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Problem P3 – Atwood Machines II

[cf. problem G6] Consider the Atwood machine shown in the figure, consisting of two masses
m1, m2, an ideal pulley and a string of fixed length l.

1. Show that the unconstrained Lagrangian of the machine
is given by
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1
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m1ẋ

2
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m2ẋ

2
2 + m1gx1 + m2gx2, (1)

where x1 and x2 are the lengths indicated in the figure,
increasing in downward direction.

2. Starting from the holonomic form of the constraint, use
the Lagrange formalism of the first kind to show that
the tension in the string is

T = |~T | =
2m1m2

m1 + m2
g . (2)
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Fig. 1.5 Atwood’s machine.

Solution
The pulley in Fig. 1.5 is assumed massless and mounted on a frictionless axle. We also
assume that the string does not slip on the pulley. With the coordinate system shown in
the figure, we have r1 = x1 x̂, r2 = x2 x̂ and the holonomic constraint is

x1 + x2 = l , (1.60)

where the constant l is determined by the radius of the pulley and the length of the
string, assumed massless and inextensible. Clearly, the virtual displacements δx1 and
δx2 compatible with the constraint (1.60) are related by

δx1 + δx2 = 0 !⇒ δx2 = −δx1 . (1.61)

In words, if one of the masses goes down, the other goes up the same distance, and vice
versa. In virtue of the last equations, we have δr1 = δx1 x̂ and δr2 = δx2 x̂ = −δx1

x̂ = −δr1 . Noting that r̈1 = ẍ1 x̂, r̈2 = ẍ2 x̂ and also taking into account that ẍ2 = −ẍ1 ,
which follows at once from (1.60), d’Alembert’s principle

m1 r̈1 · δr1 + m2 r̈2 · δr2 = F(a)
1 · δr1 + F(a)

2 · δr2 = m1 gx̂ · δr1 + m2 gx̂ · δr2 (1.62)

reduces to
m1 ẍ1 δx1 + (−m2 ẍ1 )(−δx1 ) = m1 gδx1 + m2 g(−δx1 ) , (1.63)

whence
(m1 + m2 )ẍ1 δx1 = (m1 − m2 )gδx1 . (1.64)

In view of the arbitrariness of δx1 , the equation of motion for mass m1 follows:

(m1 + m2 )ẍ1 = (m1 − m2 )g . (1.65)

3. Repeat the analysis based on the nonholonomic form of the constraint, and show that you
obtain the same result for T .
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