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Shell and shape evolution at N = 28: The 40 Mg ground state
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A measurement of the direct two-proton removal from 42 Si has provided the first structural information on the
N = 28 isotone 40 Mg. The value for the inclusive cross section for two-proton removal from 42 Si of 40+27
−17 μb is
significantly lower than that predicted by structure calculations using the recent SDPF-MU shell-model effective
interaction combined with eikonal reaction theory. This observed discrepancy is consistent with the interpretation
that only one of the predicted low-lying 0+ states in 40 Mg is bound. A two-state mixing analysis describing
two-proton knockout cross sections along N = 28 provides support for the interpretation of a prolate-deformed
40
Mg ground state.
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The study of nuclei far from the line of β stability is one
of the most active and challenging areas of current nuclear
structure physics. Exotic combinations of protons (Z) and
neutrons (N ) can significantly affect the underlying shell
structure, and for weakly bound nuclei at or near the dripline,
the proximity to continuum states may further alter nuclear
properties. Benchmarking and constraining theory at the very
limits of existence is critical, and one of the most exotic
neutron-rich nuclei currently accessible to experiment is 40 Mg.
First observed following fragmentation of a 48 Ca primary
beam at the National Superconducting Cyclotron Laboratory
in 2007 (with three events) [1], 40
12 Mg28 lies at an intersection
for nucleon magic numbers and the neutron dripline. It is
expected to exhibit [2] the collective and deformed properties
characteristic of the N = 28 isotones below 48 Ca, which
is a region of rapidly changing nuclear shapes. Large-scale
shell-model calculations predict that 40 Mg should be a welldeformed prolate rotor [3]. In addition, the last bound neutron
orbital is expected to be the low-l p3/2 state, leading to the
possibility that weak binding effects could play a role.
Further, deformation along the Z = 12 isotopic chain
has been of recent experimental interest, with the work
of Doornenbal et al. [4], in which an extended region of
deformation in the Mg isotopes from the quenched N = 20
gap out to N = 26 is observed, as determined by the ratio of
+
E(4+
1 )/E(21 ), and is expected to persist at N = 28.
We present here the first experimental structure information
on 40 Mg following measurement of the inclusive two-proton
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removal cross section from 42 Si and discuss the results as a part
of the overall shape evolution along the N = 28 isotonic chain.
We provide a limit on the number of bound states predicted
by theory, and evidence supporting a prolate-deformed 40 Mg
ground state based on a two-state mixing model.
One- and two-proton knockout reactions from 42 Si were
carried out at Radioactive Isotope Beam Factory (RIBF),
operated by RIKEN Nishina Center and the Center for Nuclear
Study, University of Tokyo. A primary beam of 48 Ca, at
an energy of 345 MeV/nucleon, with an average intensity
of approximately 70 pnA, was fragmented in a thick (15mm) rotating Be production target to produce a cocktail of
projectile-like fragments. The secondary beam of interest, 42 Si,
was selected through the BigRIPS fragment separator [5].
The production rate was ∼0.24 pps/pnA of 48 Ca, using the
maximum BigRIPS momentum acceptance of 6%. Secondary
beam fragments were identified event by event through a
combination of energy loss and time-of-flight measurements
prior to impinging on the secondary carbon reaction target with
thickness 4.02 g/cm2 . The secondary target, used to induce
proton knockout, was placed at the focal point immediately
upstream of the ZeroDegree spectrometer (ZDS) [6]. Reaction
products were uniquely identified in the ZDS.
The upper panel (a) in Fig. 1 shows the particle identification plot for the analyzed incoming secondary beam
cocktail, highlighting the incoming 42 Si nuclei. The lower
panel, Fig. 1(b), shows the particle identification for the nuclei
transmitted through the ZDS which were produced following
interaction of a 42 Si nucleus in the secondary reaction target.
A total of five events of 40 Mg were observed for 9.65 × 105
incident 42 Si nuclei.
The inclusive two proton-knockout cross section from 42 Si
40
to Mg was measured to be 40+27
−17 μb at a midtarget energy
of 238 MeV/nucleon. This inclusive cross section includes
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TABLE I. Theoretical and experimental cross-sections for twoproton removal from 42 Si. Shell-model calculations for the twonucleon amplitudes used the SDPFU-Si and SDPF-MU effective
interactions. The reaction theory included both absorption and
diffractive contributions to the cross-section. A factor Rs (2N ) = 0.5
has been applied to the calculated values; see text for details.
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FIG. 1. (Color online) Particle identification plots for the (a)
incoming 42 Si beam in BigRIPS and the (b) reaction products detected
in the ZDS following reaction of the 42 Si beam on a 4.02 g/cm2 C
target. The BigRIPS separator was set for transmission of the 42 Si
secondary beam, while the ZDS was set to optimize transmission of
40
Mg.

