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Background: The systematic trend in mean-square charge radii as a function of proton or neutron number
exhibits a discontinuity at the nucleon-shell closures. While the established N = 28 shell closure is evident in
the charge radii of the isotopic chains of K through Mn, a similar signature of the N = 20 shell closure is absent
in the Ca region.
Purpose: The isotope shift between neutron-deficient 36 K and 37 K was determined to investigate the change of
the mean-square charge radii across N = 20 in the K isotopic chain.
Methods: The D1 atomic hyperfine spectra of 36 K and 37 K were measured using an optical pumping and
subsequent β-decay asymmetry detection technique. Atomic rate equations were solved to fit the resonant line
shape. The result was compared to Skyrme energy-density functional and shell-model calculations.
Results: The isotope shift was obtained as δν 37,36 = −139(4)(3) MHz. Using a re-evaluated isotope shift,
δν 39,37 = −264(2)(3) MHz, the isotope shift relative to 39 K was determined to be δν 39,36 = −403(5)(4) MHz.
The differential mean-square charge radius was then deduced as δr 2 39,36 = −0.16(5)(8) fm2 . The Skyrme
energy-density functional and shell-model calculations overpredict the experimental values below N = 20 and
underpredict them above N = 20, and their agreement is marginal.
Conclusions: The absence of the shell-closure signature at N = 20 in the K isotopic chain is understood
as a balance between the monopole and the quadrupole proton-core polarizations below and above N = 20,
respectively.
DOI: 10.1103/PhysRevC.92.014305

PACS number(s): 21.10.Ft, 21.60.−n, 27.30.+t, 32.80.Xx

I. INTRODUCTION

Nuclear charge radii have been used extensively to systematically characterize the onset of deformation, pairing
effects, and the presence of nucleon shell closures [1,2].
The shell closures have been identified by abrupt changes
in the slope of the mean-square charge radii as a function of
the number of protons or neutrons in the nucleus. While there
is a clear discontinuity in the charge radii, for example, at
the N = 28 neutron-shell closure for the isotopic chains of
K through Mn, the signature at N = 20 is absent in the Ca
region. The mean-square charge radii of the Ar [3,4], K [5–9],
and Ca [10–12] isotopic chains vary monotonically across
N = 20 in contrast to the discontinuity evident at N = 28.
The absence of an unambiguous signature of the shell effect
has been attributed to the cancellation of the monopole and
quadrupole proton core polarizations under successive neutron
addition [3], but a quantitative description of this phenomenon
has not been provided yet.
The hyperfine (HF) spectra of the neutron-deficient 36,37 K
isotopes were measured using optical pumping and subsequent
β-decay asymmetry detection. The isotope shifts of 36,37 K
were deduced relative to that of the stable 39 K and the
differential mean-square charge radii were extracted. The
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results are compared to Skyrme energy-density functional and
shell-model calculations. The absence of a manifestation of
the N = 20 shell closure in the Ca region is discussed in terms
of the aforementioned core-polarization effects.
II. EXPERIMENTAL METHOD

The radioactive 36 K (T1/2 = 0.342 s; I π = 2+ ) and 37 K
(T1/2 = 1.226 s; I π = 3/2+ ) ion beams were produced by
fragmentation of a stable 40 Ca beam on a nat Be target. The
40
Ca ions were accelerated to 140 MeV/nucleon in the coupled
cyclotrons at National Superconducting Cyclotron Laboratory
(NSCL) at Michigan State University. The 36 K or 37 K beams
were separated from other fragmentation products in the
A1900 fragment separator [13], thermalized in the NSCL gas
stopper [14], and extracted as singly charged ions at an energy
of 30 keV. The low-energy ion beams were transported to the
beam cooling and laser spectroscopy (BECOLA) facility [15],
where they were injected into a radio frequency quadrupole
(RFQ) cooler [16] filled with helium buffer gas at ∼100 mTorr.
The injected ion beams were thermalized through collisions
with the buffer gas and extracted at an energy of 29 856 ±
2 eV towards the collinear-laser spectroscopy (CLS) beam line.
The bias voltage was measured by a precision high-voltage
divider [17]. The uncertainty was resulted from the calibration
of the voltage divider and from a possible shift of ion-beam
energy from the bias voltage due to imperfect cooling, which
was estimated to be less than 1 V.
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FIG. 1. (Color online) Schematic drawing of the setup for the optical pumping and β-decay asymmetry measurement at the BECOLA
facility. The polarization was adiabatically rotated by 90◦ from the horizontal direction in the CLS beam line to the vertical direction in the
dipole magnet.

