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Abstract 

The energies and wave functions of stationary many-body states are analyzed to look for the signatures of quantum chaos. 
Realistic shell model calculations are performed in the n-scheme for 12 particles in the sd-shell. Local level statistics are 
in perfect agreement with the GOE predictions whereas the eigenvectors show evidence for non-complete energy dependent 
chaoticity. The information entropy of individual eigenvectors turns out to be a convenient measure of degree of complexity 
of individual wave functions. We discuss the representation dependence and the sensitivity to the interaction strength. The 
exceptional role of the mean field basis is stressed. 

Quantum chaos in many-body systems was studied 

mostly from the viewpoint of level statistics which dis- 
plays a clear relation to the notion of classical chaos 
[ l-3 ] . Presumably much more information could be 

obtained from an analysis of the wave functions and 
transition amplitudes, see [ 41 and references therein. 
Here one expects to encounter the transition from the 

simple picture of almost independent elementary ex- 
citations to extremely mixed compound states which 

would display new specific features as, for example, 
the so-called dynamic enhancement of weak interac- 

tions [5]. 
To perform such an analysis and to check various 

hypotheses concerning complicated quantum dynam- 
ics, one needs a rich set of data which would allow one 
to make statistically reliable conclusions. The realis- 
tic nuclear shell model is one of the most promising 

candidates for studying this largely unknown struc- 
ture of quantum chaotic states [ 6-121 in a many-body 
system. Similar studies have been performed recently 

for the levels of a heavy atom [ 131 but in this case 
the matrix dimension is less by an order of magnitude 
than in modem shell model calculations. 

Statistical spectroscopy [6-91 being developed in 
parallel to the random matrix methods predicted a 
“local” Gaussian distribution of the components of 
generic wave functions. As was tested with realis- 

tic shell model eigenfunctions by Brown and Bertsch 
[lo], the states in the region of high level density 
show the expected behavior. The change of this distri- 
bution as a function of excitation energy carries infor- 
mation on the process of the mixing of simple shell 
model configurations by the residual interaction. In 
what follows we first test the “standard’ signatures of 
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Fig. 1. Unfolded distribution of the neatest neighbor spacings, P(s), left, and the rigidity of the spectrum, As, right, for PO states. 

quantum chaos in level statistics. Then we analyze the 
wave functions from the viewpoint of their complex- 
ity using the information entropy and moments of the 

amplitude distribution to quantify this complexity and 
establish its evolution along the spectrum. This is the 
first such study for nuclear levels, and it sheds new 

light on the quantitative way in which individual nu- 
clear wave functions change from regular to chaotic as 
a function of excitation energy. The analysis of wave 

functions, contrary to spectral measures of chaos, is 

representation-dependent. Our results confirm the idea 
of the singular role of the mean field basis. 

We studied the behavior of the basis-state ampli- 
tudes of the shell model eigenvectors produced in the 
ST-scheme for 12 particles in the sd shell. Our model 

Hamiltonian describing a many-body system of va- 
lence particles within a major shell contains a one- 

body part, which is due to an existing core (e.g. 160 
for the sd shell) and a two-body antisymmetrized in- 
teraction of the valence particles 

H = c l paLap + i c Vp,,Apa~a~a~ap. (1) 

In our calculations the Wildenthal interaction [ 141 
was used along with the well known procedure to 
project out of the m-scheme the states with correct 
values of the total angular momentum J and isospin T 
[ I5]_ As was stressed in [ IO 1, the projection is nec- 
essary in order to reach valid conclusions. The JT- 
projected states 1 k) are used to build the matrix of the 
many-body Hamiltonian, Hkp = (ST; k 1 H 1 JT; k’), 
which is then diagonalized producing the eigenvalues 
E, and the eigenvectors 

) JI’; a) = c C; ) JT; k). 
k 

They represent the object of our investigation. 
The matrix dimension for the J”T = 2+0 states is 

3273. The density of states steeply increases along 
with excitation energy, reaches its maximum and then 

decreases again for the highest energy. This high- 

energy behavior, as well as the approximate symmetry 
with respect to the middle of the spectrum, are arti- 
ficial features of models with finite Hilbert space in 
contrast to actual many-body systems. 