corrections for reactions induced on timing scintillators,
for survival through the thick secondary target, and for
transmission of fragments through the BigRIPS and ZDS
separators, which was simulated in LISE++ [7] and verified
by comparison of the simulated and experimental transmission
of unreacted 42 Si. Unreacted beam was simulated in LISE++
to be transmitted through the ZDS with an efficiency of 62%,
which agreed within 1% with the experimental data; the 40 Mg
reaction products were simulated to be transported with a 60%
transmission, with a conservative error of 5%.
Two-proton knockout, such as that from 42 Si to 40 Mg, is
expected [8] to proceed as a direct reaction. The cross section
for this process will depend on the structure (overlap) of the
initial 42 Si ground state and final 40 Mg states and can be used
to extract information on the structure of 40 Mg. A formalism
to calculate cross sections for sudden, direct, two-nucleon
removal reactions has been presented in Refs. [9–11]. The
calculation combines eikonal reaction theory with shell-model
structure information in the form of two-nucleon amplitudes
(TNAs) describing the overlap between initial and final states.
Test-case measurements [10,11] have confirmed the sensitivity
of two-nucleon knockout reactions to the initial and final
states and this approach has been applied to derive structure
information; see, for example, Refs. [12,13].

In the present analysis, shell model TNAs connecting
states in 42 Si and 40 Mg were calculated using the recently
proposed SDPF-MU effective interaction [14]. The interaction
is well tested in the region of neutron-rich nuclei below 48 Ca,
+
reproducing 2+
1 and 41 energies, as well as B(E2) values in
the S and Si isotopes approaching N = 28 [15]. However,
before cross sections calculated using these TNAs can be
compared with experiment, a renormalization in the form of
an empirical two-nucleon suppression factor Rs (2N ) × σth is
required [10]. A value of Rs (2N ) = 0.5 has been determined
in spherical sd-shell nuclei, which are well described by the
shell model and is consistent with two-nucleon removal in the
region surrounding 40 Mg, in particular the two-proton removal
from 44 S to 42 Si [15].
Calculated final-state 2p-removal cross sections based
on the SDPF-MU effective interaction, and including the
suppression factor, are shown in the third column of Table I.
The experimental inclusive cross-section value is significantly
smaller than that predicted by theory, which includes a second
0+ state in 40 Mg at an excitation energy of 1.683 MeV.
Given the uncertainty in the 40 Mg neutron separation energy
Sn = 1.740(790) MeV reported in the 2012 Atomic Mass
Evaluation [16] it is certainly plausible that this second 0+
2
state lies above the one neutron threshold. In this case, only the
+
ground-state 0+
1 and the 21 are bound, the calculated inclusive
cross-section becomes 67 μb, in better agreement with the
measured value. The comparison with shell-model plus eikonal
reaction theory calculations indicates that only one of the two
predicted low-lying 0+ states in 40 Mg is bound.
A similar cross-section analysis, using TNAs calculated
with the SDPFU-Si effective interaction [3], tuned for Z  14,
was also performed (fifth column of Table I). While there are
differences in the partitioning of cross section to individual
states, both interactions yield the same conclusion when
compared to data, namely that the experimental 2p-removal
cross section is consistent only with one 0+ state in 40 Mg being
bound.
The magnitude of the experimental 42 Si(−2p) knockout
cross section provides information regarding the number of
bound states in 40 Mg. We show that one can use cross-section
ratios along the N = 28 chain to further address the nature of
the ground state in 40 Mg in terms of deformation or shape.
