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The new Hamiltonians USDA and USDB for the sd shell are used to calculate M1 and E2 moments and
transition matrix elements, Gamow-Teller β-decay matrix elements, and spectroscopic factors for sd-shell nuclei
from A = 17 to A = 39. The results are compared with those obtained with the older USD Hamiltonian and with
experiment to explore the interaction sensitivity of these observables.
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I. INTRODUCTION

Two new interactions, USDA and USDB [1], have recently
been obtained from fits of 63 two-body matrix elements
(TBME) and three single-particle energies to the experimental
values for 608 energies (for the ground states and low-lying
excited states) of the sd-shell nuclei from A = 16 to A =
40. These are used for configuration-interaction calculations
involving the 0d5/2, 0d3/2, and 1s1/2 active orbitals for protons
and neutrons. For USDA 30 linear combinations of one- and
two-body matrix elements were varied, with the remaining
36 linear combinations fixed at values of a renormalized G

matrix, with a resulting rms deviation between experimental
and theoretical energies of 170 keV. For USDB, 56 linear
combinations were varied with 10 fixed at the G-matrix values
and with an improved rms deviation of 130 keV. The energy
data set used for USDA and USDB was updated from the one
used 25 years ago to obtain the USD interaction based on 47
linear combinations of parameters fitted to 447 energy data
with an rms deviation of 150 keV [2]. The energy data have
been improved and extended in particular with more recent
data for the neutron-rich sd-shell nuclei. As a consequence
the main change from USD to USDA/B in terms of energies
of low-lying states involved the most neutron-rich nuclei, and
in particular features related to the position of the neutron d3/2

single-particle state around 24O. Ground state energies and
excitation energies for all sd-shell nuclei are shown in Ref. [3]
and compared with experiment where available.

The values of the TBME for USD, USDA, and USDB are
given in Table I of Ref. [1] and are compared graphically
in Figs. 7 and 8 of Ref. [1]. Generally, the 28 diagaonal
TBME (out of 63 total) of the form 〈j1, j2, J, T |V |j1, j2, J, T 〉
are best determined by the fits to energy data. The TBME
involving both d5/2 and d3/2 are relatively poorly determined
by the energy data, because the 6–7 MeV single-particle energy
splitting makes the contribution of these TBME to the energies
of low-lying states relatively small.

In this work we explore the sensitivity of other observables
to the differences in these three Hamiltonians. We consider
M1 moments and γ -transition matrix elements (Sec. II),
E2 moments and γ -transition matrix elements (Sec. III),
Gamow-Teller (GT) β-transition matrix elements (Sec. IV),
and spectroscopic factors (Sec. V). We compare the results of

the interactions with each other as well as to experiment. In
terms of individual two-body matrix elements the differences
between the Hamiltonians are relatively large as observed
in Fig. 7 of Ref. [1]. The observables we consider may
be sensitive to parts of the Hamiltonian that are not well
constrained by energy data.

The experimental data for M1 and E2 transition matrix
elements [4] and for the Gamow-Teller matrix elements [5]
are the same set used to test the original USD Hamiltonian.
For M1 and E2 moments we use the recent compilation by
Stone [6]. For 35K a new value from Ref. [7] is used. The data
for spectroscopic factors between ground states are taken from
Tsang, Lee, and Lynch [8].

The electromagnetic and β-decay operators involve one-
body operators that must be renormalized [4]. Thus for all
of these we carry out least-square fits to data to determine
the values of the parameters that enter in the operators. To
determine the values and uncertainties of the parameters we
assign uncertainties to each observable of the form

σ 2 = σ 2
exp + σ 2

th, (1)

where σexp is the experimental error for each datum and σth is
a theoretical error for each type of observable. The theoretical
error is chosen so that the χ2 value is near unity.