The extreme theoretical limit of chaotic quantum 
dynamics can be described by the Gaussian orthogonal 

ensemble (GOE) of random matrices. We will com- 
pare our results which are purely dynamical (no ran- 
dom elements) with average predictions of the GOE. 

Fig. I shows the standard quantities which define the 

chaoticity of a quantum system [ 3,4], the “unfolded” 
distribution of the nearest neighbor spacings P(s) and 
the spectral rigidity A3 (L) , for this class of states ’ . 
The solid lines in both parts of the figure describe 

the results expected for the GOE. The dashed line 
on the right corresponds to the Poisson level distribu- 
tion which is characteristic of an integrable system. 

’ For the analysis of P(s) we used all levels except for 15 lowest 

and 15 highest ones. This restriction which does not really matter 

for P(s) is related to our procedure of determining the mean local 

level spacing by averaging over the energy interval including 15 
levels on both sides of a given level. In order to study the spectral 

rigidity A3( L) at huge L, the corresponding average [ 41 was 
taken over intervals [-L/2, L/2] with the center located further 

than by 150 levels from the edges of the spectrum. 
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The closeness of A3 (L) to the random matrix results 
even for very large values of L is remarkable. Previ- 
ous to this study the largest value of L considered was 

less than 100 [ 111. Thus, the level statistics manifest 

generic chaotic behavior. 
We next look to the structure of the wave func- 

tions which could reveal in more detail how close to 
chaoticity we are. In the GOE there are no correlations 
between the eigenvalues and the components of the 

wave functions. Therefore complexity of the eigen- 

vectors is uniform along the spectrum. Any realistic 

system reveals correlation of complexity with excita- 
tion energy. The specific dependence on the excitation 

energy reflecting the process of stochastization is of 
special interest. In what follows we study the proper- 

ties of individual eigenstates (no averaging is carried 

out) which display both local chaotic distributions of 
the amplitudes in Eq. (2) which agrees with the pre- 
dictions of statistical spectroscopy and a regular evo- 
lution of complexity along the spectrum. 

An alternative (and complementary) way of the 
analysis is connected with studying fluctuations of the 

components of the wave functions in comparison with 
corresponding fluctuations in the GOE. This can be 
done with the aid of “unfolding” of those components 

[ 161 similar to the treatment of the energy spectra. 
This procedure partially destroys the information on 

the correlations between wave functions and eigenval- 
ues. In the current study in contrast we use the “raw” 
data on the eigenfunctions expressed in the model ba- 
sis. 

The appropriate quantities to measure the degree of 
complexity of a given eigenstate la), Eq. (2), with 

respect to a given basis are, for instance, the informa- 
tion entropy [ 17,181 (it was used also for studying 
the structure of states coupled to continuum [ 191)) 

(3) 
k 

or the moments of the distribution of amplitudes ]CF I*. 
The second moment determines the number of princi- 
pal components (NPC) of an eigenvector (a), 

(IVPC)“-@,4)-l. (4) 

In the GOE all basis states are completely mixed so 
that the resulting eigenvectors are totally delocalized 

and cover uniformly the N-dimensional sphere of ra- 

dius 1 [ 4,20,21]. The GOE distribution function is in- 
variant with respect to orthogonal transformations of - 
the basis. Gaussian fluctuations with zero mean, C; = 

0, and width lC,“]* = l/N lead, in the limit N > 1, to 
the average values ln(0.48N) and N/3 for the quan- 

tities (3) and (4) respectively. Here N is the total di- 
mension of the model space. In reality, the incomplete 

mixing of basis states determined by specific proper- 

ties of the Hamiltonian can coexist with the GOE-type 

level correlations. The latter appear [ 10,221 when typ- 
ical mixing matrix elements reach the order of mag- 

nitude comparable with the mean level spacing. This 

however is not sufficient for complete mixing and de- 
localization. Moreover, the distribution of amplitudes 
is strongly basis-dependent. 