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Before doing so it is instructive to briefly consider the groundstate properties of the N = 28 isotones.
The N = 28 shell closure is large at Z = 20 and low-lying
states in 48 Ca are well described within a spherical shell model.
However, below Z = 20, the size of the N = 28 shell gap
is reduced as protons are removed from the d3/2 orbital and
there is an evolution of nucleon configurations and nuclear
shape along the isotonic chain. Removing d3/2 protons simultaneously reduces the effect of the repulsive π d3/2 -νf5/2 and
attractive π d3/2 -νf7/2 interactions, which effectively pushes
the two neutron f shells closer in energy [17]. At the same
time, at N = 28 the spacing between the proton π d5/2 , π s1/2 ,
and π d3/2 orbitals is narrowed [14,18–20]. With the narrowing
of the N = 28 gap and the proton single-particle spacings,
quadrupole excitations develop between the l = 2 νp3/2 and
νf7/2 neutron orbitals and the π d5/2 and π s1/2 proton orbitals,
resulting in well-deformed nuclear shapes.
A schematic understanding of the evolution of the shapes
along the N = 28 isotones has been proposed [14] in terms
of the quadrupole force driving mixing between m = ±1/2
substates in the near-degenerate proton s1/2 and d5/2 (or d3/2 )
orbitals and changing the occupancy of the prolate-driving l =
2, m = ±1/2 substates [14]. For 44
16 S, data and calculations [21–
27] indicate well-developed prolate deformation in the ground
state, accompanied by a coexisting spherical 0+
2 excited state.
This is understood given the increased occupancy of the π d3/2 ,
m = ±1/2 substates that occurs with the mixing, resulting in
a proton configuration favoring prolate deformation. For 42 Si,
at Z = 14, mixing reduces occupancy of the d5/2 , m = ±1/2
substate, favoring oblate deformation. One-proton and twoproton knockout reactions [13] support this schematic picture,
and the prediction of large-scale shell-model calculations, such
as those of Ref. [3], which predict an oblate 42 Si28 ground
state and prolate 0+
2 excited state. At Z = 12, the schematic
picture is less clear, as protons alone do not strongly favor
prolate over oblate configurations, with the partially filled
d5/2 orbital providing more freedom in the available proton
configurations. However, shell-model calculations [3] as well
as mean-field calculations [28] predict a reversal of states in
40
Mg28 as compared to 42 Si, back to a prolate ground state
with a low-lying oblate 0+
2 state.
The fact that data and calculations consistently indicate the
low-energy structure in 44 S, 42 Si, and 40 Mg is dominated by
two major co-existing configurations (spherical and prolate in
44
S, oblate and prolate in 42 Si and 40 Mg) suggests that a twostate(shape) mixing model can provide a useful description of
their structure. Force et al. [22] used such a model to describe
the low-energy structure of 44 S, while Fortune [29] applied a
similar analysis to the (t,p) transfer reactions populating 32 Mg.
Here, in the same manner as Fortune, we use a two-state mixing
model applied to two-proton knockout reactions, to explore the
evolution of the dominant low-energy nuclear configurations
(shapes) along the N = 28 isotonic chain.
Beginning at 44 S, the ground-state wave function is assumed
to be a spherical (S) and prolate (P) admixture, |44 S,0+
1=
0.35 |0+ ; S + 0.94 |0+ ; P, as given by Force et al. [22]. The
S- and P-component amplitudes are determined by the ratio
of the measured B(E2) values connecting the 2+
1 state and
the first two 0+ states. In 42 Si and 40 Mg we expect prolate

(P) and oblate (O) deformed components to be the dominant
low-energy configurations. We write their ground-state wave
functions and those of the 42 Si(0+
2 ) excited state as
+
+
|42 Si,0+
1  = +α |0 ; O + β |0 ; P,

(1)

+
+
|42 Si,0+
2  = −β |0 ; O + α |0 ; P,

(2)

+
+
|40 Mg,0+
1  = +γ |0 ; O + δ |0 ; P.