A continuous-wave 532-nm Spectra Physics diode-pumped
solid-state laser was used to pump a Sirah Matisse TS
Ti:sapphire ring laser, producing ∼700 mW of 769-nm light
with 10 W of pump-laser power for laser spectroscopy on
the atomic D1 transition (4s 2S1/2 ↔ 4p 2P1/2 ) of 36,37 K. The
laser light was transported to an optical table close to the
CLS beam line using a single-mode, polarization-maintaining
optical fiber. The polarization axis of the linearly polarized
light was redefined to the vertical orientation using a half-wave
(λ/2) plate and a polarization cube. The laser-light power
was adjusted to and stabilized at 20 mW using a laser power
controller [18] with a ±0.05% power fluctuation. The diameter
and focus of the laser light was adjusted using an optical
telescope, with a transmission through the CLS beam line
of 87%. Circular polarization of the laser light was produced
using a quarter-wave (λ/4) plate. A retractable λ/2 plate on
a motorized flipper mount located behind the λ/4 plate was
used to switch the helicity of the laser light. The 36 K or 37 K ion
beams were deflected onto the optical axis of the laser light in
the CLS beam line, as shown in Fig. 1. A charge-exchange cell
(CEC) [19] containing sodium vapor was used to neutralize
50% of the incoming ion beam. The neutral beam rates were
approximately 500 and 3000 s−1 for 36 K and 37 K, respectively.
A scanning voltage was applied to the CEC to tune the
Doppler-shifted laser frequency into resonance with the HF
transitions. The scanning voltage was calibrated using a
high precision voltage meter with an accuracy of 0.06%.
The typical ripple of the scanning voltage was 0.2 V peak
to peak. The laser frequency was set to 13 002.5142 cm−1
and 13 002.2844 cm−1 for the D1 transition of 36 K and 37 K,
respectively. These laser frequencies were chosen to scan
the voltage applied to the CEC in a range around zero volts,
from −80 to 100 V for 36 K and from −40 to 50 V for 37 K, to
minimize the ion-beam steering effects. A weak longitudinal
magnetic field (2 × 10−3 T) was generated using electric coils
placed along the CLS beam line, defining the quantization axis
of the atomic polarization. A dipole magnet producing a strong
transverse magnetic field (0.4 T) was located at the end of the
CLS beam line, approximately 2.5 m downstream from the
exit of the CEC. Two coils generating a weak transverse field
were placed in front of the dipole magnet to achieve a gradual

transition of the magnetic field from longitudinal to transverse
direction together with the fringing field of the dipole magnet,
facilitating an adiabatic rotation of the polarization by 90◦ .
The 36 K or 37 K atoms were implanted into a cubic KBr
single crystal placed at the center of the dipole magnet, where
the hyperfine interaction was decoupled due to the strong
magnetic field. Two sets of thin plastic scintillators (1 and
2 mm in thickness), each optically coupled to a photomultiplier
tube by a plastic light guide, were used in coincidence to detect
the β + particles from the 36 K or 37 K decay. One set was placed
at 0◦ (D) and the other at 180◦ (U ) with respect to the field
direction of the dipole magnet. The total counting rates of β +
particles were approximately 100 and 600 s−1 for 36 K and 37 K,
respectively.
III. HYPERFINE INTERACTION AND OPTICAL PUMPING
A. Hyperfine structure

The shift of an atomic energy level due to the hyperfine
interaction relative to an atomic fine level is given by
K HF 3K(K + 1) − 4I (I + 1)J (J + 1) HF
A +
B ,
2
8I (2I − 1)J (2J − 1)
(1)
with K = F (F + 1) − I (I + 1) − J (J + 1), where F is the
quantum number defined by the vector F = I + J with I and
J being the nuclear and atomic spins, respectively. AHF and
B HF are the HF coupling constants defined as
E =