The left upper part of Fig. 2 presents the exp( Sa ) 
quantity of Eq. (3) calculated for the 2+0 states with 
the use of the original shell model projected basis 1 k). 
On the x-axis are the eigenstates numbered in order of 
their energies. This simple “numbered’ scale is similar 
to the “unfolding” procedure described for example by 

Brody et al. [ 41. The solid line represents the average 
GOE result (0.48N). One observes a very smooth 
semicircle-type behavior and a 12% deviation from the 
GOE even for the maximum entropy in the middle of 
the spectrum. Let us remind that we do not “unfold” 

the components of the wave functions. 

It is interesting to study the role of single-particle 
energies (see Eq. ( 1) ) for the chaotic behavior of 
the amplitudes. The upper right part of Fig. 2 shows 
the exp( Sa) quantity for the 2+0 states for the same 
Hamiltonian but with all single particle energies, cll in 

Eq. ( l), set to zero. In this degenerate case the aver- 
age GOE limit (solid line) is attained and the chaotic 

regime extends over a larger part of the spectrum. At 
smaller statistics, the similar conclusion was obtained 
in [lo]. 

To further quantify these effects, we look to the dis- 

tribution P(Zs) of Z; = exp( S”)/0.48N. One can in- 

terprete 1: as a delocalization length N”/N, a fraction 
of the total original basis set covered by an eigenvector 
1 a). In the chaotic limit the distribution is expected to 

be shaped around IS = 1. The lower left panel of Fig. 
2 presents the results for the values of ZS calculated 
for the normal Hamiltonian and shown on the upper 
left panel. Here the limit of Zs = 1 is not reached. On 
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Fig. 2. Left panel: exponential of entropy (upper part), and the distribution of 1s = (expS)/0.48N for 2+0 states calculated with the full 
Hamiltonian of the model (lower part); right panel: the same quantities for the degenerate model with eU = 0. 

the other hand, for degenerate single-particle orbitals 
(upper and lower panels on the right side), the distri- 
bution of localization lengths is more narrow and the 
full chaotic limit is reached. This is related to the fact 
that the mean field in general tends to smooth out the 
chaotic aspects of many-body dynamics [ 231. 

The number of principal components (4) computed 
for the same basis behaves in a similar way gradually 
increasing from the edges of the spectrum to the mid- 
dle, Fig. 3 (left). Even the most complicated states are 
shifted down from the GOE limit of complete mixing. 
However, for the ratio ( exp s” ) / (NPC) a one obtains 
the results in the right part of Fig. 3. For a Gaussian 
distribution of amplitudes Cf of a given eigenvector 
I(Y), the ratio (exp S) /(NPC) of average quantities 
would be given by the universal (N-independent) ran- 
dom matrix result equal to 1.44 (solid line). The flat- 
tened region close to this numerical value indicates 

that our large deterministic Hamiltonian matrix actu- 
ally exhibits self-averaging (ergodic) properties and 
the chaotic dynamics, even if not complete, extends 
far beyond the region nearby the maximum of the in- 
formation entropy. 

In a given basis, the eigenstates are characterized 
by a typical delocalization length N”/N < 1 and by a 
Gaussian distribution of the amplitudes Cf with zero 
mean value and variance (N”) -I which agrees with 
statistical spectroscopy [ 7,9]. This length cancels in 
the ratio exp( Sa) /(NF’C)a for the majority of states 
in the middle of the spectrum. The flatness of the ratio, 
as compared to strong a-dependence of exp( Su ) and 
(NPC)” separately, indicates the existence of the local 
chaotic properties scaling with Na. The edge regions 
with this ratio larger than 1.44 clearly correspond to 
relatively weakly mixed states with a reduced NPC. 
We note the very narrow dispersion of points in Figs. 
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Fig. 3. The number of principal components, E@. (4), of 2+0 states (left), and the ratio exp( P)/(NFV) for the same states (right). 
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Fig. 4. Entropy of O+O states in the shell model basis (left), and in the basis of the eigenvectors of the W(3) Hamiltonian (right). 

