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Shell-model picture of virtual detour transitions in 41Ca radiative electron-capture decay
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M. Pfützner
Institute of Experimental Physics, University of Warsaw, ul. Hoz˙a 69, PL-00681 Warsaw, Poland

S. G. Rohozin´ski
Institute of Theoretical Physics, University of Warsaw, ul. Hoz˙a 69, PL-00681 Warsaw, Poland

B. A. Brown
National Superconducting Cyclotron Laboratory and Department of Physics and Astronomy, Michigan State University, East La

Michigan 48824
~Received 17 November 1995!

For the first forbidden unique (1u) radiative electron-captureb decay of 41Ca, a contribution of theg/b
detour transitions via virtual nuclear states to the bremsstrahlung spectrum has been considered in terms of the
shell model. Calculations of the matrix elements for the virtualE1 g and allowed Gamow-Tellerb transitions
have been performed with the use of the Warburton, Becker, Millener, and Brown interactions. For the effective
charge, which describes the contribution of the detour transitions, an interval 0.96,eeff,1 has been found.
The model predictions are fairly close to the experimental valueeeff50.78. A possible origin of the small
remaining deviation is discussed.

PACS number~s!: 21.60.Cs, 23.40.Hc
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I. INTRODUCTION

The b decay via capture of an orbital electron, in whi
the emission of neutrino is accompanied by radiation o
photon, and both these particles statistically share the tra
tion energy, is called the radiative electron capture~REC!
process. This is a higher order process with a probabili
few orders of magnitude lower than the probability of t
nonradiative electron-capture decay, accompanied by
emission of the neutrino alone.

Total intensities and spectral distributions of photons w
studied experimentally for a number of allowed electro
capture transitions and found to agree well with the theor
internal-bremsstrahlung~IB! @1#. In contrast to this, experi
ments on the forbidden REC in41Ca and59Ni, performed by
the Aarhus-Warsaw Collaboration@2–4#, revealed a striking
disagreement with predictions of the IB theory@5–7# ~for the
first indication of this disagreement see Ref.@8#!. The shape
of energy spectra of photons was found to be quite diffe
from the theoretical one, and the total number of photons
nonradiative decay appeared to be significantly higher t
calculated.

To explain this disagreement, Kalinowskiet al. @9–11#
proposed to take into account detourb/g or g/b transitions
via virtual nuclear states. They followed ideas developed
Ford and Martin@12# in connection with the analogous pro
lem of an excess of photons observed for IB accompan
forbiddenb2 decay.

Estimates show that for a direct decay of allowed ty
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the role of detour transitions is negligible, while for a forbi
den decay these transitions may compete. For forbidden
cays with spin change by two units, like in the case
41Ca, the detour transitions are presumably composed
dominantly of a dipoleg transition followed by an allowed
Gamow-Teller~GT! b transition, or vice versa.

The contribution of detour transitions to the IB spectru
is given by an effective chargeeeff . In the theory presented
in Refs. @10,11#, the value of this charge is considered as
free parameter. It can be derived from fitting the theoreti
spectrum to the experimental one. There is, however, an
vious interest in reproducing the results through microsco
calculations. Until now such calculations have been p
formed only for the radiative capture decay of204Tl @13#.

The present paper provides a shell-model analysis of
radiative-electron-capture data for41Ca. Matrix elements of
the g(E1) and b ~GT! virtual transitions were calculate
based on the shell-model approach which uses interact
developed by Warburton, Becker, Millener, and Brow
~WBMB! @14#.

II. FIRST-FORBIDDEN UNIQUE RADIATIVE K CAPTURE
IN 41Ca

The decay of41Ca @15# proceeds via a single electron
capture transition to the ground state of41K. The spin and
parity of the initial and final states is 7/22 and 3/21, respec-
tively. The transition is thus first-forbidden unique (1u). The
forbiddenness of the decay is reflected in the half-life wh
is as long asT1/251.04(5)3105 yr @16#, despite the appre
ciable decay energyQEC5421.3(4) keV@15#.

