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Mechanics

d

dt

∂T

∂q̇i
− ∂T

∂qi
= Qcj +Qn.c.j ,

d

dt

∂L

∂q̇i
− ∂L

∂qi
= 0

S =

∫ t2

t1

dtL(q, q̇, t) , δS = 0

L̃(q, q̇, t, ~λ) = L(q, q̇, t) +

Nh∑
α=1

λαfα(q, t) ,
d

dt

∂L

∂q̇i
− ∂L

∂qi
=

Nh∑
α=1

λα
∂fα
∂qi

+

Nn.h.∑
β=1

µβ
∂gβ
∂q̇i

q′i(t
′) = qi(t) + εηi(t) , t′ = t+ ετ(t) , L′ = L+

dF

dt

J =
∑
i

∂L

∂q̇i
(q̇iτ − ηi)− Lτ + F = const.

Veff(r) =
l2

2mr2
+ V (r) , ~A =

~p×~l
mκ

− ~r

r

φ− φ0 = ±
∫ r(φ)

r(φ0))
dr′

l

r′2
√

2m (E − Veff(r′))

r(φ) =
α

1 + ε cos(φ− φ0)
, α =

l2

mκ
, ε = | ~A|

Iab =

∫
d3r ρ(~r)

(
~r2δab − rarb

)
Iab = ICoM

ab +M
(
~R2δab −RaRb

)
Trot =

1

2
~ω · I · ~ω , ~L = I~ω

~ω =

ωx′ωy′

ωz′

 =

φ̇ sin θ sinψ + θ̇ cosψ

φ̇ sin θ cosψ − θ̇ sinψ

φ̇ cos θ + ψ̇
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(
d~L

dt

)
Σ

=

(
d

dt
(I~ω)

)
Σ′

+ ~ω × (I~ω) = ~N

d

dt
(Aωx′) + (C −B)ωy′ωz′ = Nx′

d

dt

(
Bωy′

)
+ (A− C)ωz′ωx′ = Ny′

d

dt
(Cωz′) + (B −A)ωx′ωy′ = Nz′

L =
1

2
~̇η · T · ~̇η − 1

2
~η · V · ~η ,

(
V − ω2T

)
~ρ = 0 , det

(
V − ω2T

)
= 0

A =
(
~ρ (1) · · · ~ρ (n)

)
, ~η = A~ζ , ~ζ = ATT ~η , ATTA = 1(

~a, ~b
)

= ~a · T ·~b =
∑
kl

akTklbl

pj =
∂L

∂q̇j
, H(q, p, t) =

∑
k

pkq̇k(q, p, t)− L̃(q, p, t)

q̇j =
∂H

∂pj
, ṗj = −∂H

∂qj{
f, g
}

=
∑
k

(
∂f

∂qk

∂g

∂pk
− ∂g

∂qk

∂f

∂pk

)
,

df

dt
=
{
f,H

}
+
∂f

∂t{
fg, h

}
=
{
f, h
}
g + f

{
g, h
}
,
{
f,
{
g, h
}}

+
{
g,
{
h, f

}}
+
{
h,
{
f, g
}}

= 0{
qj , qk

}
=
{
pj , pk

}
= 0 ,

{
qj , pk

}
= δjk

Function Transformation Simplest Case

F1(q,Q, t) pi =
∂F1

∂qi
, Pi = −∂F1

∂Qi
, K = H +

∂F1

∂t
F1 =

∑
i

qiQi Qi = pi, Pi = −qi

F2(q, P, t) pi =
∂F2

∂qi
, Qi =

∂F2

∂Pi
, K = H +

∂F2

∂t
F2 =

∑
i

qiPi Qi = qi, Pi = pi

F3(p,Q, t) Pi = −∂F3

∂Qi
, qi = −∂F3

∂pi
, K = H +

∂F3

∂t
F3 =

∑
i

piQi Qi = −qi, Pi = −pi

F4(p, P, t) qi = −∂F4

∂pi
, Qi =

∂F4

∂Pi
, K = H +

∂F4

∂t
F4 =

∑
i

piPi Qi = pi, Pi = −qi
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Coordinate Systems