2 and 3 for our measures of complexity. This disper- 

sion scales 0; m and agrees with the magnitude of 

fluctuations expected for the local GOE. 

Using the same tools we also analyzed the JRT = 
O+O states of the model (the dimension of this sub- 
space is 839) and obtained very similar results, see 
Fig. 4 (left). 

Another important aspect is the above mentioned 

basis dependence of the signatures of complexity. Cer- 
tainly, the eigenbasis itself shows no complexity at all: 
in this basis CF = &k so that S” = 0 and (NPC)” = 
1. To demonstrate that the basis dependence is physi- 

cally significant and informative we show the entropies 
S” for O+O stationary states calculated in a standard 
n-projected shell model basis, Fig. 4 (left), and in 
the eigenbasis of the SU( 3) Hamiltonian [ 241, Fig. 4 
(right). Similar to 2+0 states, Fig. 3 (left), the shell 

model basis reveals the smooth semicircle-type evo- 
lution of complexity along the spectrum. 

The SU(3) Hamiltonian is well known [24] as 
a reasonable model for describing collective nuclear 
properties. It was also used in statistical spectroscopy 
[ 81 for evaluating strength distributions. We see, 
Fig. 4 (right), that the information entropy of actual 
eigenvectors in the SU( 3) basis indicates the limiting 

chaoticity uniformly over the spectrum. The SU(3) 
model is capable of accounting for collective trends 
concentrated supposedly in a small number of low- 
lying rotational bands. But, in sharp contrast to the 

shell model with the realistic spherical mean field, 
this basis turns out to be uncorrelated to degree of 
complexity of exact states. Actually, a totally random 
basis unrelated to the mean field of the problem gives 
the same GOE pattern as Fig. 4 (right). 
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The mean field basis is in some sense exceptional 
since it can be shown that the mean field itself is gen- 

erated by averaging out the most chaotic components 
of many-body dynamics [ 231. Therefore it provides 

us with the best separation of coherent and random dy- 

namics and can be considered as a preferential repre- 

sentation for our purpose. We have already mentioned 
smooth behavior and narrow dispersion (low level of 

“noise”) for the measures of chaoticity calculated with 
the use of the mean field basis for the individual states 

which are close in energy but apparently can have very 
different intrinsic structure. It is remarkable that the 
“natural” choice of the shell model basis sheds a de- 

tailed light on the global and local chaotic properties 

of the wave functions in the many-body system with 
strong interaction. Using the mean field representation 

as a reference point, one acquires the possibility to 

describe the degree of chaoticity in terms of thermal 
excitations of quasiparticles. We hope to pursue this 
analogy further in a separate publication. 

In conclusion, we have studied the chaotic proper- 

ties of a many-body quantum system which consists 
of 12 valence particles interacting in the sd-shell. The 
standard signatures of chaos, nearest neighbor spac- 

ing distribution and spectral rigidity, are in agreement 
with the GOE results. With no random elements in 
the problem, chaos appears as a result of strong mix- 

ing between shell model configurations. But the level 
statistics alone are not sensitive enough to describe the 

process of stochastization. The information entropy or 

moments of the 1 Cr I2 distribution like (NPC) are 
much more suited to reveal these details. Arguments 
are given in support of local chaos characterized by a 
Gaussian distribution of the components of the wave 
functions with the variance related to the localization 
length. This length grows as the level density increases 

but does not reach the GOE limit. The effect of the 
core (given by the single-particle energies) diminishes 

the maximal degree of chaoticity which can be ob- 
tained when the system consists of interacting valence 
particles only. Our signatures of complexity are basis- 
dependent, they reflect mutual properties of the eigen- 
basis of the problem and the original “simple” basis 
Ik). The basis dependence can give additional physi- 
cal information. The important question of spreading 
widths of original simple states and the relation of our 
results to statistical spectroscopy [6-91 is not fully 
understood. Work in this direction is under progress. 
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