μI Be (0)
,
IJ
 2 
∂ Ve
,
= eQs
∂z2

AHF =

(2)

B HF

(3)

where μI is the magnetic dipole moment, Be (0) is the magnetic
field generated by the atomic electrons at the center of the
nucleus, e is the electric unit charge, Qs is the spectroscopic
electric-quadrupole moment, and ∂ 2 Ve /∂z2  is the electric
field gradient produced by the atomic electrons at the center
of the nucleus.
While AHF and B HF are associated with the nuclear moments, the hyperfine centroid frequency contains information
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on the nuclear charge radius. The isotope shift is defined as the
difference between the centroid frequencies of two isotopes A
and A of an element and is given by




δν A,A = ν A − ν A = M

m − mA

+ F δr 2 A,A ,
m A m A
A

ν [Hz]

6

×10

⎢mI, mJ〉

(4)
500

where ef is the Zeeman energy measured in units of EHF ,
which is the HF splitting between the F = I − 1/2 and F =
I + 1/2 states at zero field, gJ is the Landé g factor with J ,
S, and L the total angular, spin, and orbital atomic quantum
numbers, respectively, μB is the Bohr magneton, and Bw is the
magnetic field strength.
B. Nuclear polarization and β-decay asymmetry

An optical-pumping technique [22,23] was used to polarize
K. Circularly polarized light with positive σ + and negative
−
σ helicities was used to drive transitions between mF
substates with mF = +1 and mF = −1, respectively.
Each atom can undergo several electronic excitation and
de-excitation cycles as it passes through the interaction region,
leading to a redistribution of the population in the mF
substates. The optical pumping occurs in the weak magnetic
field, where the quantum state of the atom is well defined by
|F,mF . In the strong magnetic field, on the other hand, the
nuclear and electron spins become good quantum numbers
separately (Paschen-Back regime), leading to a quantum state
described by |mI ,mJ . The variation of HF-energy levels as a
function of an external magnetic field is shown in Fig. 2. The
nuclear polarization PI is given by

m pm
mI 
PI =
= m
,
(8)
I
I

where
m pm = 1, m runs from −I to I , and pm is the
population of the mth substate.

⎢F, m 〉
F

...

⎢2, 2〉

0

⎢2,-2〉
⎢1,-1〉

...

where M and F are the mass and field shift coefficients,

respectively, m is the atomic mass, and δr 2 A,A is the
differential mean-square charge radius between the A and A
isotopes. The mass coefficient is defined as M = kNMS + kSMS
with kNMS = νme , where kNMS and kSMS are the normal and
specific mass shift coefficients, respectively, ν is the transition
frequency, and me is the electron mass.
The atomic Zeeman splitting must be taken into account in
the presence of a magnetic field, which breaks the degeneracy
of each F state, producing (2F + 1) substates. Since the D1
atomic transition used in the present experiment involved two
states with J = 1/2, the Breit-Rabi formula [20,21] was used
to determine the energy shift EF =I ±1/2 of each mF substate
with respect to the fine-structure energy:

EF =I ±1/2
1
1
4mF
±
ef + ef2 , (5)
=−
1+
EHF
2(2I + 1) 2
2I + 1
gJ μB Bw
,
(6)
ef =
EHF
J (J + 1) + S(S + 1) − L(L + 1)
gJ = 1 +
, (7)
2J (J + 1)

36,37
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FIG. 2. Magnetic-field dependence of the mF substates. The
ground-state HF structure of 39 K is shown as an example.

β decay with a nonzero nuclear polarization leads to an
asymmetric angular distribution Nβ (ϑ) [24] given by
 
v
(9)
Nβ (ϑ) = 1 +
Aβ PI cos ϑ,
c
where ϑ is the emission angle with respect to the polarization
direction, v is the velocity of the β particle, c is the velocity of
light, and Aβ is the β-decay asymmetry parameter. The average
β + energy is large for both 36 K and 37 K so that v/c → 1, and
by using Eq. (9) the U/D counting rate ratio is given by
U/D = G

1 − Aβ PI
Nβ (π )
=G
,
Nβ (0)
1 + Aβ PI

(10)

where G is a geometrical factor related to small differences in
the detection efficiencies and solid angles between the U and
D detectors.
HF structure measurements using the β-decay asymmetry
detection have been performed previously on Mg isotopes and
discussed elsewhere [25–27].
C. Rate equation for optical pumping

