurations, ' and to the admixtures of 2p-2h
configurations.

For purposes of discussion, we introduce the matrix
element for the 2vPP decay,

E

MoT(E ) —g MpT
m=1

=g t', Of+
II
o o „t t„

I I
0,+ )

m, n

(5)

and

B(cls)MG'T(cls)=
( )m 0

In this approximation, 8(cls) does not depend on the in-
termediate states. Estimates for the average energy
(E ) of the 1+ states in Sc were made to obtain
MoT(cls). ' These previous estimates can be compared
with exact results, given by the comparison between MGT
and MoT(cis)

B(cls)
M~T

(7)

The calculated matrix elements MoT(E } as a function
of E for the MH and MSOBEP interactions are shown
in Fig. 1(a). There are about 300 eigenstates in each
curve from 2.52-15 MeV. The MoT(E ) become negli-

gibly small after about 12 MeV even though there are still
many 1+ states (over 5000) above this energy in the cal-
culation.

To understand the f33 matrix elements, we examine the

P and P+ spectra. The theoretical B(GT } strengths
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strength distribution of Ref. 4 is close to ours, we use a
value of 6=1.10X10 ' yr ' (MeV) deduced from the
first row in Table I of Ref. 4.

The closure approximation employed in the earlier cal-
culations is defined by

B(cls}=X&0f+Ilot Ill )( I+llot 110,+)

m=1 m 0

which is a function of the 1 excitation energy E in
sSc. Eo = To/2+ 6,M, where To is the Q value for pp de-

cay of Ca and hM is the mass difference between Sc
and Ca, TO=4. 27 MeV and bM= —0.277 MeV (Ref.
26). The total matrix element for 2vPP is given by
Mo'T =MGT (E = oo ). The Fermi transition contribu-
tion vanishes when isospin is conserved. An estimate of
its contribution with isospin-mixed wave functions indi-
cates that it is small and can be neglected. The half-life
is given by

Tl/2

where G is related to fundamental constants and the
phase space integral. In fact, G depends somewhat on
the GT strength distribution ' as well. Since the
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FIG. 1. M~I(E ) as a function of E . The first MzT(E ) is
fixed at El =2. 52 MeV. In (a), the solid line is obtained from
the MSOBEP interaction, and dashed line from the MH interac-
tion. The truncation for both curves is (D: n ~4 for Ca and
'Ti, n 5 for Sc). (b) shows the results for the MSOBEP in-

teraction at different levels of truncation for ( 'Ca, 'Sc,
Ti): A (n =O, n 1,n =0), 8 (n +1,n +2, n 1), and C

(n ~2, n ~3, n «2).
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versus F are shown in Fig. 2. The experimental distri-
bution in Fig. 2(c) represents the strength above the back-
ground line in Fig. 1 of Ref. 28. There is additional
strength in the background between 4.5 and 14.5 MeV
not shown in Fig. 2(c) but indicated in the numerical
comparisons made in Table I. There may be more
strength in the background above 14.5 MeV which we
will comment on later. The experimental spectrum in
Fig. 2(c) was obtained by fitting the experimental cross
section to a series of Gaussian peaks and then converting
the cross section in each peak into a Gamow-Teller
strength (Ref. 28 and B.D. Anderson, private communi-
cation). Because the experimental measurement has a
finite resolution, the theoretical 8(GT } spectra are
smoothed by a Gaussian. The 8(GT ) spectrum with a
high resolution (FWHM=100 keV) is shown in Fig. 2(a)
for the MSOBEP interaction. The low resolution spectra
for the MSOBEP (solid line} and MH (dashed line) in-
teractions shown in Fig. 2(b) was obtained with
F%'HM=400 keV. One normalized factor is introduced
in Fig. 2 to make the areas proportional to the 8(GT )

strength. The 8(GT ) values extracted from the (p, n )

data are compared with the theory in Table I. For the
broad peak between 4.5 —14.5 MeV, the minimum exper-
imental value of 8.61 corresponds to the spectrum in Fig.
2(c). An additional amount of 2.86 was estimated to be in
the background not shown in Fig. 2(c).

