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The properties of the oxygen isotopes provide diverse examples of progress made in
experiments and theory. This chain of isotopes has been studied from beyond the proton
drip line in 12 O to beyond the neutron drip line in 25,26 O. This short survey starts with
the microscopic G matrix approach for 18 O of Kuo and Brown in the 1960’s and shows
how theory has evolved. The nuclear structure around the doubly-magic nucleus 24 O is
particularly simple in terms of the nuclear shell model. The nuclear structure around
the doubly-magic nucleus 16 O exhibits the coexistence of single-particle and collective
structure.
Keywords: Shell model; oxygen isostopes.
PACS Number(s): 21.10.−k, 21.60.Cs, 27.10.+n, 27.30.+t, 29.30.Hs

1. Introduction
The properties of the oxygen isotopes provide diverse examples of progress made
in experiment and theory. The known isotopes are shown in Fig. 1. There are three
stable isotopes 16,17,18 O. Due to the temperature-dependent eﬀect of the mass diﬀerence on evaporation and condensation, measurement of the changes in the isotopic
ratio 18 O/16 O in ice cores provides information on historic climate changes.1 With
the advent of radioactive beams, there is now a nearly complete set of data known
for all of the oxygen isotopes.2 12 O lies beyond the proton drip line and is observed
to decay by emission of two protons 25 O lies beyond the neutron drip line and is
observed to decay by the emission of one neutron. 26 O lies even further beyond
the neutron drip line and is observed to decay by the emission of two neutrons.
The root-mean-square (RMS) charge radii and charge form factors for the stable
isotopes have been measured with electron scattering.2 The RMS matter radii for
ground states out to 24 O have been measured from interaction cross-sections3,4 and
elastic proton scattering.5–7
The properties of 16,17,18 O provided the ﬁrst ingredients for the formulation of
nuclear theory in terms of conﬁguration–interaction (CI) models. Z = 8 is a magic
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Fig. 1. (Color online) The oxygen isotopes. A is the mass number and N is the neutron number.
2Jπ is the ground state spin-parity for the ground states of the odd-neutron nuclei. The black
rectangles show the three stable isotopes. The blue squares are those nuclei that are observed to
be beyond the proton (left) and neutron (right) drip lines. The red squares are the doubly-magic
even–even nuclei.

number for all of the oxygen isotopes except 12 O. There are three strongly doublymagic nuclei 14,16,24 O (N = 6, 8, 16) shown in dark red in Fig. 1, all with ﬁrst
excited states above 4 MeV, and a weaker doubly-magic nucleus, 22 O (N = 14),
with a ﬁrst excited state at 3.2 MeV shown in dark red. In the shell model, the
magic number arises when the neutron shell gaps at these neutron numbers are
larger than two times the pairing gap.8 This is the start of a rich doubly-magic
number sequence observed up to 54 Ca.9,10 The ground state spin of the odd–even
nuclei shown in Fig. 1 are all explained by the sequential ﬁlling of the shell-model
orbitals 0p3/2 (3/2− ), 0p1/2 (1/2− ), 0d5/2 (5/2+ ), 1s1/2 (1/2+ ) and 0d3/2 (3/2+ ).
2. Structure for the sd Model Space Based on the Free
Nucleon–Nucleon Interaction
I was a graduate student at Stony Brook from 1970–1973 working on experiments
with my adviser Dave Fossen. During that time, I took several courses in nuclear
theory, and had many interactions with Brown’s nuclear theory group and their
visitors. I will start the theory part of this review with the work of Kuo and Brown
in the late 1960’s.11–15 Kuo and Brown planted many trees which have matured
and left their seeds for the growth of nuclear theory. Their goal was to investigate
the applicability of the free nucleon–nucleon potential determined by the scattering
data for the shell-model description of ﬁnite nuclei. The ﬁrst example they gave
was for 18 O, where they started with a doubly closed-shell conﬁguration for 16 O
and calculated the spectrum of 18 O in the (1s1/2 , 0d5/2 , 0d3/2 ) sd model space.
