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Problem H9 — Mass Sliding Down a Hemisphere

[15 Points| A block of mass m is released from rest at the top of a frictionless hemisphere of radius
R, and slides down the surface under the influence of gravity until it flies off.

1. Construct the Lagrangian for the initial phase o
of the block’s motion, coupling it to the cons- A
traint with a Lagrange multiplier. Use appro-
priate coordinates.

2. Use the Lagrange equations of the first kind s
to determine the angle at which the block flies
off, and the length of the arc from the top to
the point at which it launches.

HinT: Consider what happens to the cons- (7]

traint when the block flies off. You will also

find the following relation useful: T
d . 0O >
—0*=200. 1
o (1)

3. Compute the block’s point of impact on the ground.

Problem H10 — Gauge Symmetry for a Particle in an Electromagnetic Field

[15 Points| A particle with charge ¢ and mass m is moving in an external electromagnetic field.
In ST units, the electric and magnetic fields, E(7,t) and B(7,t), are related to the scalar and vector
potentials ¢(7,t) and A(7,t) via

. o - . .
E(7,t) = =Vo¢(r,t) — aA(F,t), B(7,t) =V x A(7,t) . (2)
The Lagrangian of the particle is given by
P .
L(7,7) = M —q (qﬁ T A) (3)



1. Show explicitly that the Lagrange equations lead to Lorentz’s force law,
mr=qFE + ¢ x B. (4)

HiINT:

—.

ax (bxd) =0b- e —aa-b) (5)

(Be careful about the ordering of the terms when any of the vectors is a gradient!)

2. Now consider the gauge transformation

B(F0) — (7, 1) — SAE), (©
A7, t) — A(F,t) + VA7, 1) (7)

with an arbitray twice differentiable function A(7,t).

How do the electromagnetic fields change? How does the gauge transformation affect the Lag-
rangian?