We focus our attention on the radiative capture of the
electron. The theory for the relevant 1S component of the
1593 © 1996 The American Physical Society
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1594 53ŻYLICZ, PFÜTZNER, ROHOZIŃSKI, AND BROWN
photon spectrum seems to be more exact than for the rem
ing components. Experimentally, the 1S component was se
lected in a coincidence measurement by gating the pho
with the 3.3 keV potassium K x rays @3#. The end-point
energy of this component isk05QEC2B1S5417.7 keV.
Here,B1S53.6 keV is the binding energy of electron in th
K shell of a potassium atom.

The theory of the radiative K capture with inclusion of th
detour transitions can be found in Ref.@11# and references
quoted therein. In the following we recall the main formul
and definitions, specified for the 1u transition.

For the 1S component, the probability of emission of
photon with energy in the intervalk, k1dk relative to the
probabilitywK of the nonradiative K capture is given by

dw1S~k!

wK
5

a

pme
2

k~k02k!2

k0
2 R1S~k!dk, ~1!

wherea is the fine structure constant,me the electron rest-
mass energy, andR1S the shape factor. The formula for th
shape factor, which accounts for the detour transitions, re

R1S~k!5R1S
IB ~k!12S eeffme

k0
D 21A1S

eeffmek

k0
2 , ~2!

whereR1S
IB (k) is the shape factor resulting from the pure I

theory @1,6,7# andA1S(k) is one of the components of th
R1S
IB (k) function. Intensity of the detour transitions is de

scribed by the effective chargeeeff in units of the elementary
chargee. The term proportional toeeff accounts for the in-
terference between the IB and the detour transitions.

For the radiative capture decay of41Ca one finds~Refs.
@3,9,10#! a comparison of the theoretical and experimen
spectra of the 1S component. Foreeff50, that is on the level
of the IB theory, the slope of the experimentally determin
shape factor clearly differs from predictions. The intens
summed above 95 keV amounts to 2.531024 relative to the
nonradiative K capture, and exceeds the relevant theore
value by a factor of 6.6. This theoretical value does not
pend on the nuclear matrix element of the 1u transition. If
detour transitions are included a quite satisfactory agreem
with the experiment is found foreeff50.78. In this case,
however, the theory is not independent of nuclear structu

III. THE EFFECTIVE CHARGE IN TERMS OF THE
SHELL MODEL

As derived in Ref.@11#, the effective charge, expresse
through reduced matrix elements of the transitions involv
in radiative capture process in41Ca, is given by

eeff5eeff
~ i !2eeff

~ f ! , ~3!

where

eeff
~ i !5

1

e(n « i ,nA 4p

2I n11

^ f uuT~GT!uun&^nuuT~E1!uu i &
^ f uuT~1u!uu i &

,

~4!
in-
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s
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eeff
~ f !5

1

e(n « f ,nA 4p

2I n11

^ f uuT~E1!uun&^nuuT~GT!uu i &
^ f uuT~1u!uu i &

.

~5!

The operators, related to a single nucleon, responsible
electric dipoleg transition and for Gamow-Teller and first
forbidden uniqueb transition have the following form:

T~E1!5Fep

1

2
~12t0!1en

1

2
~11t0!G rY1 ,

T~GT!5
l

A4p
st1 , T~1u!5lr ~sY1!2t1 ,

wheres is the Pauli spin matrix vector,t0 and t1 are the
diagonal and raising Pauli isospin matrices, respectively,Y1
are the spherical harmonics of rank one, andl5ugA /gVu,
wheregA /gV is the ratio of the weak-interaction coupling
constants. The proton and neutron effective charges,ep and
en , describing the electric dipole transitions may depend o
the initial and final single-particle states involved@17#. The
summations are performed over a complete set of nucle
statesun& with angular momentumI n . The correction of the
nuclearE1 transitions for the center-of-mass motion yield
the effective chargesep5(N/A)e anden52(Z/A)e, where
N,Z, andA are neutron, proton, and mass numbers, respe
tively @18#.

