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Problem P1 – Two Masses, One Swinging

Two equal masses m that are connected by a massless string of length l hang over two ideal massless
and frictionless pulleys. The left mass is guided and can only move in a vertical line, but the right
mass can swing.

1. Show that the Lagrangian of the sytem is given by

L = mṙ2 +
1

2
mr2θ̇2 −mgr(1 − cosθ) , (1)

where r and θ are defined as shown in the figure.

2. Derive the equations of motion.

3. Assume the left mass starts at rest, and the right mass is
undergoing oscillations with a small amplitude ε. What
is the average acceleration r̈ over a few periods of the
oscillation, and what does this imply for the motion of
the left mass?

6.9. PROBLEMS VI-25

6.9 Problems

Section 6.1: The Euler-Lagrange equations

6.1. Moving plane **

A block of mass m is held motionless on a frictionless plane of mass M and angle of
inclination µ (see Fig. 6.8). The plane rests on a frictionless horizontal surface. The
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Figure 6.8block is released. What is the horizontal acceleration of the plane? (This problem
already showed up as Problem 3.8. If you haven’t already done so, try solving it using
F = ma. You will then have a greater appreciation for the Lagrangian method.)

6.2. Two falling sticks **

Two massless sticks of length 2r, each with a mass m fixed at its middle, are hinged
at an end. One stands on top of the other, as shown in Fig. 6.9. The bottom end

m

m

r

r

ε

Figure 6.9

of the lower stick is hinged at the ground. They are held such that the lower stick
is vertical, and the upper one is tilted at a small angle ≤ with respect to the vertical.
They are then released. At this instant, what are the angular accelerations of the two
sticks? Work in the approximation where ≤ is very small.

6.3. Pendulum with an oscillating support **

A pendulum consists of a mass m and a massless stick of length `. The pendulum
support oscillates horizontally with a position given by x(t) = A cos(!t); see Fig. 6.10.
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Figure 6.10

What is the general solution for the angle of the pendulum as a function of time?

6.4. Two masses, one swinging ***

Two equal masses m, connected by a massless string, hang over two pulleys (of negli-
gible size), as shown in Fig. 6.11. The left one moves in a vertical line, but the right
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Figure 6.11

one is free to swing back and forth in the plane of the masses and pulleys. Find the
equations of motion for r and µ, as shown.

Assume that the left mass starts at rest, and the right mass undergoes small oscillations
with angular amplitude ≤ (with ≤ ø 1). What is the initial average acceleration
(averaged over a few periods) of the left mass? In which direction does it move?

6.5. Inverted pendulum ****

A pendulum consists of a mass m at the end of a massless stick of length `. The other
end of the stick is made to oscillate vertically with a position given by y(t) = A cos(!t),
where A ø `. See Fig. 6.12). It turns out that if ! is large enough, and if the pendulum
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Figure 6.12

is initially nearly upside-down, then surprisingly it will not fall over as time goes by.
Instead, it will (sort of) oscillate back and forth around the vertical position. If you
want to do the experiment yourself, see the 28th demonstration of the entertaining
collection in (Ehrlich, 1994).

Find the equation of motion for the angle of the pendulum (measured relative to its
upside-down position). Explain why the pendulum doesn’t fall over, and find the
frequency of the back and forth motion.

Section 6.2: The principle of stationary action

6.6. Minimum or saddle **

(a) In eq. (6.26), let t1 = 0 and t2 = T , for convenience. And let ª(t) be an easy-to-
deal-with “triangular” function, of the form

ª(t) =

Ω
≤t/T, 0 ∑ t ∑ T/2,
≤(1 ° t/T ), T/2 ∑ t ∑ T.

(6.93)
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