II. MAGNETIC DIPOLE MOMENTS AND TRANSITIONS

The M1 operator is

(M1)op =
√

3

4π
�i,τz

{
gsτz

�si,τz
+ g�τz

��i,τz

+ gtτz

√
8π

[
Y 2

(
r̂i,τz

) ⊗ �si,τz

](1)}
µN, (2)

where the sum runs over the Z protons (τz = p) and
N neutrons (τz = n). The last term in Eq. (2) is the
so-called tensor M1 operator [9]. We consider results
with the free-nucleon g factors g�p = 1, gsp = 5.586, gtp =
0, g(�n) = 0, gsn = −3.826, gtn = 0, as well as with effective
values for the these six terms obtained from a least-square fit
to the M1 data (moments as well as transitions). The two
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FIG. 1. Magnetic moments. Comparison of the orbital and spin
contributions for the different Hamiltonians.

observables are magnetic moments,

µ =
√

4π

3
〈	|(M1)op|	〉M=J , (3)

and M1 transition matrix elements,

M(M1) = 〈	f ‖(M1)op‖	i〉, (4)

related to the M1 transition probabilities by B(M1) =
[M(M1)]2/(2Ji + 1).

In the bottom panels of Figs. 1 and 2, the orbital and
spin contributions from the USD and USDB calculations
are compared (with free-nucleon g factors). In the top
panels of Figs. 1 and 2 these contributions for USDA and
USDB are compared. For moments (Fig. 1) one sees a very
small Hamiltonian sensitivity. The Hamiltonian sensitivity is
larger for M1 transitions (Fig. 2). The orbital contribution
for USDB vs USDA shows three relatively large differ-
ences, and these are for the transitions 34Cl : 2+

1 , T = 1 →
1+

1 , T = 0, 34Cl : 1+
2 , T = 1 → 0+

1 , T = 1, and 34Cl : 1+
2 ,

T = 1 → 0+
1 , T = 1. Thus, a separate study of this (and

other odd-odd) nucleus as a test of the Hamiltonians may be
useful.

The differences for the spin contribution are much more
scattered. The scatter is uniform as a function of mass number.
The implication is that there are parts of the Hamiltonian (e.g.,
two-body matrix elements or linear combinations of two-body
matrix elements) that are sensitive to these M1 data that are
not well determined from the fits to energy data. Because the
matrix element of the spin operator is large between the d3/2

and d5/2 orbitals, the spin contribution is sensitive to the mixing
between d3/2 and d5/2 configurations in the low-lying states that
is controlled by the off-diagaonal two-body matrix elements
involving d3/2 and d5/2 orbitals. As noted in the Introduction,
these are in fact the TBME that are the least well determined
by the fits to energy data for low-lying states.
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FIG. 2. M1 transition matrix elements. Comparison of the orbital
and spin contributions for the different Hamiltonians.

Comparison of theory with experiment is shown in Figs. 3
(for 48 magnetic moments) and 4 (for 111 M1 transitions).
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FIG. 3. Comparison of experiment and theory for magnetic
moments.
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TABLE I. Results for the rms deviation and effective g factors with the fits to M1 data with four (N = 4) and six parameters (N = 6)
compared to the free-nucleon values (N = 0).

Hamiltonian (N ) g�p gsp gtp g�n gsn gtn rms µ rms M(M1)

USD(0) 1 5.586 0 0 −3.826 0 0.125 0.264
USD(4) 1.114(23) 5.12(9) 0 −0.054(26) −3.52(10) 0 0.104 0.241
USD(6) 1.137(24) 4.94(11) 0.34(9) −0.079(28) −3.38(13) −0.22(11) 0.094 0.229
USDA(0) 1 5.586 0 0 −3.826 0 0.153 0.271
USDA(4) 1.155(23) 5.19(9) 0 −0.084(26) −3.63(10) 0 0.124 0.236
USDA(6) 1.175(24) 5.00(11) 0.26(9) −0.106(28) −3.50(13) −0.17(11) 0.118 0.223
USDB(0) 1 5.586 0 0 −3.826 0 0.165 0.252
USDB(4) 1.159(23) 5.15(9) 0 −0.09(26) −3.55(10) 0 0.117 0.212
USDB(6) 1.174(24) 5.00(11) 0.24(9) −0.11(28) −3.44(13) −0.16(11) 0.110 0.202