The energy factors« i ,n and« f ,n are equal to

« i ,n5
En2Ei

En2Ei1k
, « f ,n5

En2Ef

En2Ef1k
,

whereEn , Ei , andEf are the energies of virtual, initial, and
final states, respectively, andk is the energy of the photon. In
a usual approximation of high excitationsEn2Ei@k one has
« i ,n5« f ,n51. This approximation together with state-
independent effective charges giveseeff5(ep2en)/e. When
only the correction for the center-of-mass motion is take
into account, this giveseeff5N/A1Z/A51. Any other
choice for value ofep on frequently used condition that
ep5e1De anden5De @17# always giveseeff51, too.

If the spectrum of the virtual states is available, a redu
tion of eeff due to the energy factors can be estimated.

A. Extreme single-particle shell model picture

Figure 1 presents single particle levels of41Ca from the
Woods-Saxon model with the universal set of paramete
@19,20#. It also shows the 1u transition between the
u i &5un f 7/2,7/22& ground state of 41Ca and the
u f &5u(n f 7/2)2pd3/2

21 ,3/21& ground state of41K, as well as
two possibleg(E1)/b~GT! detour transitions via the virtual
5/21 excited states of41Ca:

u1&5un f 7/2p f 5/2pd3/2
21 , 5/21&

and

u2&5u~n f 7/2!
2nd5/2

21 , 5/21&.
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53 1595SHELL-MODEL PICTURE OF VIRTUAL DETOUR . . .
Any detour transitions with the opposite sequence,b~GT!/
g(E1), are ruled out here by the Pauli principle. The co
plete set of intermediate states reduces here to the con
rationsu1& and u2&. Summing over these configurations c
be performed with help of angular momentum algebra
yields eeff5eeff

( i )5@ep(d3/2, f 5/2)2en(d5/2, f 7/2)#/e, again
equal to 1 forep /e and en /e equal toN/Z and 2Z/A,
respectively.

It is expected that in reality simple shell-model config
rations, which presumably contribute to the detour tran
tions, are spread over many 5/21 levels due to residual in
teractions. A study of this effect will be presented in t
following.

B. The sd-pf model space with the WBMB interaction

A spectrum of the 5/21 excited states of41Ca, and the
relevant values of theE1 and GT reduced matrix elemen
Mn(E1)5^nuuT(E1)uu i & andMn~GT!5A4p^ f uuT(GT)uun&
of importance for the detour transitions, have been obta
by shell-model calculations with the WBMB interactio
This interaction is described in detail by Warburtonet al.
@14#. It was originally developed to study mass systema
for A529–44 nuclei.

Results of the present calculations are available for
states with isospinT51/2 and 63 states withT53/2. They
are shown in Figs. 2 and 3.

Figure 2 shows the distributions of theE1 and GT tran-
sition strengths. To obtain these distributions, strength va
of individual transitions, related to the matrix elements
follows:

FIG. 1. Woods-Saxon model@19,20# predictions for the single
particle states of41Ca, and for the single-particle transitions to
considered in the analysis of the radiative electron-capture41Ca
→ 41K decay.
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B~E1!5
1

2I i11
uM ~E1!u2e2fm2

and

B~GT!5
1

2I n11
uM ~GT!u2,

have been summed for 1 MeV intervals of excitation energ
in 41Ca.

The calculatedE1 strength distribution is approximately
centered around 20 MeV, which fits the systematics of th
giant dipole resonances~see, e.g.,@21#!. As regards the cal-
culated GT strength, its main part is observed around 1
MeV, that is about 6 MeV above the energy corresponding
the position of the isobaric analog~IAS! of the 41K ground
state@22#. This agrees well with the systematics of the en
ergy differences between GT resonances and IAS@23#. How-
ever, a non-negligible part of the GT strength is found belo
IAS.