(3)

Given these (and the 44 S ground-state) wave functions, the
TNAs describing the initial to final state overlaps, A; f |A +
2; i, for the 44 S(−2p) and 42 Si(−2p) reactions are
T44→42 (0+
1 ) = 0.35(αTSO + βTSP ) + 0.94(αTPO + βTPP ),
(4)
T44→42 (0+
2 ) = 0.35(αTSP − βTSO ) + 0.94(αTPP − βTPO ),
(5)
T42→40 (0+
1 ) = α(δTOP + γ TOO ) + β(δTPP + γ TPO ),

(6)

where the TXY are the TNAs derived from the overlaps,
A; Y|A + 2; X, of each initial (X) and final (Y) shape
configuration, being either S, O, or P.
These individual TNAs, TXY , involving initial and final
configurations with different deformation, are calculated
within the Nilsson and BCS framework using the methodology
of Takemasa [30]. The wave functions are constructed by
projection of the Nilsson and BCS wave functions onto a
definite angular momentum state. Standard Nilsson spin-orbit
and L2 term strength parameters, κ = 0.05 and μ = 0.45,
were used for both neutrons and protons. The (quadrupole)
deformations assumed are discussed below. The BCS calculation inputs (with nn and pp pairing only) used proton and
neutron gap parameters p and n derived from the N , Z, and
(N − Z)/A-dependent parameterization of Madland and Nix
[31]. The weighted linear combinations of these TXY , shown
in Eqs. (4)–(6), then provide the structural input to the eikonal,
two-proton removal cross-section calculations; for details see,
e.g., Refs. [9] and [10].
Calculations were performed for initial- and final-state
(quadrupole) deformations of |β2 | = 0.25, 0.35, and 0.4 for
44
S, 42 Si, and 40 Mg, respectively, consistent with available
data [22] and theoretical calculations [3,32]. We consider what
constraints, on the O- and P-component amplitudes in Eqs. (1)–
(3), follow from the 42 Si(−2p) cross-section measurement of
this work in combination with recent 44 S(−2p) data [33].
To do so, and guided by the currently available experimental
information, we compare the ratio of measured cross sections
to the following final states,
+
+
R = [σ44→42 (0+
1 ) + σ44→42 (02 )]/σ42→40 (01 ),

(7)

with that calculated using the model TNAs of Eqs. (4)–(6). The
measured inclusive cross section for the 44 S(−2p) reaction is
155(22) μb, with 55(8) μb identified as directly populating the
+
2+
1 and proposed 41 states [33]. As this data set did not identify
+
+
the 02 state, we assume that [σ44→42 (0+
1 ) + σ44→42 (02 )] is
+
thus 100(23) μb. An upper limit for σ42→40 (01 ) is given by
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FIG. 2. (Color online) Percentage probabilities of the prolate (P)
contributions in the 42 Si and 40 Mg ground-state wave functions,
plotted as PP (40) = δ 2 vs PP (42) = β 2 . Contours correspond to
specific values of cross-section ratios as labeled. Highlighted is the
contour consistent with the empirical cross-section ratio limit of R 
1.7 of Eq. (7). The solid red contour corresponds to the one-σ lower
limit for R, under the assumption that there is 25% feeding to the 2+
1
state in the 42 Si(-2p) reaction.

our measured inclusive 42 Si(−2p) cross section, of 40+27
−17 μb,
giving an empirical value of R = 2.5+1.8
,
or
a
one-σ
lower
−1.2
limit of R  1.3, assuming 100% of the cross section
populates the ground state in the 42 Si → 40 Mg reaction.
However, it is worth noting that values of R > 1.3 are
physically more likely, due to some fraction of the observed inclusive 42 Si(−2p) cross section feeding directly the 40 Mg(2+
1)
state. Assuming a branch to the 2+ state of 25%, consistent
with the SDPF-MU calculations, the calculated ratio becomes
R = 3.3+2.4
−1.6 . We consider the constraints this ratio puts on the
O- and P-component amplitudes in Eqs. (1)–(3).
Figure 2 summarizes the full, correlated two-protonremoval cross-section results calculated for different Oand P-component amplitudes in 42 Si and 40 Mg. We present
those percentage probabilities of the prolate (P) components,
PP (42) = β 2 and PP (40) = δ 2 , in the ground-state wave
functions, with gray contours corresponding to discrete values
of R, and the R = 3.3+2.4
−1.6 ratio value highlighted by the
solid red contour and shaded region. While without further
+
information, such as exclusive σ44→42 (0+
1 ) and/or σ44→42 (02 )
measurements, we cannot uniquely constrain the predominant
shapes of these ground states, it is clear from Fig. 2 that,
from this analysis with R  1.3, 42 Si and 40 Mg are expected
to be dominated by different ground-state configurations.
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