The sign for the magnetic moments of 19O, 23Mg, and 31S, not
determined by experiment, are taken from theory. Magnetic
moments for neutron-rich Ne [10], Na [11], and Mg [12]
sd-shell nuclei are not included. These are compared and
discussed in comparison with theory at the end of this section.
The agreement with experiment with the free-nucleon g factors
is already fairly good. Use of the effective g factors leads
to a visible improvement for both moments and transitions.
Even though there are differences between the results for the
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FIG. 4. Comparison of experiment and theory for M1 transition
matrix elements.

different Hamiltonians, one cannot say any one of them is
better.

The rms deviations and resulting values for the effective g

factors are given in Table I (we used σth = 0.2). The rms values
for the deviation between experiment and theory for the M1
data are reduced from the free-nucleon values (N = 0) with the
effective-operator fit, and all of the Hamiltonians give similar
results for the rms deviations and effective g factors. There is
a small but significant improvement in the rms deviations if
the tensor-M1 terms are included in the fit (N = 6). There is
a small dependence of the values of the effective g factors on
the Hamiltonian, but they are within the uncertainties obtained
for each fit. Thus, the previous work on the interpretation of
the values of the effective M1 operator based upon the USD
Hamiltonian [4] is still valid. Given (as discussed above) that
there is some dependence of the calculated matrix elements
on the Hamiltonian, we might expect a further reduction in
the rms deviation (and reduction of the errors of the effective
g factors) if the M1 data could be included in a fit of the
Hamiltonian parameters to energy data.

We list in Table II magnetic moments of neutron-rich sd-
shell nuclei, some of which have only recently been measured
[10,12]. They are compared with theoretical predictions. Some
of these, 30Na, 31Na, and 31Mg, are well known to lie inside
the island of inversion [13] (see the discussion on binding
energies in Ref. [1]), and as expected the agreement between
experiment and theory for these is not as good as the overall
≈0.10 µN rms deviation found for the six-parameter fits. The
others are within the expected rms deviation, with somewhat
better results obtained for USDA/B, as might be expected
because these Hamiltonians included more energy data for
nuclei outside of the island of inversion in this region of
neutron-rich nuclei.

III. ELECTRIC QUADRUPOLE MOMENTS AND
TRANSITIONS

The E2 operator is

(E2)op = �i,τz
eτz

r2
i,τz

Y 2(r̂i,τz
)e, (5)

where the sum runs over the Z protons (τz = p) and N neutrons
(τz = n). We consider results with the free-nucleon effective
charges ep = 1 and en = 0, as well as with effective values for
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TABLE II. Experimental and calculated magnetic moments (in units of µN ) for neutron-rich nuclei.

USD(0) USD(6) USDA(0) USDA(6) USDB(0) USDB(6) Experiment Ref.

23Ne 5/2+ −1.128 −1.164 −1.013 −1.132 −1.050 −1.144 −1.077(4) [10]
25Ne 1/2+ −0.852 −0.821 −0.877 −0.871 −0.927 −0.898 −1.0062(5) [10]
30Na 2+ 2.554 2.693 2.444 2.648 2.418 2.596 2.083(10) [11]
31Na 3/2+ 2.655 2.724 2.591 2.729 2.614 2.736 2.305(8) [11]
27Mg 1/2+ −0.420 −0.421 −0.353 −0.364 −0.412 −0.406 −0.4107(15) [12]
29Mg 3/2+ 0.953 0.928 1.058 1.031 1.071 1.003 0.9780(6) [12]
31Mg 1/2+ −1.256 −1.051 −1.207 −1.036 −0.923 −0.730 −0.88355(15) [12]

these two terms obtained from a least-square fit to the E2 data.
The two observables are quadrupole moments,

Q =
√

16π

5
〈	|(E2)op|	〉M=J , (6)

and E2 transition matrix elements,

Mp = 〈	f ‖(E2)op‖	i〉, (7)

related to the E2 transition probabilities by B(E2) =
M2

p/(2Ji + 1). We also write these in terms of the explicit
proton and neutron components:

Q = epQp + enQn (8)

and

Mp = epAp + enAn. (9)

The radial matrix elements were calculated with harmonic-
oscillator radial wave functions with oscillator lengths fitted
to the rms charge radius of the stable isotopes [14].