The GT strength distribution is located on a tail of the
E1 distribution. From the broad excitation energy range, i
which the two distributions overlap, one obtains a contribu
tion to the numerator in the expression~4! for the effective

e

FIG. 2. Strength distributions versus the41Ca excitation energy
resulting from the shell-model calculations performed in the prese
work with the use of the WBMB interactions from@14#: the virtual
E1 transitions between the 7/22 ground state and 5/21 excited
states of41Ca ~upper part!, and the virtual Gamow-Tellerb transi-
tions between the 5/21 states of41Ca and the 3/21 ground state of
41K ~lower part!. The position of IAS is 5.8 MeV.
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1596 53ŻYLICZ, PFÜTZNER, ROHOZIŃSKI, AND BROWN
charge. Obviously, the value of this numerator, and in c
sequence~for a given reduced 1u matrix element! the effec-
tive charge is defined not only by absolute values of
reducedE1 and GT matrix elements but also by their relat
phase. This is illustrated in Fig. 3 through the products
these matrix elements summed for 1 MeV intervals of
41Ca excitation energy.
Interval distributions of the matrix-element products a

shown separately for theT51/2 andT53/2 virtual 5/21

states, and after adding the two isospin contributions. S
ming the latter joint distribution over the entire excitati
energy range yields

(
n

Mn~GT!Mn~E1!51.376e fm.

The role played by the neglected energy-dependent fa
can be estimated by calculating the sum of the same pro
weighted by this factor with the value of the photon ene
k replaced by the end-point valuek0 what represents a lowe
limit of the sum:

FIG. 3. Results of the shell-model calculations performed in
present work with the use of the WBMB interactions from R
@14#: products of the reduced matrix elements of theE1 and
Gamow-Teller virtual transitions which contribute to the deto
transitions in the radiative electron-capture41Ca→ 41K decay.
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(
En2Ei

En2Ei1k0
Mn~GT!Mn~E1!51.327e fm.

C. Matrix element of the 1u transition

For the direct ground-state to ground-state 1u transition,
the relation between the matrix element and the releva
transition strength is

M ~1u!5^ f uuT~1u!uu i &5A~2I i11!B~1u! fm. ~6!

For the decay of41Ca, Warburtonet al. @24# give the theo-
retical 1u-transition strength based on the shell model wit
the WBMB interaction. The valuesB1~WBMB, free! 5
0.164 fm2 andB1~WBMB,eff! 5 0.043 fm2 correspond to
omission and inclusion of an estimate of the ground-sta
correlations, respectively, whereB1 is the strength according
to the definition adopted in Ref.@24#, which is related to
B(1u) by B(1u)5(3/4p)B1 . It follows that the correspond-
ing B(1u) values amount to 0.0392 and 0.0103 fm2, respec-
tively. As I i57/2, the relevantM (1u) values are 0.560 and
0.287 fm.

The matrix element can also be derived from experime
tal data:

B~1u!5
6.5833108s

~qK /me!
2~ f t !

fm2. ~7!

The numerical value in the numerator corresponds to t
relation B(GT)56166 s/f t for a GT transition. For the
41Ca, the half-life equalst53.28(16)31012 s. The~allowed
@25#! statistical-rate-function value amounts tof50.0150.
With the K-capture neutrino energyqK expressed in the elec-
tron rest-mass-energy units one obtainsB(1u)50.020~1!
fm2 andM (1u)50.40~1! fm.

D. Limits for the effective charge

With M (1u)50.560 fm and (M (GT)M (E1)
51.376e fm formula~4! leads again toeeff51.00. If the sum
of the products of the GT andE1 matrix elements is taken
with the (En2Ei)/(En2Ei1k0) weight factor, the effective
charge value is reduced by 4 percent. The interval for th
effective charge is 0.96,eeff,1.

A replacement ofM (1u)50.560 with the other theoreti-
cal value,M (1u)50.287, would yieldeeff51.96. This result
is rejected because of the obvious inconsistency between
two theoretical treatments of the 1u andE1/GT transitions.

The experimental value ofM (1u) occurs between the two
theoretical matrix elements. In principle, to reproduce th
experimentalM (1u) value the theoretical approach could b
improved by accounting for all inadequacies in the restricte
shell-model calculations. However, if the same refined mod
were applied to calculate the GT andE1 matrix elements,
the upper limit foreeff is expected to be again 1, while the
lower limit would be close to that given above.