An algorithm similar to that discussed in Ref. [26] was
developed based on the atomic rate equations for optical
pumping. The atomic rate equations for each atomic level are
a set of first-order differential equations:
 ↑↓
 ↓
dNi
=
Pij (ν)(Mj − Ni ) +
Pij Mj
dt
j
j
(11)
 ↓
 ↑↓
dMj
Pij (ν)(−Mj + Ni ) −
Pij Mj ,
=
dt
i
i
where Ni and Mj are the populations of the atomic ground
↑↓
↓
and excited mF substates, respectively, and Pij (ν) and Pij are
the stimulated and spontaneous decay transition probabilities,
respectively, connecting the lower i and upper j levels.
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The system of atomic rate equations was included in a
χ 2 minimization algorithm to fit the U/D HF spectra of
36,37
K. For each minimization step, the differential equations of
Eq. (11) were solved numerically for every experimental data
point using a fourth order Runge-Kutta algorithm, yielding
the population for each mF level, from which the nuclear
polarization and the U/D ratio were calculated according to
Eqs. (8) and (10).
IV. RESULTS

The HF spectra for K and 37 K from the present work are
shown in Fig. 3. Two sets of measurements were performed for
each isotope with σ + and σ − laser helicities, which are shown
in the figure (solid and open circles, respectively) together with
their best fits (solid lines). The obtained spectra are asymmetric
with respect to the two laser helicities. The asymmetry can be
attributed to the asymmetric mapping of the mI over the mF
substates between the Breit-Rabi and Paschen-Back regimes,
as depicted in Fig. 2. A reversal of the sign of the resonance
signal can be seen for two adjacent HF transitions in the 37 K
spectrum measured with σ − . This reversal can be explained
by an elliptical polarization of the laser light (admixture of
opposite helicity), mainly caused by the vacuum window into
U/D ratio

36

0.88

36

K

0.86
0.84
0.82

the CLS beam line. The sign of the resonance peaks for a given
laser helicity changes between 36 K and 37 K, due to opposite
signs of their β-decay asymmetry parameters. The sign of the
magnetic moments are known to be positive [21,28]. The sign
of the β-decay asymmetry parameter of 36 K can be deduced to
be Aβ (36 K) > 0, given the asymmetry parameter for the main
decay branch of 37 K of Aβ (37 K) = −0.5739 [29].
A simultaneous fit was performed for the set of spectra
measured with σ + and σ − . The relative intensities of the HF
transitions were determined by the rate equations, and the
overall amplitude was fitted to the data. The overall amplitude
parameter took depolarization effects into account, which
were due, for example, to the incomplete adiabatic rotation
of the nuclear spin during the transition from the weak
to the strong magnetic fields, the depolarization during the
implantation into the KBr crystal, and a finite polarization
relaxation time. The ion beam was steered by the scanning
voltage applied to the CEC, resulting in a small misalignment
between the outgoing atom beam and laser light. This steering
effect was taken into account in the fit. The interaction length
between the atom beam and the laser light was assumed to
be linearly dependent on the voltage applied to the CEC (and
therefore on the laser frequency). The small steering of the ion
beam also resulted in a voltage-dependent geometrical factor
[Eq. (10)], which was included as a linear function of the
frequency in the fit. The HF coupling constants were fixed in
the fitting procedure. The AHF (2 S1/2 ) for 37 K is known [21].
The AHF (2P1/2 ) of 37 K and those for the 2S1/2 and 2P1/2 states
in 36 K have not been measured yet and were evaluated relative
to the known coupling constants of 39 K [30,31] using known
I and μI for 36,37,39 K [5,21,28], and the relation derived from
Eq. (2),
AHF = AHF
ref

0.8
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FIG. 3. (Color online) Hyperfine U/D ratio spectra for 36 K (upper panel) and 37 K (lower panel). The dashed green vertical lines
indicate the centroid frequencies.