The Brueckner reaction matrix G for the scattering of two nucleons evaluated with
various methods was used to take into account the repulsive short-ranged part of the
potential. The method of second-order core-polarization was used to renormalize
the G-matrix elements into the sd model space. The end result was a set of twobody matrix elements (TBME) (63 of them) for the sd model space15 that could
be diagonalized to obtain the energies of 18 O relative to that of 16 O. The resulting
energy spectrum is shown in Fig. 2 and compared to experiment. The agreement was
excellent for some levels, but there are more levels observed in experiment compared
to those calculated. These extra levels come from the excitation of protons from the
p shell to the sd shell. There is mixing between these two sets,16 but not enough
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Fig. 2. (Color online) Energy levels for 18 O. Experiment is shown in the left-hand side with red
lines for positive parity states and blue lines for negative parity states. The length of the line is
proportional to the J value with a few lines labeled for reference. The middle panel shows the
spectrum for positive parity states obtained with the Kuo–Brown Hamiltonian. The right-hand
side shows the spectrum based on the WBP Hamiltonian from Ref. 17 that shows the sd-shell
positive parity states (red), the 3p-1h negative parity states (blue) and the 4p-2h positive parity
states (green).

to destroy the agreement for those dominated by sd. As one adds neutrons, these
core-excited states move to higher energy. The Kuo–Brown TBME gave a starting
point for the sd shell-model calculations beyond 18 O.
When the Kuo–Brown TBME are used for more neutron-rich oxygen isotopes,
the agreement of the calculated spectra with experiment deteriorates. The reason for
this can be understood from a plot of the of eﬀective-single particle energies (ESPE)
calculated relative to the closed-shell conﬁgurations (0d5/2 )6 for 22 O (N = 14),
(0d5/2 )6 (1s1/2 )2 for 24 O (N = 16) and (0d5/2 )6 (1s1/2 )2 (0d3/2 )4 for 28 O (N = 28).
These are shown on the left-hand side of Fig. 3. The red dots indicate the position
of the Fermi surface. The small gap at N = 14 means that the spectrum of the
(sd)6 calculation for 22 O does not have a closed-shell behavior in contradiction to
experiment. The negative energy of the red dot at N = 20 means that 28 O is bound
to neutron decay in contradiction to experiment.
There have been two paths for correcting this problem. The ﬁrst of these started
in the 1980’s by showing that one could ﬁnd a universal set of TBME for the sdshell Hamiltonian that unify the understanding of data related to states with an sd
shell conﬁguration. The second path which has started more recently involves the
addition of three-body interactions together with improved techniques for renormalization. The ﬁrst path has led to many similar local solutions involving the
TBME such as those in the pf shell.19 The second path should eventually lead to
a universal solution for all nuclei.
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Fig. 3. (Color online) Eﬀective single-particle energies obtained for the oxygen isotopes obtained
with Kuo–Brown Hamiltonian15 on the left and the USDB Hamiltonian18 on the right. The
orbital quantum numbers are shown on the left. The red dots indicate the position of the Fermi
surface.

3. The USD Hamiltonians
In the ﬁrst method, known experimental data for binding energies and excitation
energies are used to obtain empirical constraints on values of the TBME. The singlevalued decomposition (SVD) method is used to ﬁnd n < 63 linear combinations of
TBME that are well determined by the data. The remaining linear combinations
are ﬁxed at the values given by the Kuo–Brown Hamiltonian. This ﬁrst SVD ﬁt was
carried out by Chung20 and Wildenthal.21 Since one set of TBME could describe the
properties of all states dominated by the sd shell conﬁguration in nuclei with A = 18
to A = 38 this was called the universal sd (USD) interaction (W in the NuShellX
Hamiltonian library22 ). The USD Hamiltonian was used to calculate observables
for all sd shell nuclei.23
In 2006, an updated set of experimental energy data was used to obtain two new
universal interactions, USDA and USDB.18 This used about 600 data from A = 17
to A = 40. USDA is based on 30 SDV combinations, and USDB is based on 56
SDV combinations. The ESPE shown on the right-hand side of Fig. 3 are based on
USDB. Compared to Kuo–Brown, one ﬁnds a shell gap at N = 14 and the Fermi
surface for N = 20 is near zero. In the following, I will compare some experimental
results to those obtained with USDB. The energies of states obtained with USDA
are the same as those with USDB to within about 100 keV.
