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Abstract

The effect of isospin symmetry breaking on level statistics has been examined with the nuclear shell model. The eig
and electromagnetic transitions were calculated with the program OXBASH for the nuclide26Al for conserved isospin an
for broken isospin. The long-range correlations of the eigenvalues, as measured by∆3, show good agreement between t
experimental results and the calculations. However, there are discrepancies between data and calculations for the s
correlations of the eigenvalues.
 2004 Published by Elsevier B.V.
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The analysis by Wigner [1] of the spacing distri
ution of neutron resonances is usually considered
first application of random matrix theory (RMT). Th
status of RMT some 20 years later was summarize
the classic review by Brody et al. [2]. Following th
proposed connection between RMT and chaos [3]
major theoretical developments—both in the 1980
there was an explosion of applications of RMT
many fields. The most recent review of RMT by Gu

E-mail addresses: jshriner@tntech.edu (J.F. Shriner Jr.),
mitchell@tunl.duke.edu (G.E. Mitchell), brown@nscl.msu.edu
(B.A. Brown).
0370-2693/$ – see front matter 2004 Published by Elsevier B.V.
doi:10.1016/j.physletb.2004.02.062
Müller–Groeling, and Weidenmüller [4] has over 8
references!

Although nuclear physics is usually consider
the birth place of RMT, there are surprisingly fe
tests of RMT in nuclei. The reason is the string
requirements placed on the data by the stand
measures employed: the spectra must be comp
(few or no missing levels) and pure (few or n
misassignments). In practice it is extremely diffic
and time consuming to obtain the required purity a
completeness, and thus there is a scarcity of car
tests of RMT in nuclei. Analysis [5–7] of neutro
and proton resonance data yielded excellent agree
with the Gaussian orthogonal ensemble (GOE) vers
of RMT. Analysis of low-lying states throughout th
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periodic table [8] suggested that the spectra of lo
lying states in light nuclei appear to be chaotic (ag
with the Wigner distribution), while similar data i
heavier nuclei appear to be regular (agree with
Poisson distribution). A study of higher spin states
the rare earth region [9] found a Poisson distributi
The level statistics of an ensemble of scissors-m
states in heavy deformed nuclei also agree with
Poisson distribution [10].

Our interest has focused on the effect of symm
try breaking on approximate symmetries. Dyson [1
predicted that the effect on the level statistics of bre
ing a discrete symmetry would be amplified in a de
spectrum. Some 20 years later Pandey [12] drew s
ilar conclusions. The first direct observation of th
effect was for the approximate symmetry isospin
the nuclide26Al [13,14]. Guhr and Weidenmüller [15
showed that these data were consistent with inde
dent estimates of the isospin symmetry breaking
26Al. Hussein and Pato [16] obtained similar resu
We recently determined the complete spectroscop
another nuclide—30P [17]; the level statistics agre
very well with our earlier measurements. In ad
tion measurements in analog systems—acoustic
onances in quartz blocks [18] and electromagn
resonances in microwave cavities [19]—have dem
strated that the effect of symmetry breaking on
level statistics is very well described by RMT.

We then turned our attention to the study of elect
magnetic transitions. At the time there was no expl
RMT prediction for the effect of symmetry breakin
on the distribution ofγ -ray transition strengths, a
though heuristic arguments suggested that the di
bution would always remain Porter–Thomas [20]. O
experiments in26Al and 30P showed significant de
viations from the PT distribution [17,21]. The fir
RMT theoretical studies of this effect [22,23] pr
dicted that the effect of symmetry breaking chan
the experimental distributions (from the PT distrib
tion). A recent analog measurement of two coup
superconducting microwave cavities determined
distribution of the product of partial widths [24
The experimental data deviate from theK0 distribu-
tion (the product of two Porter–Thomas distribution
These new results thus agree qualitatively with the
and our experimental data on26Al and 30P.

Experimentally there are differences between
distributions for different transition types (e.g., E1 a
M1, or dipole and quadrupole). This raises the gen
question of how far one can proceed in describ
such data with the generic predictions of RMT (i.
without any dynamics). This motivated us to consid
shell model calculations in order to examine t
extent to which symmetry breaking effects on le
statistics and on transitions could be described wi
the nuclear shell model. The shell model also off
the advantage that concerns about completeness
purity are minimal. In the present Letter we consid
only the level statistics.