The theoretical and experimental shapes are qualita-
tively the same as well as the 8(GT ) strength values

themselves (see Table I). But quantitatively there are
some interesting differences which indicate a preference
for the MSOBEP over the MH interaction. In the pure
j-j coupling model, the first 1+ excited state in Sc
can be understood as a (m f7/2vf 7/p ) particle-hole
configuration. The theoretical calculation based on the
MSOBEP interaction and the experimental data are both
in good agreement with this simple picture. But for the
MH interaction, this particle-hole state is the second 1+
excited state located at 3.13 MeV. The first 1+ of Sc in
the MH calculation has a negligibly small 8(GT ) value.
This state, however, has a relatively large overlap with

Ca plus a deuteron-cluster configuration, which ex-
plains why the state comes low in energy.

The total 8(GT ) strengths in T =4 states are 0.78 and
0.77 for the MSOBEP and MH interactions, respectively.
For the MSOBEP interaction, only 8(GT )=0.42 is
contributed by the single state at 16.1 MeV, the rest is
spread between 15-20 MeV [see Fig. 2(a)]. But for the
MH interaction, most of the 8(GT ) strength (0.72) is in
a single state at 15.4 MeV. Thus comparison with experi-
ment again favors the MSOBEP interaction (see Table I).

The P+ strength distribution and total strengths for
theory and experiment are compared in Fig. 3 and in
Table I. There is the possibility of 8(GT+) strength
above 6 MeV in the data not shown in Fig. 3. %e see
that the P+ spectrum and g 8 (GT+) are strongly depen-
dent on the effective interactions. The spectrum for the
MSOBEP interaction is in best agreement with the exper-
iment, especially for the first state (see Table I).

The calculated Mz'T values are presented in Table II,
and compared with previous calculations. %e have
modified the results from previous calculations to take
into account the effective operator of Eq. (2). We note
that the value of (E ) =5.86 MeV assumed by Haxton
is too large, in agreement with the conclusion of Ref. 4.
We also note the excellent agreement between our result
with the MH interaction and the result obtained with the
new method of Ogawa and Horie who also used the MH

;, T=4
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10
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FIG. 2. The B(GT ) spectra for Ca~ 'Sc. The high reso-
lution spectrum (100 keV) obtained with the MSOBEP interac-
tion is shown in 2(a). The low resolution spectra (400 keV) ob-
tained with the MSOBEP (solid line) and MH interaction
(dashed line) are shown in 2(b). The effective operator defined
in Eq. (2) is employed in our calculations. The experimental
B(GT ) from Ref. 28 and B.D. Anderson (private communica-
tion) is presented in 2(c). The hatched area indicates the uncer-
tainty resulting from subtracting the Fermi strength in the
0+( T =4) state at 6.8 MeV.

TABLE I. Summary of the B(GT ) and B(GT+) values ob-

tained in the experiments and compared to the theoretical cal-
culations with the MSOBEP and the MH interactions. An as-

terisk denotes a value unknown.

(MeV) Experiment' MSOBEP MH

2.52 —3.5
3.5 —14.5

16.8 (T=4)
2.52

3.0-6.0)6.0

1 ~ 30
8.61+2.86

0.45

0.07
0.49

1.32
12.31

0.42 (0.62)"

0.07
0.50
0.03

1.24
12.39

0.72 (0.73)'

0.15
0.51
0.10

'The experimental B(GT ) and B(GT+) strengths from Refs. 28
and 29.
The B(GT) in the experimental background in the region of

4.5 ~E ~ 14.5 MeV (Ref. 28)
"The first number is the strength in the single strongest T=4
state, whereas the number in the bracket includes the additional
strength from small states +500 keV on either side of the
strongest state.
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FIG. 3. The 8(GT+) values for 'Ti~"Sc. The experimental values from Ref. 29 are compared to the results obtained with the
MSOBEP and MH interactions. The effective operator defined in Eq. (2) is employed in our calculations.