The binding energy of states in 22–28 O (relative to 16 O) obtained with USDB are
shown by the horizontal lines in Fig. 4. The data known in 2006 used to constrain
the USDB TBME are shown by the three blue dots. All other horizontal lines are the
energies predicted for states that were not known in 2006. All of these are unbound
to neutron decay as shown by the arrows. With USDB, 24 O lies on the neutron drip
line. Since 2006 many experiments have been carried out to measure these neutron
decays. The experimental centroids of these decay resonances are shown by the red
dots in Fig. 4. The interpretation of these results is particularly simple due to the
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Fig. 4. (Color online) Energies of the states relative to 16 O as a function of mass number for the
oxygen isotopes. The horizontal lines are the USDB predictions. The blue dots are experimental
energies known before 2006. The arrows show the neutron decays discussed in the text. The red
dots are the centroid energies observed for these neutron decays.

fact that the sd wave functions for these nuclei near the doubly-magic nucleus 24 O
are dominated by simple conﬁgurations, as we will discuss below.
In 2007, an unbound level in 23 O consistent with a 3/2+ assignment was observed
at RIKEN24 that is in good agreement with the prediction. Also in 2007 a low
energy neutron from the decay of 23 O was observed at the NSCL which was associated with the predicted 5/2+ state just above the neutron-decay threshold.25 The
dominant conﬁguration for this state is (0d5/2 )5 (1s1/2 )2 , and the calculated spectroscopic factor of 0.059 is small because it must go through the (0d5/2 )4 (1s1/2 )2
admixture into the dominant (0d5/2 )6 conﬁguration for the 22 O ground state. From
the observed neutron-decay centroid energy of 40 keV one predicts a neutron-decay
width of 10 eV (much smaller than the experimental resolution).
In 2009, the decay of two excited states of 24 O were observed26 at an energy
consistent with the 2+ and 1+ states in Fig. 4. This experiment showed that the
ﬁrst excited state in 24 O was high (4.0 MeV) conﬁrming the doubly closed-shell
nature of 24 O. The centroid of these two states observed are several hundred keV
lower than those predicted (2+ and 1+ ). The conﬁguration of these two excited
states is (0d5/2 )6 (1s1/2 )(0d3/2 ). In 2012, these two states were studied with proton
scattering in inverse kinematics,27 and the measured β2 value for the 2+ state
was found to be in good agreement with the USDB calculations. In addition a
state near 7.3 MeV was observed to neutron decay which indicates it may have the
conﬁguration (0d5/2 )6 (1s1/2 )(pf ) and have negative parity. Further experimental
support for the USDB 2+ and 1+ predictions was obtained in 2015.28 In 2015, the
two-neutron decay of a state at 7.65(20) MeV was observed.29 This is probably one
of the states shown in Fig. 2 near this energy that have the dominant conﬁguration
1740003-5
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(0d5/2 )5 (1s1/2 )2 (0d3/2 ). From this conﬁguration, one predicts a sequential decay
through the (0d5/2 )5 (1s1/2 )2 5/2+ state in 23 O discussed above, in agreement with
experiment.29 The main conﬁguration of the 0+ state near 7.3 MeV (Fig. 3) is
(0d5/2 )6 (0d3/2 )2 . It should be observed in a 22 O(t, p) experiment.