μI Iref
.
μI,ref I

(12)

The centroid frequencies of −373(4)(3) MHz and
−233(2)(1) MHz relative to a common frequency of
389 286 058.716 MHz were determined from the 36 K and 37 K
data, respectively, where the numbers in the first and second
parentheses represent statistical and systematic errors, respectively. The systematic error is dominated by the long-term
drift of the high-voltage system that determined the ion-beam
energy. The isotope shift is then determined to be δν 37,36 =
−139(4)(3) MHz. The isotope shift of 36 K with respect to
39
K required a re-evaluation of δν 39,37 using our recent CLS
measurement and a previous measurement. The isotope shift of
δν 39,37 = −264(3)(3) MHz [9] was combined with the value of
Behr et al. [6] of δν 39,37 = −265(4) MHz, leading to a value of
δν 39,37 = −264(2)(3) MHz. The isotope shift between 39 K and
36
K was obtained as δν 39,36 = −403(5)(4) MHz. The results
are listed in Table I. The differential mean-square charge radii
were deduced using Eq. (4), the atomic masses from Ref. [33],
and the mass and field-shift coefficients of MårtenssonPendrill et al. [34]. The field-shift coefficient was calculated
to be F = −110(3) MHz/fm2 . The specific mass-shift coefficient was found to be kSMS = −15.3(3.8) GHz u, using F and
the absolute charge radius of 39 K determined by the measurement of x-ray emission in muonic atoms [35]. The resulting
total mass shift coefficient M = 198.2(3.8) GHz u leads to
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TABLE I. Isotope shifts and differential mean-square charge radii
of K isotopes. The statistical and systematic errors are shown in the
first and second sets of parentheses, respectively.
A

N

δν 37,A (MHz)

δν 39,A (MHz)

δr 2 39,A (fm2 )

36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51

17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32

−139(4)(3)
0

−403(5)(4)
−264(2)(3)a
− 123.4(1.0)b
0
125.6(3)c
235.3(3)d
351.2(1.3)e
459.0(1.2)c
564.8(1.1)e
661.7(1.6)c
764.2(1.2)e
857.5(1.7)c
925.8(1.8)f
992.8(1.8)f
1064.0(1.9)f
1131(2)f

− 0.16(5)(8)
− 0.08(2)(6)
− 0.089(9)(23)
0
0.016(2)(22)
0.117(3)(43)
0.111(12)(63)
0.129(11)(83)
0.122(10)(101)
0.151(15)(118)
0.092(10)(135)
0.079(15)(151)
0.264(16)(167)
0.420(16)(181)
0.513(17)(196)
0.62(2)(21)

a

Weighted average from Refs. [6] and [9].
Reference [7].
c
Reference [5].
d
Weighted average from Refs. [32] and [5].
e
Weighted average from Refs. [5] and [8].
f
Value calculated using δν 47,A [8] and δν 39,47 [5].
b

a mean-square charge radius of 36 K of δr 2 39,36 = −0.16 ±
(0.05)stat ± (0.08)syst fm2 . The systematic error is dominated
by the uncertainties on the mass and field-shift parameters. The
mean-square charge radii of the other K isotopes with a known
isotope shift relative to 39 K were obtained using the same F
and M coefficients and are listed in Table I with their respective
statistical and systematic errors, which are also dominated by
the uncertainties on the mass and field-shift parameters.
V. DISCUSSION
A. Charge radii of the K isotopes

Results of theoretical calculations for differential meansquare charge radii of K and Ca isotopic chains are shown
in the lower and upper part of Fig. 4, respectively, where the
simplest possible orbital occupations are used. The filling order
is 0d3/2 for N = 16–20, 0f7/2 for N = 21–28, and 1p3/2 for
N = 29–32. In the harmonic-oscillator (HO) model the pointproton radii are constant. The decreasing trend of the charge
radii from N = 20 to N = 28, shown as the dot-dot-dashed
line for Ca is due to the finite charge size of the neutron and
relativistic spin-orbit corrections for neutrons [36]. A mass
dependence of A−1/12 for the oscillator length parameter can
reconcile the decreasing trend as shown by the dashed line.
The violet and orange curves show the results of energydensity functional (EDF) calculations carried out for 12
Skyrme forces described by Brown and Schwenk [37] with
the simple orbital occupations. The Skyrme forces form two
groups, depending on the power σ of the density dependence,
which is correlated with the nuclear matter effective mass