Fig. 1). The qualitative reason for this behavior can be
understood as follows. In the simple j-j coupling model
where the initial and final states are pure f7/2
configurations, the only partitions for the intermediate
I states which can be reached by p and p+ transi-

A (rrf 7/pvf 7/2 ), 8(~fs/2vf 7/p )

C(rrf7/2vfs/2vf7/2). p transitions can go to A or 8
and p transitions can go to A or C. Thus the pp transi-
tion can only go through A. These partitions will be
mixed in the physical system, and in particular mixing of
8 and C will lead to two states ~1,+) =a~8)+p~C) and

~lz+) =P~B ) —a~C), which can both be reached by P
and p+ transitions. The numerator of the pp matrix ele-
ment will then have the form

interaction. This new method implicitly takes into ac-
count the spectrum of intermediate states exactly in the
full basis. But it does not produce the explicit intermedi-
ate state spectrum which was important for the p and
p+ comparisons made above. Also we note that the re-
sults obtained with the MSOBEP and MH interactions
are not very different, indicating the relative stability of
the calculation with respect to reasonable variations in
the interaction.

There are several reasons why Mo'T in the 2vpp decay
of Ca is relatively small. The energy region of the
strongest 8(GT ) strength (6-10 MeV) is mismatched
from the region of the strongest 8(GT+) strength
(2.52-6 MeV). Also there is a systematic cancellation
between the MPT in the low and the high energy part (see

TABLE II. Comparison of the nuclear matrix elements 8(cls) and MzT, the average excited energy(E ) and half-life T, „The shell-model .space configurations are described by f7~&"(p, /2f, /zp, /2)"
with n =0 to n, „ for the fp shell referring to the initial (i), intermediate (m) and final (f) states.

Reference

Expt. (Ref. 27)
Present
Present
Ref. 9'
Ref. 1'
Ref. 4'
Ref. 8'
Ref. 6'

Interaction

MSOBEP
MH
MH

KB (Ref. 1)
MH

MBZ (Ref. 8)
KB (Ref. 17)

n max

f B(cls)

0.204
0.213

0.266
0.278
0.216
0.150

Mc'I
(MeV)

0.070
0.055
0.053

0.073

(E.)
(MeV)

1.06
2.01

1.94

T 1 /2

(10" yr)

& 3.6
1.9
3.0
3.3

7.2 (1 1')
1.7

'Modified by taking into account the effective operator in Eq. (2).
Based on an assumed (E ) = 5. 86 MeV.

'Based on the exact (E ) =1.06 MeV.
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Thus we find two PP routes each of which is nonzero but

differing in sign so that they cancel. Mixing of 8 and C
into A is important in modifying the pp strength through
the lowest 1 state relative to pure j-j coupling. This as-
pect of the pp strength function shows up qualitatively in
all of our calculations (see Fig. 1). And it is remarkable
in our most complete calculations with the MSOBEP in-
teraction that the total MoT matrix element (0.070) is

nearly exactly equal to the contribution from the first
state alone (0.061).

We give the 8(GT ), B(GT+), and MPT values for the
first ten eigenstates in Table III obtained with the
MSOBEP interaction. They are the main positive contri-
butions to Mo'T. The states with small 8(GT ) and
8(GT+) strengths will be missed in the experiment be-
cause of the finite resolution. Consequently some states
will be seen in (p, n) and not (n,p) and vice versa. Never-
theless, the results given in Table III are in excellent

agreement with the analysis of Ref. 29 based entirely on
experimental data.

To study the effects of truncation, we now discuss the
several cases of interest shown in Table IV. The MGT for

Ca in more highly truncated fp-shell space are present-
ed, where only the MSOBEP interaction is used. One of
them is obtained from the truncation (n,„=2) for Ca,

Sc, and Ti used by Tsuboi et al. with the MH interac-
tion. (We note that at this level of truncation the MH in-
teraction gives the lowest 1+ state with a structure as ex-
pected in the simple picture discussed above. ) The 8(GT)
strengths from this space will not give the sum rule [Eq.
(I)] because the intermediate state is incomplete. Howev-
er, the Mz~ is changed very little when n,„=3 is al-
lowed for Sc. This indicates that the sum rule violation
is not so important for Mzz. From Table IV, we find
that the MG'T in the highly truncated spaces differ
significantly from the one in our expanded basis. The
MoT(E ) spectra in Fig. 1(b) show these differences in

detail.
To test the accuracy of our truncation, we compare the

calculations for MG'T values in the space we used and in
the full basis for 0 in the sd shell and Ca in the fp
shell. These comparisons indicate that the truncation we
used is a good approximation to the full space results.
We may expect that the present M&T value of Ca will
be reduced a further 5 —10% if the full basis in the fp
shell is employed. (Compared with these more complete
calculations, a previous estimate of the extrapolation
from the n, „=2space to the full-space value for Mz'T is
found to be in error by about a factor of 2.)

