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Problem P4 – Hoop and Pulley

A mass M is attached to a massless hoop (of radius R) which lies in a vertical plane. The hoop is
free to rotate about its fixed center. M is tied to a string which winds part way around the hoop,
then rises vertically up and over a massless pulley. A mass m hangs on the other end of the string
(see figure).

1. Show that the Lagrangian of the machine is given by

L =
1

2
(M +m)R2θ̇2 +MgR cos θ +mgRθ . (1)

2. Find the equation of motion for the angle of rotation of
the hoop. What is the frequency of small oscillations
around the equilibrium? Assume that m moves only
vertically, and that M > m.
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This is invariant under the transformation x ! x + 2≤ and y ! y + ≤. Hence, we can use
Noether’s theorem, with Kx = 2 and Ky = 1. The conserved momentum is then

P =
@L

@ẋ
Kx +

@L

@ẏ
Ky = m(7ẋ + 3ẏ)(2) + m(3ẋ + 4ẏ)(1) = m(17ẋ + 10ẏ). (6.144)

This P is constant. In particular, if the system starts at rest, then ẋ always equals °(10/17)ẏ.

Second solution: The Euler-Lagrange equations are, from eq. (6.143),

7mẍ + 3mÿ = °mg,

3mẍ + 4mÿ = 2mg. (6.145)

Adding the second equation to twice the first gives

17mẍ + 10mÿ = 0 =) d

dt

≥
17mẋ + 10mẏ

¥
= 0. (6.146)

Third solution: We can also solve this problem using F = ma. Since the tension T is the
same throughout the rope, we see that the three F = dP/dt equations are

2T ° 4mg =
dP4m

dt
, 2T ° 3mg =

dP3m

dt
, 2T ° mg =

dPm

dt
. (6.147)

The three forces depend on only two parameters, so there must be some combination of them
that adds up to zero. If we set a(2T ° 4mg) + b(2T ° 3mg) + c(2T ° mg) = 0, then we have
a + b + c = 0 and 4a + 3b + c = 0, which is satisfied by a = 2, b = °3, and c = 1. Therefore,

0 =
d

dt
(2P4m ° 3P3m + Pm)

=
d

dt

≥
2(4m)ẋ ° 3(3m)(°ẋ ° ẏ) + mẏ

¥

=
d

dt
(17mẋ + 10mẏ). (6.148)

6.10. Hoop and pulley

Let the radius to M make an angle µ with the vertical (see Fig. 6.44). Then the coordinatesθ

R

M

m

Figure 6.44

of M relative to the center of the hoop are R(sin µ,° cos µ). The height of m, relative to its
position when M is at the bottom of the hoop, is y = °Rµ. The Lagrangian is therefore
(and yes, we’ve chosen a diÆerent y = 0 reference point for each mass, but such a definition
only changes the potential by a constant amount, which is irrelevant)

L =
1

2
(M + m)R2µ̇2 + MgR cos µ + mgRµ. (6.149)

The equation of motion is then

(M + m)Rµ̈ = g(m ° M sin µ). (6.150)

This is just F = ma along the direction of the string (because Mg sin µ is the tangential
component of the gravitational force on M).

Equilibrium occurs when µ̇ = µ̈ = 0. From eq. (6.150), we see that this happens at sin µ0 =
m/M . Letting µ ¥ µ0 + ±, and expanding eq. (6.150) to first order in ±, gives

±̈ +

µ
Mg cos µ0

(M + m)R

∂
± = 0. (6.151)

The frequency of small oscillations is therefore

! =

r
M cos µ0

M + m

q
g

R
=
≥

M ° m

M + m

¥1/4 q g

R
, (6.152)
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