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Problem H18 — The Group of Rotations SO(3)

[10 points] Rotations in R? can be represented by special 3 x 3 orthogonal matrices, which
have the following properties

detR=1, RR"=R"R=1, R'=R'. (1)
Show that these matrices form a group by proving that the following axioms are satisfied:

1. The product R3 = R Ry of two rotation matrices Ry, Ry € SO(3) is also a rotation matrix,
Rs € SO(?))

2. There exists a neutral element E € SO(3) such that ER = RE = R for all R € SO(3).

3. For each R € SO(3) there exists an inverse element R™! € SO(3) which satisfies R™'R =
RR'=E.

Now we relax the condition on the determinant and consider the more general group of orthogonal
matrices O(3).

4. Show that the determinant of a real orthogonal matrix can only be det O = £1.
5. Show that the orthogonal matrices with det O = —1 do not form a group.

HINT:

det AB = det A det B, detA*lzL, det AT = det A
det A



Problem H19 — Infinitesimal Rotations and SO(3) Generators

[10 points] A counter-clockwise rotation by an angle ¢ around the axis 77 can be expressed in
vector form as

7 = cos ¢+ (i - 7)(1 — cos p) + (i x 7)sing. (2)
1. Show that for infinitesimal angles
7 =7+ (eit) x = (1 +€) T, (3)

where we have defined
€= ®(en). (4)

2. Use the mapping between vectors and antisymmetric matrices to show that

e=eng Ly +enyL,+en, L., (5)
where
00 O 0 0 1 0 -1 0
L,=(0o0 -1], £,=[0 o0 o0], L.=[1 0 o], (6)
01 O -1 0 O 0O 0 O

are the so-called generators of infinitesimal rotations.
3. Show that the generators satisfy
(L,,.L,|=L., [L,L.]=L,, [L..L,|=0L,, (7)
where the commutator is defined as

[A,B] = AB - BA. (8)

4. The generators can be used to construct arbitrary antisymmetric matrices. Show that the
matrix exponential of any antisymmetric matrix is a rotation matrix, i.e.,

(eA)T = (eA)f1 , dete? =1. (9)

The matrix exponential is defined by the series
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Problem H20 — Tensors

[10 points] A rank-n tensor on R? is an n—tuple of real numbers which has the following behavior
unter rotations:

3
Till---in = Z Riji - Riyjp g s U de=1,...,3, (11)
Jiy,gn=1
where R € SO(3).

1. Show that the scalar product of two arbitrary vectors d, b € R3 is invariant under rotations is
a scalar, i.e., a rank-0 tensor. Interpret this result geometrically.

2. Show that the moment of inertia tensor
Iij = /dg’l“ p(TT) (77251']' - TiT‘j) (12)

is a rank-2 tensor in the sense of Eq. (11).

HiNT: To prove that d3r is a scalar, consider how the volume elements is related to the unit
vectors.



