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Problem P7 – Oscillating Hoop with a Pendulum

A massless hoop of Radius R is free to rotate abouts its center in a
vertical plane. A mass m is attached at one point, and a pendulum
of length

√
2R and mass m at another point that is 90◦ away (see

figure). Let α be the angle of the hoop relative to the position
shown, and denote by θ the angle of the pendulum with respect to
the vertical axis. Find the normal modes of small oscillations.

6.11 Solutions 255

(and also of mass m) is attached at another point 90◦ away, as shown in
Fig. 6.35. Let θ be the angle of the hoop relative to the position shown,
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Fig. 6.35

and let α be the angle of the pendulum with respect to the vertical. Find
the normal modes for small oscillations.

6.45. Mass sliding on a rim **
Amass m is free to slide frictionlessly along the rim of a wheel of radius R
that rolls without slipping on the ground. The wheel is massless, except
for a mass M located at its center. Find the normal modes for small
oscillations.

6.46. Mass sliding on a rim, with a spring ***
Consider the setup in the previous exercise, but now let the mass m be
attached to a spring with spring constant k and relaxed length zero,
the other end of which is attached to a point on the rim. Assume
that the spring is constrained to run along the rim, and assume that
the mass can pass freely over the point where the spring is attached
to the rim. To keep things from getting too messy here, you can
set M = m.

(a) Find the frequencies of the normal modes for small oscillations.
Check the g = 0 limit, and (if you’ve done the previous exercise)
the k = 0 limit.

(b) For the special case where g/R = k/m, show that the frequencies
can be written as

√
k/m(

√
5 ± 1)/2. This numerical factor is the

golden ratio (and its inverse). Describe what the normal modes
look like.

6.47. Vertically rotating hoop ***
A bead is free to slide along a frictionless hoop of radius r. The plane
of the hoop is vertical, and the center of the hoop travels in a vertical
circle of radius R with constant angular speed ω about a given point
(see Fig. 6.36). Find the equation of motion for the angle θ shown. For
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large ω (which implies small θ ), find the amplitude of the “particular”
solution with frequency ω. What happens if r = R?

6.11 Solutions

6.1. Moving plane
Let x1 be the horizontal coordinate of the plane (with positive x1 to the left), and let x2
be the horizontal coordinate of the block (with positive x2 to the right); see Fig. 6.37.
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Fig. 6.37The relative horizontal distance between the plane and the block is x1 + x2, so the
height fallen by the block is (x1 + x2) tan θ . The Lagrangian is therefore

L = 1
2

Mẋ2
1 + 1

2
m
(

ẋ2
2 + (ẋ1 + ẋ2)

2 tan2θ
)

+ mg(x1 + x2) tan θ . (6.99)
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