Shell-model calculations were performed for t
nuclei22Na, 26Al, and 34Cl using the code OXBASH
[25]. For each nuclide, the calculations were first p
formed with an isospin-conserving (IC) Hamiltonia
and then repeated with an isospin-nonconserv
(INC) Hamiltonian. The INC Hamiltonian is that o
Ormand and Brown [26]. In addition, for26Al two INC
calculations were performed, one using single-part
energies based on theA = 39 system (hereafter la
beled INCA) and one using single-particle energ
based on theA = 17 system (INCB ).

In terms of the input, isospin mixing comes fro
the j -dependence of the isovector single-particle
ergies and theJ -dependence of the isovector a
isotensor two-body matrix elements. If these isov
tor and isotensor matrix elements are constant (all
same for each kind) there is a constant Coulomb
placement energy and no isospin mixing. The IN
interaction is based upon the Coulomb contribut
calculated in an oscillator basis plus an INC strong
teraction with strengths obtained from the experim
tal Coulomb displacement energies. With INCA the
isospin mixing is dominated by theJ -dependence o
the two-body INC matrix elements. Thej -dependence
of the single-particle energies in INCB is much larger
than that of INCA due to the 400 keV Thomas–Ehrm
shift of the s1/2 orbit in A = 17 relative to thed5/2
orbit. This results in isospin mixing matrix elemen
for 26Al which are about four times larger with INCB
compared to INCA.

In each calculation, the lowest≈ 30 positive-parity
levels for each total angular momentumJ in the range
0—5 were determined. Our analysis included state
to the energyEmax at which any value ofJ had its last
level; therefore, we have completeness for 0� Ex �
Emax and 0� J � 5. This provided sufficient statistic
for study and provided an energy range comparab
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s show the
Fig. 1. Nearest-neighbor spacing distributions for shell-model eigenvalues in26Al. The labels on each graph indicate which quantum numb
identify the sequences and which Hamiltonian was used in the calculation. Solid curves show GOE distributions, while dashed curve
corresponding Poisson distributions.
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the experimental data. (The experimental data ex
to Emax = 8.066 MeV in26Al and 8.014 MeV in30P,
but the experimental data include negative parity st
as well.)

We focus here on the nuclide26Al, for which we
have both experimental data and theoretical analy
For this nuclide, the value ofEmax was≈ 9 MeV; the
total number of levels was 132 for the IC and INCA

Hamiltonians and 133 for the INCB Hamiltonian.
We will utilize two common eigenvalue statistics, t
nearest-neighbor spacing distribution (NNSD) first
scribed by Wigner [1] and the∆3 statistic introduced
by Dyson and Mehta [27]. The NNSD emphasiz
short-range correlations, whereas∆3 reflects long-
range correlations (“spectral rigidity”) in the eige
.

value spectrum. In Fig. 1 the results from the va
ous shell model calculations as well as the experim
tal results are shown for the NNSD. The solid (d
ted) line is the Wigner (Poisson) distribution, whi
corresponds to chaotic (integrable) behavior [4]. B
the distribution function and its integral are show
The procedure for generating spacing distributions
cluding how we account for the energy depende
of the mean level spacing, has been described in
tail by Shriner and Mitchell [28]. As shown in th
upper left-hand corner of Fig. 1, the agreement w
the Wigner distribution for the IC calculation appea
quite good. One can obtain a quantitative measur
the distribution by fitting the data to an empirical i
terpolation formula due to Brody [29]. The data a
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Table 1
Values ofω andµ for the26Al shell-model calculations and for the experimental data for26Al and 30P with T included(Jπ ;T ) and withT

omitted(Jπ )