m∗ /m. The group with m∗ /m ≈ 0.7–0.8 (violet curves)
includes the KDE0v1, NRAPR, SKRA, SQMC750, SLy4,
and SkM* Skyrme parametrizations, while the group with
m∗ /m ≈ 1.0 (orange curves) includes the Ska25, Ska35,
SkT1, SkT2, SkT3, and SV-sym32 parametrizations. The
Skyrme parameters were determined from fitting nuclear
properties of the doubly magic nuclei 16,24 O, 34 Si, 40,48 Ca,
58,68
Ni, 88 Sr, 100,132 Sn, and 208 Pb. These properties included
binding energies, single-particle energies, mean-square charge
radii and mean-square neutron radii. The EDF calculations
therefore are expected to describe the mean-square charge radii
in the vicinity of the doubly magic 40,48 Ca isotopes to within
about 0.02 fm. The results of a relativistic mean-field (RMF)
calculation with the DD-ME2 interaction [38,39] are also
shown as the dot-dashed lines. The RMF approach includes
a built-in spin-orbit interaction, a key requirement for the
successful description of the discontinuity in the charge radii of
the Pb isotopes [40]. The nonrelativistic MF calculation, on the
other hand, employs a phenomenological two-body spin-orbit
term in the Skyrme force adjusted to experimental data.
The mean-square charge radii for the EDF calculations
show discontinuities as a negative curvature at N = 20 and a
positive curvature at N = 28. The curvatures can be traced to
the saturation properties of nuclear matter. When approaching
N = 20 from the neutron-deficient side, neutrons fill the
sd shell orbitals, which are already mostly occupied. The
nucleus (both protons and neutrons) must expand to maintain a
relatively constant interior matter density. Beyond N = 20, the
neutrons fill the 0f7/2 orbital of the next major shell (1p − 0f ).
Since the N = 20 shell gap originates from the closure of a
complete LS shell, additional neutrons do not significantly
alter the matter density of the core. The charge radii are
therefore not affected significantly and remain approximately
constant. Beyond N = 28, neutrons start to fill the 1p3/2
orbital. The interior node of this orbital again contributes to
the central density, resulting in a self-consistent expansion of
the core in order to maintain a constant interior matter density.
The experimental differential mean-square charge radii
relative to 39 K (listed in Table I) are shown in the bottom
part of Fig. 5. The present result for 36 K is shown by the
solid red circle, together with known data shown by the
open black circles. The green band indicates the systematic
error associated with the uncertainties in the evaluation of the
specific mass-shift coefficient, which dominates the systematic
error, and on the calculation of the field-shift coefficient. The
top part of Fig. 5 shows the differential mean-square charge
radii of the Ca isotopes [41]. The present mean-square charge
radius of 36 K, and that of 37 K with the reduced uncertainty,
show a monotonic variation of the mean-square charge radii
when crossing N = 20. Odd-even staggering is also evident,
which is consistent with the trend of the mean-square charge
radii in the Ca region around N = 20.
Caurier et al. [42] have shown that the increase in the
mean-square radii for 42−46 Ca can be explained in the oscillator
model when the orbital occupancies are taken from largebasis configuration-interaction (CI) calculations that allow for
protons to be excited from the 1s1/2 and 0d3/2 orbitals into
the 0f7/2 and 1p3/2 orbitals with the ZBM2 Hamiltonian [42].
The results for HO and Skyrme calculations with the orbital
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FIG. 4. (Color online) Theoretical differential mean-square
charge radii of the Ca (top) and K (bottom) isotopes for the
HO potential model with a constant oscillator length (blue
dot-dot-dashed line), the adjusted HO potential model (blue dashed
line), Skyrme energy-density functional (solid violet and orange
lines), and DD-ME2 relativistic mean-field (green dot-dashed line)
calculations. The orbital occupations were from the simplified filling
approximation described in Sec. V A.