In 2008, the neutron decay of 25 O was observed30 which was associated with the
predicted 3/2+ state. The experimental centroid energy of this state of 770 keV is
about 500 keV lower than predicted by USDB. The calculated spectroscopic factor
C2 S = 0.95 results in a calculated neutron decay width of 79 keV (using the experimental decay Q value). The experimental width of 172(30) keV obtained in Ref. 30
is larger than that calculated, but a more recent experiment with higher statistics
obtained is smaller of 88(6) keV,31 in agreement with the prediction.
Predictions have been made for low-lying 3/2− and 7/2− states in 25 O coming
from the pf shell orbitals.32,33 The small gap between the 0d3/2 and the 1p3/2 −0f7/2
single-particle energies near 24 O is a consequence of the tensor interaction34 together
with a weak-binding eﬀect that lowers the 1p3/2 single particle energy relative to
that of 0f7/2 .35 The island of inversion36 for nuclei near N = 20 and Z ≤ 12
is due to this reduced energy gap. For these nuclei, the conﬁgurations of the type
(sd)n−2 (pf )m+2 come lower in energy than those for (sd)n (pf )m . A similar situation
happens for N = 8 and Z ≤ 4, where the shell gap between 0p1/2 and 1s1/2 − 0d5/2
is reduced leading to a conﬁguration inversion in 12 Be (Ref. 37). This conﬁguration
inversion is also manifested in the properties38–40 of the mirror nucleus 12 O that
lies just beyond the proton drip line (see Fig. 1). At present, there is only a limit
of 72 keV39 on the two-proton decay width of 12 O.
The two neutron decay of 26 O–24 O has been observed.31,41–43 In Ref. 42 a lifetime of 4.5(3.0) ps was obtained for this decay. In Ref. 31 the two neutrons were
observed to be only 18(7) keV above threshold. The USDB prediction was 360 keV.
The predictions obtained with many other theoretical models are shown in Ref. 44.
Grigorenko has calculated the three-body decay of 26 O (Ref. 45). Based on his
model, the lifetime for a decay energy of 18 keV should be on the order of 10−5 –
10−3 ps. This three-body decay can provide unique insights into the two-neutron
correlations. A better understanding of this three-body decay will be a challenge
for future studies.
27,28
O have not been observed in radioactive beam experiments46 indicating
that they are neutron unbound, consistent with the sd shell calculations shown
in Fig. 4 as well as with the calculations discussed below. But there are several
low-lying resonances in 25 O (Ref. 33) that require a basis with the continuum.
Since 26 O is unbound to two-neutron decay by only 18 keV one could speculate
that there might be a four-neutron cluster bound state of 28 O. The tetra-neutron
is unbound,47 but the induced correlations in the nucleus could result in a state of
28
O with an extremely small binding that would make its production cross-section
smaller than the limit observed experimentally.46
The overall agreement of experiment with the predictions of the USDB CI calculations for 23–26 O is excellent. This success is due to the ability of all of the
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Fig. 5. Energies of the states for 21 O. The length of the line is proportional to the J value. The
experimental results from Ref. 49 (left) are compared to the USDB predictions (right).

data related to sd shell conﬁgurations to be described in terms of a universal set
of TBME. The TBME needed for 23–26 O come from experimental energy data for
Z > 8 as well as from excited states in 19–22 O. These excited state conﬁgurations
become important for the low-lying states of 23–26 O. Experiments on 19–20 O such
as 18 O(t, p)20 (Ref. 48), and from projectile fragmentation reactions (Ref. 49), were
an important intermediate step in establishing the success of the CI calculations.
The experimental results for 21 O obtained from Ref. 49 are compared to the USDB
calculations in Fig. 5. The agreement between experiment and theory is excellent
+
except that the 3/2+
2 state is about 0.5 MeV too high in theory. The 9/2 state is
unbound to neutron decay by 1.1 MeV. Its observation in gamma decay puts a limit
of 0.029 on the spectroscopic factor for this  = 4 neutron decay (in the sd model
space the spectroscopic factor is zero). The spectroscopic factors obtained from an
20
O(d, p)21 O experiment in inverse kinematics50 are in good agreement with the
USDB predictions.