x = ρ cosφ = r sin θ cosφ , y = ρ sinφ = r sin θ sinφ , z = r cos θ

dV = ρ dρ dφ dz = r2 sin θ dr dθ dφ = r2 dr dΩ

∇ = ~ex
∂

∂x
+ ~ey

∂

∂y
+ ~ez

∂

∂z
= ~eρ

∂

∂ρ
+ ~eφ

1

ρ

∂

∂φ
+ ~ez

∂

∂z
= ~er

∂

∂r
+ ~eθ

1

r

∂

∂θ
+ ~eφ

1

r sin θ

∂

∂φ

∇f(r) = f ′(r)
~r

r
, r = |~r| =

√
x2 + y2 + z2

Rotations

~r′ = ~r cosφ+ ~n(~n · ~r)(1− cosφ) + (~n× ~r) sinφ

Rx(α) =

1 0 0
0 cosα − sinα
0 sinα cosα

 , Ry(α) =

 cosα 0 sinα
0 1 0

− sinα 0 cosα

 , Rz(α) =

cosα − sinα 0
sinα cosα 0

0 0 1



A = BCD =

cosψ − sinψ 0
sinψ cosψ 0

0 0 1

1 0 0
0 cos θ − sin θ
0 sin θ cos θ

cosφ − sinφ 0
sinφ cosφ 0

0 0 1



=

 cosφ cosψ − sinφ cos θ sinψ sinφ cosψ + cosφ cos θ sinψ sin θ sinψ
− cosφ sinψ − sinφ cos θ cosψ − sinφ sinψ + cosφ cos θ cosψ sin θ cosψ

sinφ sin θ − cosφ sin θ cos θ



Expansions

1

(1 + x)n
= 1− nx+

1

2
n(n+ 1)x2 − 1

6
n(n+ 1)(n+ 2)x3 +O(x4)

√
1− x = 1− x

2
+O(x2) , x� 1

sinx = x− 1

6
x3 +O(x5) , cosx = 1− 1

2
x2 +O(x4)

ln 1 + x = x− x2

2
+
x3

3
− x4

4
+O(x5)

ex = 1 + x+
1

2
x2 +

1

6
x3 +

1

24
x4 +O(x5) , sinhx =

1

2

(
ex − e−x

)
, coshx =

1

2

(
ex + e−x

)
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Other Mathematical Formulas

Linear Algebra

εijk =


1 if ijk = 123, 231, 312 ,

−1 if ijk = 213, 321, 132 ,

0 else .

∑
k

εijkεklm = δilδjm − δimδjl

det

a11 a12 a13

a21 a22 a23

a31 a32 a33

 = a11 det

(
a22 a23

a32 a33

)
− a12 det

(
a21 a23

a31 a33

)
+ a13

(
a21 a22

a31 a32

)

det

(
a11 a12

a21 a22

)
= a11M11 − a12M12 = a11a22 − a12a21

detA = detAT , detA−1 =
1

detA
, det

a1

. . .

an

 = a1 · . . . · an

~a×~b =

aybz − azbyazbx − axbz
axby − aybx


Properties of Trigonometric Functions

sin(x± y) = sinx cos y ± sin y cosx cos(x± y) = cosx cos y ∓ sinx sin y

sin(2x) = 2 sinx cosx cos(2x) = cos2 x− sin2 x∫ 2π

0
dx sinx =

∫ 2π

0
dx cosx = 0

∫ 2π

0
dx sin2 x =

∫ 2π

0
dx cos2 x = π

Heaviside Step Function and Dirac Delta Function

θ(x) =


1 if x > 0 ,
1
2 if x = 0 ,

0 if x < 0 .

∫ ∞
−∞

dx θ(a− x)θ(x− b)f(x) =

∫ b

a
dx f(x)

∫ β

α
dx f(x)δ(x− x0) =

{
f(x0) if x0 ∈ (α, β) ,

0 else.

δ(ax) =
1

|a|
δ(x) δ(g(x)) =

∑
k

1

|g′(xk)|
δ(x− xk)

Miscellaneous

ax2 + bx+ c = 0 ⇒ x± =
−b±

√
b2 − 4ac

2a
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