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Problem P16 – Two Coupled Masses
58 6 Coupled Oscillators
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Figure 6.1 Two coupled harmonic oscillators. The vertical dashed lines mark the equilib-
rium positions of the two masses.

Likewise, let q and q̈ be column vectors,

q

q1
q2
...
qn

q̈

q̈1
q̈2
...
q̈n

With this notation, the equation of motion is,

Mq̈ Kq or q̈ M 1Kq

whereM 1 is the inverse ofM.
Now look for a normal mode solution, q Aeiωt , where A is a column vector.

We have q̈ ω2q, and cancelling eiωt factors, gives finally,

M 1KA ω2A

This is now an eigenvalue equation. The squares of the normal mode freqencies are
the eigenvalues ofM 1K, with the column vectorsA as the corresponding eigenvec-
tors.

6.4 Example: Masses and Springs
As a simple example, let’s look at the system shown in figure 6.1, comprising two
masses m1 and m2 constrained to move along a straight line. The masses are joined
by a spring with force constant k , and m1 (m2) is joined to a fixed wall by a spring
with force constant k1 (k2). Assume that the equilibrium position of the system has
each spring unstretched, and use the displacements x1 and x2 of the twomasses away
from their equilibrium positions as coordinates. The force on mass m1 is then

F1 k1x1 k x1 x2

and on mass m2
F2 k2x2 k x2 x1

(Note that these follow from a potential of form V 1
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You can check that Newton’s 2nd law thus implies, in matrix form:

m1 0
0 m2

ẍ1
ẍ2

k1 k k
k k2 k

x1
x2

The eigenvalue equation we have to solve is:

k1 k m1 k m1
k m2 k2 k m2

A1
A2

ω2
A1
A2

k1 k′ k2

η2η1

m2m1

Consider the system shown in the figure: Two masses m1 and m2 are connected to the walls by
springs with constants k1 and k2, respectively, and to each other with a spring with a different
constant k′.

1. Construct the Lagrangian and write it in the usual quadratic form:

L =
1

2
~̇η · T · ~̇η − 1

2
~η · V · ~η . (1)

2. Determine the normal modes for the special case where m1 = m,m2 = 2m, k1 = k, k2 =
2k, k′ = 2k.

Now consider the case m1 = m2 = m, k1 = k2 = k, and k′ = εk for weak coupling, ε� 1.

3. Find the normal modes and use them to state a general solution.

4. Assume that the system is set in motion at t = 0 by displacing the left mass out of rest by an
amount d while the right mass is held fixed at its equilibrium position. Show that the motion
can be expressed as
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Thus, the masses exhibit beats with a slow frequency ω2−ω1
2 and a fast frequency ω1+ω2

2 .

1