4. The Three-Nucleon Interaction and the Development
of New Theoretical Methods
In the last decade, a new class of theoretical models has been developed. Because
of the relatively simple shell structure of the neutron-rich oxygen isotopes, this has
been the primary testing ground for these calculations. These are similar in spirit to
the original Kuo–Brown methods but expand upon them in several ways. (1) The
input for the basic interaction is based upon a consistent expansion from chiral
EFT in terms of two- and three-nucleon interactions.51,52 (2) Better methods to
treat short-range correlations have been developed with the Vlowk and free-space
similarity renormalization group (SRG) approaches.53 (3) Due to advances in the
computation techniques one can include up about 15 oscillator shells in the basis.
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(3) Better perturbative and non-perturbative methods have been formulated. (4)
The continuum can be taken into account.54–56 Calculations including the continuum57 have been used to partially understand the quenching for the spectroscopic
factors observed for deeply bound orbitals based upon the ratio of experimental
knock-out cross-sections compared to those calculated from eikonal reaction theory
with shell-model spectroscopic factors.58
Three-nucleon interactions are required to reproduce the magic number at 22 O
(N = 14) and the position of the oxygen drip line at 24 O (N = 16).59–62 When
evaluated for an 16 O core, the main three-body terms are those involving the interaction of one valence neutron with two nucleons on the core, and the interaction of
two valence neutrons and one nucleon in the core. This explains why eﬀective oneplus two-body Hamiltonians of the USD type have been so successful.
Another place in the oxygen isotopes where the three-nucleon interaction is
important is in the Gamow–Teller beta-decay of 14 O to the ground state of 14 N
where the B(GT) is very small [B(GT) = 3 × 10−4].63 The B(GT) is even smaller in
the mirror transition from 14 C [B(GT) = 4×10−6 ],63 and this results in the anomalously long half-life of 5700 years for 14 C that makes it so usefull for radiocarbon
dating. Brown and others64 showed that this small B(GT) can be explained by the
Brown–Rho scaling model,65,66 where the strength of the tensor interaction between
nucleons is density dependent. Later it was shown that the density-dependent eﬀects
from the Brown–Rho model are similar to those from a three-nucleon force.67 In
large-basis CI calculations for 14 C, it was shown that the three-body interaction is
important for obtaining the small B(GT) values.68
A commonly used input Hamiltonian due to Entem and Machleidt (EM)51,52
is based upon an N3 LO two-nucleon plus a N2 LO three-nucleon interaction with
low-energy coupling constants derived from nucleon–nucleon scattering and the
properties of the A = 3 and A = 4 nuclei. The binding energies for the oxygen isotopes obtained with the EM input based on several types of non-perturbative methods69–74 are consistent with each other and with experiment within 1–2 MeV (1%
of the total binding energy). Excited states for neutron-rich nuclei from these calculations agree with each other and with experiment at the level of about 0.5 MeV.
However, the intruder states in 18 O are not in the basis.
The RMS radii obtained with the EM interaction input is about 10% smaller
than experiment for all of the oxygen isotopes.75 This has lead to the development
of a new Hamiltonian called NNLOsat that is simpler than EM, but where the
determination of the low-energy coupling constants includes data on the binding
energies and charge radii of 14 C and 16,22,24,25 O as well as the charge radii of 14 C
and 16 O.76,77 The matter radii for the neutron-rich oxygen isotopes with NNLOsat is
much improved compared to experiment relative to those based on the EM input.75
From the interaction cross-section experiments,3,4 there is sharp increase in the
matter radii between 22 O and 24 O where the 1s1/2 orbital is being ﬁlled that is
only partly explained by the NNLOsat calculations as well as by energy-density
functional calculations.78 An increase is also observed in charge radii in calcium
1740003-8
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isotopes just after N = 28(1p3/2 ),79 the strontium isotopes just after N = 50(1d5/2 ,
the xenon isotopes just after N = 82(2f7/2 ) and the lead isotopes just after N =
126(2g9/2), where the given orbital is the one that starts to be ﬁlled after that
magic number. All of these orbitals have an interior node whose self-consistent
interactions with the core nucleons are determined by the density dependence of
the equation-of-state.