Nuclide IC/INC/Exp ω µ

Jπ ;T Jπ Jπ ;T Jπ

26Al IC 0.89± 0.13 0.49± 0.10 0.99± 0.02 0.81± 0.02
26Al INCA 0.87± 0.13 0.46± 0.10 0.98± 0.02 0.79± 0.02
26Al INCB 0.77± 0.12 0.48± 0.10 0.92± 0.03 0.80± 0.02
26Al Exp 0.51± 0.11 0.47± 0.10 0.93± 0.04 0.85± 0.02
30P Exp 0.47± 0.15 0.39± 0.12 0.93± 0.04 0.84± 0.06
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then characterized by a parameterω, whereω = 1 for
a Wigner distribution andω = 0 for a Poisson distri
bution. This particular distribution is characterized
ω = 0.89±0.13 (we have used a maximum-likelihoo
method to determineω). Next we ignore the isospi
symmetry and repeat the analysis. As the lower
part of Fig. 1 shows, the agreement with the Wig
distribution is destroyed; this distribution is charact
ized byω = 0.49±0.10. This behavior is what one ex
pects: when a conserved symmetry is ignored, the
tistical distribution dramatically reflects this omissio

Next we repeat the calculation with isospin brok
according to the prescription of Ormand and Bro
[26]. States are now classified according to their s
parity, and dominant isospin. The dominant isos
is determined by calculating the overlaps of ea
INC wavefunction with the IC wavefunctions fo
the same spin. The state is then assignedT = 0 or
T = 1 according to which isospin component is larg
The majority of states remain dominated by a sin
isospin; this is not surprising since the average le
spacings at the highest energies for states of a singJ

are≈ 20 times the rms interaction matrix element
INCA and≈ 4 times the rms matrix element for INCB .

As the center portions of Fig. 1 show, the resu
look similar to those when isospin was conserv
This is borne out by the numerical results. Wh
T is treated as a good quantum number, values
ω = 0.87± 0.13 andω = 0.77 ± 0.12 are obtained
for INCA and INCB , respectively. WhenT is ignored
the corresponding values ofω are 0.46 ± 0.10 and
0.48 ± 0.10. The fact thatω changes so drasticall
whenT is ignored suggests thatT is still a very good
symmetry. The quantitative results are summarize
Table 1.

Now consider the results for the experimen
spacing distribution in26Al, shown at the right of
Fig. 1 and also listed in Table 1. Naturally one h
only the INC case, since nature has already perfor
the symmetry breaking. In this case the value
ω is unchanged within experimental error wheth
we keep track ofT or ignoreT —0.51 ± 0.11 and
0.47±0.10. Contrasting this result—very little chan
in ω whether isospin is considered or ignored
with that when isospin is conserved—a significa
change between the two cases—indicates that
small symmetry-breaking effect has had a large imp
on the statistical distribution. In fact, this is wh
Dyson [11] predicted—although the symmetry is on
slightly broken, the effect on the level statistics
large. Detailed theoretical analyses of these data
16] agree with this interpretation. Experimental d
for 30P, the only other system for which data
this nature are available, show similar behavior. T
differences between the INCB calculation and the
experimental results can be seen in more detai
Fig. 2. The major difference in the two distributio
is at small values ofx; the “level repulsion” is much
stronger in the calculation than in the data.

We then repeated the entire analysis conside
the Dyson–Mehta∆3 statistic [27]. The results ar
shown in Fig. 3 and listed in Table 1. For each
the three calculations, there is a noticeable shif
the values away from the GOE result whenT is
ignored. We use the interpolation formula of Seligm
and Verbaarschot [30] to quantify these results. T
expected value of the interpolation parameterµ is
1 for a GOE spectrum. For the IC calculations,
parameterµ changes from 0.99 to 0.81 whenT is
ignored. For the INC cases, the values ofµ change
from 0.98 and 0.92 to 0.79 and 0.80 for INCA

and INCB , respectively. The values ofµ for the IC
and INCA calculations are essentially the same. T
experimental results for the interpolation parame
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] for the

Fig. 2. Probability density functions for nearest-neighbor spacing distributions for the INCB calculation and the experimental data in26Al.
Solid lines show the GOE distribution, dashed lines show the Poisson distribution, and dotted lines show the Brody distribution [29
best-fit value of the parameterω.
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µ are also listed in Table 1. The INCB calculation
is in reasonable agreement with the experime
behavior.