Beyond the fp shell-model space there are several pro-
cesses that we should consider. The role of 6-isobar
admixtures have been investigated in previous
work. ' ' ' The contribution from the direct excita-
tion of the 6-isobar nucleon-hole configuration, for which
the excitation energy is about 300 MeV, is negligible '
because of the cancellation between p+ and p and be-
cause of the large energy denominator in Eq. (3). The b, -

isobar admixtures in the low-lying states are already ap-
proximately taken into account in our calculation in the
effective operator o t of Eq. (2) as well as in the effective
interaction. In addition, 2p-2h admixtures beyond the fp
shell can lead to 8(GT) strength at higher excitation.
The possible strength seen experimentally in the back-
ground above 6 MeV in P+ and 15 MeV in P may be
due to these 2p-2h adrnixtures. The effect of these 2p-2h
admixtures in the low-lying states are also approximately
taken into account in the effective operator and effective
interaction. The contribution from the direct excitation
of the 2p-2h configurations may again be small because of
cancellation and large energy denominator, but should be
investigated further.

In summary, we have studied the 2vPP decay of Ca in
a large basis shell-model space. An effective Garnow-
Teller operator o t is employed, which describes 8(GT )

TABLE III. The first ten B(GT ), B(GT ), and MGT values obtained with the MSOBEP interaction.

2.520
2.759
3.122
3.620
3.789
4.257
4.425
4.934
5.104
5.568

1.102
0.022
0.180
0.010
0.037
0.053
0.048
0.002
0.305
0.006

(&(+llyt llof &)

0.065
0.163
0.120
0.000
0.146
0.015
0.000
0.014
0.001
0.006

& o,'ll~t -111.+
& &1.+

ll~~
-

llo,
+

&

E +Fo

0.061
—0.013

0.030
0.000
0.013
0.005
0.000

—0.001
—0.002

0.001
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nmax
2vMG'I

4'Ca~4'Ti 0.124
0.143
0.049
0.086
0.088
0.070

46Ca 46T1 4
Full

5

F011
4

Full
0.134
0.127

22O 22Ne 2
4

Full

2

5

Full

2
4

F011

0.077
0.041
0.039

TABLE IV. Comparison of MzT in different truncations.
The shell-model space configurations are described by

f7/2 (p3/2f 5/2p I /2
)" for the fp shell and d, /2" (s, /, d, /, )" for the

sd shell referring to the initial (i), intermediate (m) and final (f)
states with n =0 to n,„. The full-basis means n, „=8 in the

fp shell or n,„=6 in the sd shell. The MSOBEP interaction
was used for 'Ca and Ca and the interaction of Wildenthal
(Ref. 20) was used for 'O.

and B(GT ) behavior well in the energy region
(2.5-15.0 MeV). Of the two effective interactions we
have employed, the new MSOBEP interaction seems to
be a better interaction for the P and P+ spectra. With
this interaction we predict the 2vPP decay matrix ele-
ment of Ca is M G'T =0.070 giving a half-life

Tt &2
=1.9 X 10' yr, which differs by nearly a factor of 2

from the experimental limit of T, &2 )3.6X 10' yr. We
believe that the most important aspect of these calcula-
tions which cannot be directly tested by the (p, n) and
(n,p) experiments is the amount of strength in the (n,p)
P+ spectrum above 5 MeV in excitation. This is because
there is a large uncertainty in the amount of Gamow-
Teller strength in the background above this energy. The
Gamow-Teller strength in this region may be sensitive to
further refinements in the effective interaction as well as
to direct excitation of 2p-2h states, and should be studied
further. In addition, we believe that it is important to
confirm and improve upon the present experimental lim-
it. We plan to use the wave functions of Ca and Ti
based on the MSOBEP interaction to calculate the OvPP
decay matrix elements.

This work was supported by the National Science
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