In the above considerations it is assumed that the effect
charge is defined predominantly by the detour transitions
theE1/GT sequence — the contribution from formula~5! is
consequently neglected. This assumption, justified in t
case of the models discussed above, is likely to be invalid f

the
f.

ur
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a more complete shell-model space. The GT/E1 detour tran-
sitions via intermediate virtual 5/22 states of41K may have a
non-negligible contribution to the theoreticaleeff value.

The results can be discussed in terms of the number
\v excitations relative to the40Ca closed-shell configura-
tion. The present calculation assumes 0\v for the 41Ca
ground state and 1\v for the 41K ground state. The Pauli
allowed excited intermediate states are 1\v for 41Ca and
2\v for 41K. The detour transition@Eq. ~4!# follows the path

41Ca~0!→E1→41Ca~1!→GT→41K~1!,

where the number in parentheses indicates the assumed\v
value. The path of Eq.~5!, given by

41Ca~0!→GT→41K~2!→E1→41K~1!,

is zero because the GT operator cannot change\v. Higher-
order correlations will result, for example, in a (012) \v
structure for the41Ca ground state and a (113) \v struc-
ture for the 41K ground state. The complete set of interme
diate states must include (113) \v for 41Ca and (214)
\v for 41K. This leads to the additional routes for Eq.~4!:

41Ca~2!→E1→41Ca~1!→GT→41K~1!

and

41Ca~2!→E1→41Ca~3!→GT→41K~3!.

It also leads to nonzero routes for Eq.~5! of the form

41Ca~2!→GT→41K~2!→E1→41K~1!

and

41Ca~2!→GT→41K~2!→E1→41K~3!.

We speculate that these last terms may give a value foreeff
( f )

which is out of phase witheeff
( i ) . Unfortunately, the shell-

model dimensions of the intermediate (113) \v states are
too large in order to carry out a calculation and this must
left to the future.

IV. SUMMARY AND CONCLUSIONS

The present work presents a shell-model treatment of
first forbidden unique radiative electron-capture decay
41Ca. Following Kalinowskiet al. @9–11#, it takes into ac-
count a competition between two mechanisms of the pho
of

-

be

the
of

ton

emission: the internal bremsstrahlung and the process
g/b detour transitions via virtual nuclear states. Theg and
b transitions are here ofE1 and allowed GT character, re-
spectively.

In the general theory of the 1u radiative electron-capture
decay@9–11#, a contribution of the detour transitions is ex
pressed via the effective chargeeeff . A lower limit of eeff
resulting from the shell-model calculations performed in th
work is 0.96. Although, the experimental valueeeff50.78
@10# is not far from it, and one may conclude that the detou
transitions are indeed dominated by theE1/GT transitions,
the deviation from the theoretical estimate seems significa
Indeed, a comparison of the experimental and theoretic
shape factors given in Fig. 2 of Ref.@10# indicates that the
uncertainty of the experimentaleeff value is below 0.10.

To clear up the origin of this small discrepancy betwee
the experiment and theory one should calculate a contrib
tion to eeff from possible reversed sequence, GT/E1, virtual
transitions. One may also consider such virtual detour pr
cesses as, e.g.,M1 transitions followed by first forbidden
nonunique transition, although in view of estimates pe
formed already by Kalinowski@11# their contribution is ex-
pected to be negligible. Additionally, one could take int
account that the axial current is only partly conserved. Th
coupling constantgA may be different for the GT transitions
between highly excited intermediate states and the fin
ground state than for the 1u transition between the initial and
the final ground states. In the present approach the we
interaction coupling constant cancels out in the definition
eeff @see Eqs.~3!–~5!#. If all that were not sufficient one
could think about a contribution from nonnucleonic degree
of freedom.

As a by-product of this study, the distribution of the
GT strength has been derived. It may be verified via
41K(p,n)41Ca reaction experiment which, to our knowledge
has not been performed earlier at energies and conditio
suitable for the GT resonance identification.
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