occupancies constrained to CI calculations based on the
ZBM2 (modified) Hamiltonian [7] are shown in Fig. 5. The
shell-model calculations were carried out with NuShellX [43].
The shell-model calculations in the HO basis as shown by
the dashed line reproduce the Ca mean-square charge radii,
but the increase of the radii is almost entirely absent in the
Skyrme EDF calculations as shown by the violet and orange
curves. The flat N dependence of the mean-square charge radii
comes from the self-consistent adjustment of the matter density
required to keep the interior density approximately constant.
The same shell-model calculation for the mean-square charge
radii of the K isotopes shows a similar trend except that the
theoretical results underestimate the data. Although the ZBM2
calculations describe values of the E2-transition strength
B(E2) [42], effective charges must be used that originate from
proton excitations including 2ω excitations, which are outside
the ZBM2 model space. It is likely that these excitations have to
be explicitly included to describe the mean-square charge radii.
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FIG. 5. (Color online) Differential mean-square charge radii of
the Ca (top) and K (bottom) isotopes. The solid and dashed
lines are the Skyrme and harmonic-oscillator potential calculations,
respectively. The orbital occupations were from the shell-model
calculation with the ZBM2 (modified) Hamiltonian.

The alternative model to explain the increase of the charge
radii of 42,44,46 Ca is based upon zero-point motion corrections
that are connected to the strong B(E2) values observed to the
lowest 2+ states in these nuclei. An estimate for the size of the
zero-point motion contribution can be made with the deformed
incompressible droplet model with a radius given by
R(θ ) = R0 {1 + β2 Y20 (θ )},

(13)

where β2 is the quadrupole deformation parameter and Y20 is
the quadrupole deformation term of spherical harmonics. The
variation of the mean-square charge radius is then obtained as
δr 2  =

5 2 2
r β .
4π 0 2

(14)

The transition strength is given by
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B(E2 ↑)
.
δr  =
(5/4π ) r02 (eZ)2
2

SZ [fm]

with Z being the proton number, and therefore a nonzero
B(E2) implies a radius increase of
(16)

0.8

Kink strength
Ar
K

0.6

Ca

0.4

The experimental B(E2 ↑) for 42,44,46,50 Ca [44] are 420(30),
473(20), 178(13), and 37(2) e2 fm4 giving δr 2  of 0.22(2),
0.25(1), 0.09(1), and 0.020(1) fm2 , respectively. This simple
model accounts for the observed increase for 42,44,46 Ca,
but not for 50 Ca. Uher and Sorensen [45] have derived a
similar expression for intrinsic vibrations where B(E2 ↑)
is replaced by k B(E2,0+ → 2k + ), where the sum is over
low-lying vibrational states. Higher multiples can also be
considered [46,47]. Estimation of the size of the zero-point
motion contribution to the charge radii of even-even Ca
isotopes is possible because the β2 value can be determined
from the B(E2) value of a single 2+ state. It would be useful to
find a method that could be used for the odd-even and odd-odd
Ca and K isotopes.

0.2
0
-0.2

SK [fm]
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0.8

K isotopic chain

0.6

K data
Skyrme with σ = 0.14-0.17

0.4

HO potential model
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B. Curvature of the charge radii around N = 20

DD-ME2

0.2

The kink strength SZ (N ) [48] was introduced to quantify
the monotonic increase of the mean-square charge radii across
N = 20 and N = 28. SZ (N ) is the second differential, or
curvature, of the change of the mean-square charge radii and
is defined as
SZ (N ) =

d 2 R(N ) 2/3
A ,
d(2N )2

0
-0.2
-0.4

(17)

16

where R is the charge radius. The A2/3 term accounts for the
mass dependence. The charge radii R were calculated with
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FIG. 6. (Color online) Top: the kink strength trends for the Ar, K,
and Ca isotopes. Bottom: the kink strength trend for the K isotopes,
for both the experimental data and the calculations.

where RAref = R39 = 3.4349 fm was used for the K isotopic
chain [41]. The effect of odd-even staggering [49] is eliminated by taking dN = 2, leading to SZ (N) = [R(N + 2) −
2R(N) + R(N − 2)]A2/3 . However, this leads to the loss of
SZ values for the first and last two isotopes of a given isotopic
chain. The present measurement of the charge radius of 36 K
therefore allows a kink strength value below N = 20 to be
determined for the first time for the K isotopic chain.
The SZ values for K are shown in Fig. 6, where the
theoretical curves use the same color code as in Fig. 5.
The SZ values for the Ar and Ca isotopes are also shown
in the top part of Fig. 6. While the N = 28 shell closure is
clearly seen as a large positive peak in the K and Ca isotopic
chains, no such indication is visible at N = 20 for the K and Ar
isotopes. The negative SZ values of the theoretical data for K
around N = 20 are a consequence of the different monopole
proton-core polarization effects for the filling of the sd and
0f7/2 orbitals, as described in Sec. V A. The small SZ values
for 38−41 K (19  N  21) confirm the linear behavior of the
mean-square charge radius variation across N = 20, which is
not reproduced by the theoretical calculations.
The large positive value observed in experiment at N = 28
is not well reproduced by any of the calculations. This problem