A way to quantify this result is to examine th
root-mean square value of the isospin mixing ma
elements. Guhr and Weidenmüller [15] obtained
value of≈ 20 keV in26Al by examining the behavio
of ∆3 for the experimental data. The overlap in t
INCA calculation between 2+ states with pureT and
those 2+ states with mixedT was calculated in orde
to determine the INC matrix element, and a va
of ≈ 6 keV was obtained. In contrast, the INCB

calculations give a Coulomb matrix element of 24 k
which is consistent with the value of≈ 20 keV that
Guhr and Weindermüller obtained from the rand
matrix analysis of∆3.

It remains a puzzle why the spacing distributio
for the shell model and the experiment differ as mu
as they do when∆3 for the shell model and experime
appear to agree. One possible explanation could
that levels in26Al are missing, or spins and/or paritie
have been misassigned in the data set; those effec
 e

known [28] to shift spacing distributions in a fashio
similar to what has been observed in26Al. However,
the fact that very similar spacing distributions are a
observed in independent data for30P (see Table 1
seems to suggest that this is not a likely explanat
Such an explanation would also seem inconsis
with the nearly one-to-one correspondence betw
experimental positive-parity states and shell-mo
states [31] that suggests the experimental data a
the necessary high quality required for the statist
analyses. It should be emphasized that the s
parity, and isospin assignments in26Al represent the
combined results of many different experiments a
extensive analyses (see especially Ref. [31]) and
of the highest quality.

A second explanation could be that for some rea
the shell model does not reproduce the short-ra
correlations. This too does not seem likely, because
shell model with isospin conserved does produce g
agreement with the Wigner distribution (see Fig
and Table 1). A third possible explanation is that
discrepancy at smallx in Fig. 2 indicates that the rm
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which
Fig. 3.∆3 for shell-model eigenvalues in26Al. The labels on each graph indicate which quantum numbers identify the sequences and
Hamiltonian was employed in the calculation.
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INC matrix element may be even larger than 24 k
As discussed above, the isospin mixing in INCB is
determined primarily by the Thomas–Ehrman shift
the s1/2 orbit. In this context the data would indica
that the effective Thomas–Ehrman shift for thes1/2
component of the excited states in26Al is as large
or even larger than the 400 keV observed inA = 17.
The extraction of the Coulomb matrix element f
these data by Guhr and Weidenmüller [15] utiliz
only ∆3, and an extraction of the Coulomb matr
element directly from the spacing distribution has
been performed. We note that there is evidence
that∆3 values for small sample sizes are much m
variable than spacing distributions; this at least allo
the possibility that the spacing distribution might
consistent with a larger matrix element.
We have also analyzed electromagnetic transitio
which were calculated for the same three nuc
and measured experimentally in26Al. A variety of
effects are observed that depend on the transition
(electric or magnetic; dipole or quadrupole) and on
isoscalar or isovector nature of the transition. Th
results will be presented elsewhere [32].

In conclusion, we have studied eigenvalue statis
for shell-model calculations for26Al and compared
them with results for experimental data. Three diff
ent shell-model Hamiltonians were employed, one
which conserved isospin and two of which did n
The isospin-conserving Hamiltonian and an isosp
nonconserving calculation utilizing single-particle e
ergies based on theA = 39 system produced esse
tially identical nearest-neighbor spacing distributio
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this suggested that the amount of symmetry bre
ing in this INC calculation was too small, and a d
termination of the Coulomb matrix element in th
system seemed to confirm this. In contrast, an isos
nonconserving calculation utilizing single-particle e
ergies based on theA = 17 system had a Coulom
matrix element in good agreement with the value
tracted from the experimental values of the∆3 statis-
tic. For the spacing distribution the INCB calculation
is different from that for the isospin-conserving ca
but does not agree with the experimental distributi
The origin of this discrepancy is unclear. In spite
this remaining question, the present results show
the shell-model can be useful in studying statisti
properties when isospin is a broken symmetry and
lustrate the sensitivity of level statistics as a tool
studies of symmetry breaking.

Acknowledgements

This work was supported in part by the US Depa
ment of Energy, Office of High Energy and Nucle
Physics, under Grants No. DE-FG02-96ER40990
DE-FG02-97ER41042 and by NSF Grant No. PH
0244453. One of us (G.E.M.) would like to than
Y. Alhassid, T. Guhr, and H.A. Weidenmüller for val
able discussions.

