
H. Hergert
Facility for Rare Isotope Beams
and Department of Physics & Astronomy

PHY422/820: Classical Mechanics
FS 2020

Exam Preparation

December 1, 2020

Problem P2 – Atwood Machines

Consider the Atwood machine shown in the figure, consisting of the indicated masses, several ideal
pulleys and a string of fixed length l.

1. Show that the Lagrangian of the machine is given by

L =
7

2
mẋ2 + 3mẋẏ + 2mẏ2 +mg(x− 2y), (1)

where x and y are the lengths indicated in the figure.
(Note that there is some flexibility in the definition of
the lengths.)

2. Show that the Lagrangian is invariant under the trans-
formation x→ x+ 2ε and y → y+ ε, and use Noether’s
theorem to compute the conserved momentum.

VI-26 CHAPTER 6. THE LAGRANGIAN METHOD

Under what condition is the harmonic-oscillator ¢S in eq. (6.26) negative?

(b) Answer the same question, but now with ª(t) = ≤ sin(ºt/T ).

Section 6.3: Forces of constraint

6.7. Normal force from a plane **

A mass m slides down a frictionless plane that is inclined at an angle µ. Show, using
the method in Section 6.3, that the normal force from the plane is the familiar mg cos µ.

Section 6.5: Conservation Laws

6.8. Bead on a stick *

A stick is pivoted at the origin and is arranged to swing around in a horizontal plane
at constant angular speed !. A bead of mass m slides frictionlessly along the stick.
Let r be the radial position of the bead. Find the conserved quantity E given in eq.
(6.52). Explain why this quantity is not the energy of the bead.

Section 6.6: Noether’s Theorem

6.9. Atwood’s machine **

Consider the Atwood’s machine shown in Fig. 6.13. The masses are 4m, 3m, and
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Figure 6.13

m. Let x and y be the heights of the left and right masses, relative to their initial
positions. Find the conserved momentum.

Section 6.7: Small oscillations

6.10. Hoop and pulley **

A mass M is attached to a massless hoop (of radius R) which lies in a vertical plane.
The hoop is free to rotate about its fixed center. M is tied to a string which winds
part way around the hoop, then rises vertically up and over a massless pulley. A mass
m hangs on the other end of the string (see Fig. 6.14). Find the equation of motion for

R

M

m

Figure 6.14

the angle of rotation of the hoop. What is the frequency of small oscillations? Assume
that m moves only vertically, and assume M > m.

6.11. Bead on a rotating hoop **

A bead is free to slide along a frictionless hoop of radius R. The hoop rotates with
constant angular speed ! around a vertical diameter (see Fig. 6.15). Find the equation
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of motion for the angle µ shown. What are the equilibrium positions? What is the
frequency of small oscillations about the stable equilibrium? There is one value of !
that is rather special; what is it, and why is it special?

6.12. Another bead on a rotating hoop **

A bead is free to slide along a frictionless hoop of radius r. The plane of the hoop is
horizontal, and the center of the hoop travels in a horizontal circle of radius R, with
constant angular speed !, about a given point (see Fig. 6.16). Find the equation of
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motion for the angle µ shown. Also, find the frequency of small oscillations about the
equilibrium point.

6.13. Mass on a wheel **

A mass m is fixed to a given point on the rim of a wheel of radius R that rolls without
slipping on the ground. The wheel is massless, except for a mass M located at its
center. Find the equation of motion for the angle through which the wheel rolls. For
the case where the wheel undergoes small oscillations, find the frequency.
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