is similar to that observed in recent EDF calculations for the
lead isotopes above N = 126 (see Fig. 5 in Ref. [50]).
The behavior of the experimental SZ values for 20  N 
28 is similar for both K and Ca isotopes. While the theoretical
SZ curves for K are mostly flat and therefore do not present
a significant curvature of the mean-square charge radii in this
region, the experimental K and Ca mean-square charge radii
show a parabolic trend resulting in a negative curvature. This
behavior is especially striking in the Ca isotopic chain, where
40
Ca and 48 Ca have approximately the same charge radii, which
is attributed to quadrupole core-polarization effects [45], and
has been discussed previously for the Ar isotopes [3,4]. The
amplitude of the parabola for the K isotopes is smaller than that
of Ca, but the negative curvature is not reproduced by theory.
The experimental mean-square charge radii of the K and
Ca isotopes below N = 20 are overpredicted by the Skyrme
EDF calculations. Since these calculations only show a weak
quadrupole proton-core polarization effect, the variation of the
experimental charge radii below N = 20 is dominated by the
monopole proton-core polarization as opposed to the variation
above N = 20, where the quadrupole proton-core polarization
takes precedence. The disappearance of the shell effect in the

RA =

RA2 ref + δr 2 Aref ,A ,
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charge radii at N = 20 is the result of a subtle balance between
the variation of the mean-square charge radii dominated
by the monopole proton-core polarization below N = 20
and the onset of the quadrupole proton-core polarization
above N = 20. Although the proton-core polarization and the
odd-even staggering effects are strongly dependent on Z, the
monotonic increase of the mean-square charge radii across
N = 20 persists in the Ca region. The reason for this common
behavior of the monotonic variation, at least among the Ar, K,
and Ca isotopes, remains an open question. The extension of
charge radius measurements of K and Ca isotopes deep into
the sd shell is important for the quantitative understanding of
the shell effects. It is also noted that the Sc charge radii show
a monotonically decreasing trend with successive addition of
neutrons into the 0f7/2 orbital [51], in contrast to the parabolic
shape seen in the Ca isotopes. The similar decreasing trend can
be seen up to the Mn isotopes [52]. Experimental studies of the
Sc charge radii across N = 20 are also important to provide
insight into the global description of the disappearance of shell
effects at N = 20.

VI. CONCLUSIONS

The D1 hyperfine spectra of 36 K and 37 K were measured
using optical pumping and subsequent β-decay asymmetry
detection at the BECOLA facility at NSCL. The β-decay
asymmetry was detected as a function of the scanning voltage
applied to the CEC to tune the Doppler-shifted laser frequency
into resonance. Atomic rate equations were solved within the
fitting procedure to the measured resonance spectra, from
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R. Sánchez, and P. Vingerhoets, Phys. Rev. Lett. 108, 042504
(2012).
[28] H. Schweickert, J. Dietrich, R. Neugart, and E. W. Otten, Nucl.
Phys. A 246, 187 (1975).
[29] N. Severijns, M. Tandecki, T. Phalet, and I. S. Towner, Phys.
Rev. C 78, 055501 (2008).
[30] E. Arimondo, M. Inguscio, and P. Violino, Rev. Mod. Phys. 49,
31 (1977).
[31] S. Falke, E. Tiemann, C. Lisdat, H. Schnatz, and G. Grosche,
Phys. Rev. A 74, 032503 (2006).
[32] N. Bendali, H. T. Duong, and J. L. Vialle, J. Phys. B 14, 4231
(1981).

[33] LBNL Isotopes Project Nuclear Data Dissemination home page,
http://ie.lbl.gov/toi.html
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