Work is currently being carried out to use these non-perturbative methods
to generate nucleus-dependent valence space Hamiltonians for the sd shell using
the reference states from the targeted valence space (TVS) IM-SRG method.80,81
It remains to be seen how or if a universal valence space Hamiltonian such as
USD emerges from these calculations. Work is also started on the calculations
for the nuclear moments and electromagnetic decay properties. In the CI calculations, the electric quadrupole moments and B(E2) for the oxygen isotopes depend
upon the neutron eﬀective charge which empirically is about 0.45 e.82 [The B(E2)
for 18 O are not well described by the sd shell wave functions due to the mixing with
the intruder states16,83 ]. A question for the future will be to see if a universal set
of low-energy coupling constants can found to reproduce experimental properties
of all nuclei. If this is not the case, it may be due to real and induced four-body
and higher interactions that are at present not included in the non-perturbative
calculations.
5. Beyond the sd Shell
The methods discussed in the last section are mostly based on simple Hartree–Fock
conﬁgurations for the starting point (the reference state). For example, a closed shell
for 16 O or the (0d5/2 )6 conﬁguration for 22 O. This cannot account for states whose
major conﬁguration involves core excitations. The ﬁrst excited state of 16 O is a 0+
state at 6.05 MeV. Its conﬁguration is dominated by four-particles and four-holes
(4p–4h) relative to the closed-shell conﬁguration. The 0+ state at 3.63 MeV in 18 O
shown in Fig. 1 is dominated by a 4p–2h conﬁguration.16 Due to the large number
or orbitals involved in these particles and holes, these intruder states are often
deformed in the CI basis, and they were ﬁrst discussed in terms of the Brown–Green
model for coexisting spherical and deformed conﬁgurations.84–88 Calculations have
been made using the weak-coupling model where the correlations between nucleons
in the same major shell are dominant and the cross-shell interaction is treated as
a small perturbation.83,89 The deformed conﬁgurations are often truncated in an
SU3 basis.90
Fortune used the Bansal–French–Zamick weak coupling model91 for the 6p–4h
states in 18 O (Ref. 92), which he suggests starts with the 0+ state at 7.11 MeV.
The success of the methods based on the spherical Hartree–Fock starting points
must be that the intruder states largely decouple (coexist) with the spherical sd
shell conﬁgurations. But this is an approximation, and ultimately one must consider
both kinds of states at the same time.
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Beyond the Brown–Green model, several empirical shell-model-based approaches have been made. Use of just the three orbitals (0p1/2 , 0d5/2 , 1s1/2 ) closest to the Fermi surface of 16 O (the ZBM model space) gives a starting point
and some insights.93,94 The empirical WBP and WBT Hamiltonians17 were
developed for pure (unmixed) particle-hole conﬁgurations involving the orbitals
(0p3/2 , 0p1/2 , 0d5/2 , 1s1/2 , 0d3/2 ) for the mass region A = 10–20. The results for
the 2p, 3p–1h and 4p–2h conﬁguration of 18 O are shown on the right-hand side of
Fig. 2. The 2p (red) and 4p–2h (green) states mix,16 leading to the experimental
spectrum on the left-hand side of Fig. 2. The problem for mixing of these states due
to the truncation in the np–mh sequence is discussed in Ref. 95. For the future, one
might be able to use the new many-body methods to derive a Hamiltonian for the
full p–sd model space as used in Ref. 96. One should also consider alpha clustering
such as with the algebraic cluster model for 16 O which describes the strong electron
scattering transitions from the ground state to the members of a 3− , 4+ , 6+ (A1 )
band.97
In summary, I have shown that the observed properties of the oxygen isotopes
have provided a rich, and in some cases simple, set of observables which have been
used over the past 50 years to develop and test the theories for nuclear structure.
There are still problems to solve.
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