References

[1] E.P. Wigner, in: C.E. Porter (Ed.), Statistical Theories
Spectra: Fluctuations, Academic Press, New York, 19
p. 199.

[2] T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pande
S.S.M. Wong, Rev. Mod. Phys. 53 (1981) 385.

[3] O. Bohigas, M.J. Giannoni, C. Schmit, Phys. Rev. Lett.
(1984) 1.

[4] T. Guhr, A. Müller-Groeling, H. Weidenmüller, Phys. Rep. 2
(1998) 189.
[5] R.U. Haq, A. Pandey, O. Bohigas, Phys. Rev. Lett. 48 (19
1086.

[6] O. Bohigas, R.U. Haq, A. Pandey, Phys. Rev. Lett. 54 (19
1645.

[7] M. Lombardi, O. Bohigas, T.H. Seligman, Phys. Lett. B 3
(1994) 263.

[8] J.F. Shriner Jr., G.E. Mitchell, T. von Egidy, Z. Phys. A 3
(1991) 309.

[9] J.D. Garrett, J.Q. Robinson, A.J. Foglia, H.-Q. Jin, Phys. L
B 392 (1997) 24.

[10] J. Enders, T. Guhr, N. Huxel, P. von Neumann-Cosel, C. R
gacharyulu, A. Richter, Phys. Lett. B 486 (2000) 273.

[11] F.J. Dyson, J. Math. Phys. 3 (1962) 1191.
[12] A. Pandey, Ann. Phys. (N.Y.) 134 (1981) 110.
[13] G.E. Mitchell, E.G. Bilpuch, P.M. Endt, J.F. Shriner Jr., Ph

Rev. Lett. 61 (1988) 1473.
[14] J.F. Shriner Jr., E.G. Bilpuch, P.M. Endt, G.E. Mitche

Z. Phys. A 335 (1990) 393.
[15] T. Guhr, H.A. Weidenmüller, Ann. Phys. (N.Y.) 199 (199

412.
[16] M.S. Hussein, M.P. Pato, Phys. Rev. C 47 (1993) 2401.
[17] J.F. Shriner Jr., C.A. Grossmann, G.E. Mitchell, Phys. R

C 62 (2000) 054305.
[18] C. Ellegaard, T. Guhr, K. Lindemann, J. Nygård, M. Oxborro

Phys. Rev. Lett. 77 (1996) 4918.
[19] H. Alt, C.I. Barbosa, H.-D. Gräf, T. Guhr, H.L. Harne

R. Hofferbert, H. Rehfeld, A. Richter, Phys. Rev. Lett.
(1998) 4847.

[20] C.E. Porter, R.G. Thomas, Phys. Rev. 104 (1956) 483.
[21] A.A. Adams, G.E. Mitchell, J.F. Shriner Jr., Phys. Lett. B 4

(1998) 13.
[22] C.I. Barbosa, T. Guhr, H.L. Harney, Phys. Rev. E 62 (20

1936.
[23] M.S. Hussein, M.P. Pato, Phys. Rev. Lett. 84 (2000) 3873.
[24] C. Dembowski, PhD thesis, Technische Universität Darmst

2003.
[25] W. Rae, A. Etchegoyen, B.A. Brown, OXBASH, The Oxford

Buenos Aires-MSU shell-model code, Tech. Rep. 524, Mic
gan State University Cyclotron Laboratory, 1985.

[26] W.E. Ormand, B.A. Brown, Nucl. Phys. A 491 (1989) 1.
[27] F.J. Dyson, M.L. Mehta, J. Math. Phys. 4 (1963) 701.
[28] J.F. Shriner Jr., G.E. Mitchell, Z. Phys. A 342 (1992) 53.
[29] T.A. Brody, Lett. Nuovo Cimento 7 (1973) 482.
[30] T.H. Seligman, J.J.M. Verbaarschot, J. Phys. A 18 (1985) 2
[31] P.M. Endt, P. de Wit, C. Alderliesten, B.H. Wildenthal, Nu

Phys. A 487 (1988) 221.
[32] J.F. Shriner Jr., G.E. Mitchell, B.A. Brown, in preparation.


	Isospin symmetry breaking and the nuclear shell model
	Acknowledgements
	References