The results for the three Hamiltonians are compared in
Figs. 5 and 6 for both the proton components (Qp and Ap)
and the neutron components (Qn and An) of the matrix
elements. Except for a few points, the results are remarkably
the same. The largest difference shows up in USDB vs USD
for Ap and An, by the point near the coordinates (0, 3)
in the lower panels of Fig. 6. It corresponds to the 32P
4+

1 → 2+
1 transition. The experimental matrix element for this

transition is (in units of e fm2) Mp = 1.91(12) compared to
the calculated results (with effective charges) of 5.30, 2.24,
and 0.10 for USD, USDA, and USDB, respectively. So this
singular point favors the USDA Hamiltonian. In the future
we will make a complete comparison for odd-odd nuclei such
as 30P (and 34Cl mentioned in Sec. II) as a more complete
test of the Hamiltonians. For the other cases considered all
of the Hamiltonians give essentially the same comparison
to data which we show in the top panel of Figs. 5 (for
26 quadrupole moments) and 6 (for 144 E2 transitions) for
experiment compared to the USDB results.

The least-square fit for the effective charges (with σth =
2.0 e fm2) gave essentially the same results for all three Hamil-
tonians: ep = 1.36(5) and en = 0.45(5). As is well known the
effective charge is essential for these E2 observables. There
is a very large deviation with bare charges (left-hand side of
the top panels in Figs. 5 and 6) giving systematically much
too small theoretical values. The effective charges reproduce
the data with rms deviations of 2.1 e fm2 for E2 transitions

and 1.9 e fm2 for quadrupole moments. Because all three
Hamiltonians give essentially the same result for this set of
observables, all of the previous analysis obtained with the USD
Hamiltonian about the dependence of the effective charges
on the assumptions about the radial wave functions is still
valid [4].

IV. GAMOW-TELLER TRANSITIONS

The Gamow-Teller (GT) β-decay operator is

(GT)op = qGT�i2 �si t±,i , (10)
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FIG. 5. Quadrupole moments. The lower panels show the com-
parison with the different Hamiltonians. The top panels show the
comparison of experiment with the USDB calculations.
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where the sum runs over the A nucleons and t± is the isospin
raising-lowering operator. qGT is an effective GT operator
(parameter) normalized by its free-nucleon value of qGT = 1.
The GT transition matrix elements are

M(GT) = 〈	f ‖(GT)op‖	i〉, (11)

related to the GT transition probabilities by B(GT) =
[M(GT)]2/(2Ji + 1).

In Fig. 7 the M(GT) (with qGT = 1) for the matrix elements
obtained with the three Hamiltonians are compared. In contrast
to the results for E2, there is a scatter among the matrix
elements. The scatter is uniform as a function of mass number.
The scatter is similar to that observed for the M1 spin
matrix element on the right-hand side of Fig. 2. As noted in
Sec. II, this can be related to the TBME involving both the d3/2

and d5/2 orbitals, which are not well determined by the fits to
the energy data for low-lying states. Thus, we may conclude
that the inclusion of M1 and GT data in the determination of
the Hamiltonian would help to increase the precision of the
empirical interaction and its predictive power for M1 and GT
observables.

The comparison of theory with experiment (232 data)
is shown in Fig. 8. The results for the one-parameter fit
(σth = 0.15) to qGT are given in Table III. The results for
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the values of qGT do not depend on the Hamiltonian within
the uncertainty. Thus, this quenching factor for GT transitions
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TABLE III. Results for the rms deviation for
the free-nucleon (N = 0) and effective operators
(N = 1) for Gamow-Teller matrix elements.

Hamiltonian (N ) qGT rms

USD(0) 1 0.219
USD(1) 0.776(13) 0.119
USDA(0) 1 0.213
USDA(1) 0.791(13) 0.136
USDB(0) 1 0.217
USDB(1) 0.764(13) 0.114

is very stable, and all of the conclusions discussed previously
about its interpretation in terms of higher-order configuration
mixing and 
-particle admixtures [4] are still valid.

V. SPECTROSCOPIC FACTORS

The results for the basic set of ground state to ground state
spectroscopic factors are shown in Fig. 9. The lower two panels
compare theory, USDB vs USD and USDB vs USDA. The
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FIG. 9. A plot of experimental and theoretical single-nucleon
spectroscopic factors for the three interactions USD, USDA, and
USDB.

results are remarkably similar between the calculations. The
data for spectroscopic factors between ground states are taken
from Table I of from Tsang, Lee, and Lynch [8] (see also
Ref. [15]). (The spectroscopic factor of 1.60 ± 0.23 given in
Table I of Ref. [8] for 19F(p,d)18F appears to be that for the
transfer to the 3+ excited state of 18F. We have replaced this
with the value of 0.65 ± 0.10 from Ref. [16] obtained for the
transfer to the 1+ ground state.) Experiment is compared with
values obtained with the USDB Hamiltonian in the top panel
of Fig. 9. The agreement between experiment and theory is
good.

Spectroscopic factors extracted from (e,e′p) and high-
energy nucleon knockout experiments for the sd-shell nuclei
are systematically reduced by a factor of about 0.6 (for nuclei
near stability) compared to theory [17]. The spectroscopic
factors extracted from the analysis of Ref. [8] depend upon the
optical potentials. Reasonable changes in the optical potential
can lead to reduced values of the extracted spectroscopic
factors that are closer to those obtained from (e,e′p) reactions
[18,19].

VI. CONCLUSIONS

We have used three sd-shell Hamiltonians (USD, USDA,
and USDB) to investigate observables that include M1
moments and M1 transition matrix elements, E2 moments
and E2 transition matrix elements, Gamow-Teller β-decay
matrix elements, and spectroscopic factors between ground
states. For nuclei near stability all of these Hamiltonians give a
similar description of the energies, whereas the recent USDA
and USDB Hamiltonians are better for energies of neutron-
rich sd-shell nuclei. Some linear combinations of two-body
matrix elements are not well determined from the energy
data and must be replaced by theoretical values based on
renormalized G-matrix approximations. Thus, the predictions
for these observables, which depend upon the Hamiltonian,
provide a discriminating test and may lead to ways to further
constrain the Hamiltonian and to improve the wave functions.
Such improvements would decrease the uncertainties for the
applications to nuclear astrophysics where the needed reaction
rates depend entirely or in part on theoretical input for γ widths
and spectroscopic factors [20].

We find that some of the observables are very insensitive
to the Hamiltonians, these include the orbital contribution to
the M1 matrix elements, the E2 matrix elements and the
spectroscopic factors between ground states. There are just
a few exceptions for the odd-odd nuclei, 30P and 34Cl, that
warrant a more complete comparison for the gamma decay
properties of these (and other odd-odd) nuclei that will be
considered in the future.

The spin-matrix elements for M1 and GT are more sensitive
to the Hamiltonians. There is a considerable scatter in these
matrix elements calculated with the different Hamiltonians
that is a little smaller than the scatter between theory and
experiment. This may be related to the off-diagonal two-body
matrix elements involving both d3/2 and d5/2 orbitals that are
not well constrained by the fits to the energies of low-lying
states. This suggests that a fit of the Hamiltonian two-body
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matrix elements that includes energy and M1 and GT data
would be able to improve the predictions for M1 and GT
data and to provide a more completely constrained effective
Hamiltonian for the sd shell.

The effective operators for the M1, E2, and GT observables
are similar for all of the Hamiltonians. This means that all
of the previous discussion [4] of the interpretation of these
effective operators in terms of mesonic-exchange current,

higher-order configuration mixing, and 
-particle admixtures
remains valid.
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