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S7: Hill's Equation: The Courant-Snyder Invariant and
Single Particle Emittance
S7A: Introduction

Constants of the motion can simplify the interpretation of dynamics in physics
* Desirable to identify constants of motion for Hill's equation for improved
understanding of focusing in accelerators
* Constants of the motion are not immediately obvious for Hill's Equation due
to s-varying focusing forces related to £(s) can add and remove energy from
the particle
- Wronskian symmetry is one useful symmetry
- Are there other symmetries?
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/Il NMustrative Example: Continuous Focusing/Simple Harmonic Oscillator

Equation of motion:
2+ k%ox =0 k?ﬂo = const > 0
Constant of motion is the well-know Hamiltonian/Energy:

Lo, 1o o
H= 2% + §k[30x = const
which shows that the particle moves on an ellipse in x-x' phase-space with:
+ Location of particle on ellipse set by initial conditions
*+ All initial conditions with same energy/H give same ellipse

_|E
Max/Min[z] & 2’ =0 // \\\\
Max/Minfe] = %1 /2H/k%, -/ \\/\/m
Max/Min[z'] < 2 = 0 N // ’
Max/Min[z'] = £V2H T L
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Question:
For Hill's equation:
2+ k(s)z =0
does a quadratic invariant exist that can aid interpretation of the dynamics?

Answer we will nd:
Yes, the Courant-Snyder invariant

Comments:
* Very important in accelerator physics
- Helps interpretation of linear dynamics
* Named in honor of Courant and Snyder who popularized it's use in
Accelerator physics while co-discovering alternating gradient (AG) focusing
in a single seminal (and very elegant) paper:
Courant and Snyder, Theory of the Alternating Gradient Synchrotron,
Annals of Physics 3, 1 (1958).
- Christofolos also understood AG focusing in the same period using a
more heuristic analysis
+ Easily derived using phase-amplitude form of orbit solution

- Can be much harder using other methods
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S7B: Derivation of Courant-Snyder Invariant

The phase amplitude method described in S6 makes identi cation of the invariant
elementary. Use the phase amplitude form of the orbit:

z(s) = Ajw(s) cos(s) Ai, i = ()
, , A; . set by initial
x'(s) = Ajw'(s) cosp(s) — w(s) sin(s) at s =s;

where / 1
w4+ H(S)w — ﬁ =0
Re-arrange the phase-amplitude trajectory equations:

x
— = A;cosv
w

wx' —w'z = A;sin

square and add the equations to obtain the Courant-Snyder invariant:

(gf + (wa’ —w'z)? = A%(cos® ¢ + sin® )

= A? = const
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Comments on the Courant-Snyder Invariant:
+Simpli es interpretation of dynamics (will show how shortly)
+Extensively used in accelerator physics
* Quadratic structure in x-x' de nes a rotated ellipse in x-x' phase space.
+Because 5 (T , ,
w (E) =wr —wx

the Courant-Snyder invariant can be alternatively expressed as:

x\2 5 [T\’ 2
( — ) + |w ( — ) = const
w w
+ Cannot be interpreted as a conserved energy!

The point that the Courant-Snyder invariant is not a conserved energy should be
elaborated. The equation of motion:

2"+ k(s)z =0

Is derivable from the Hamiltonian ~ d OH ,
1, 1 ds” " oxt "
_ L1 2 " _
H—§x +§Iﬁ)$ = d , aH = T + KT 0
—r'=——— = —kz
ds Ox
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H is th : 1
is the energy T — 3 2> = Kinetic ”Energy”
1 1
H= a?+ k> =T+V 1 2
5 5 =’ = Potential ”Energy”

Apply the chain-Rule with H = H(x,x';s):

dH OH O0Hdxr  OH dx’

ds — ds | Oz ds  9x' ds
Apply the equation of motion in Hamiltonian form:
d,_oH d, oH
ds ox’ . ds Ox

an _ o _ dofis
ds ~ Js ds ds

dede’  OH 1 ,,
Was ~os 2w 7o

— | H # const

*+ Energy of a “kicked” oscillator with x(s) % const is not conserved
- Lattice can source and sink particle energy
* Energy should not be confused with the Courant-Snyder invariant
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/l/ Aside: Only for the special case of continuous focusing (i.e., a simple
Harmonic oscillator) are the Courant-Snyder invariant and energy simply related:

Continuous Focusing: k(s) = k,(230 = const
1 1
= H= 53:'2 + ékﬁof = const
1

w” + kjow — — =0

w equation:
q w3

1
— w = ,/-— = const
kgo
T

2
Courant-Snyder Invariant: (—) + (wz' — w/x)2 = const
w
22

k30
2 (L, 1o 5
=— |5 ~k
T (296 + 5 B0%

= —— = const
kgo I
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2
= (g) + (wr' — w'z)? = kgox® +
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Interpret the Courant-Snyder invariant:

‘I' 2
(—) + (wa' — w'z)* = A? = const
w

by expanding and isolating terms quadratic terms in x-x' phase-space variables:
1
{—2 + w’Q] 22 + 2[~ww']zr’ + [w?|z? = A? = const
w

The three coe cients in [...] are functions of w and w' only and therefore are
Sfunctions of the lattice only (not particle initial conditions). The coe cients are
commonly called “Twiss Parameters” and are denoted as:

yx? 4 2axx’ + Bx’? = A? = const

_ / 2 1+ a2(5)
'7(8) = w2(8> + [’LU (S)] - ﬂ(S)

8 =1+a

* All Twiss “parameters” are speci ed by w(s)

* Given w and w' at a point (s) any 2 Twiss parameters give the 3rd
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The area of the invariant ellipse is:
*+ Analytic geometry formulas: va? + 20wa’ + fr'? = A7 — Area = w A7 /\/7B — a?

_ 2
*+ For Courant-Snyder ellipse: Wb=1+a
/ WA? 2
Phase-Space Area = dedy’ = ————= =7A; = me
ellipse vV '}/B — a2

Where € is the single-particle emittance:
+ Emittance is the area of the orbit in x-x' phase-space divided by 7

2 21,.2 Moo 21,12 “ -
[1/w* + w"?)2” + 2[—ww'|zx’ + [w?]z* =€ slope = ~a/f
VET ’
ya? + 20xa’ + fa’* = € = const | VP
e/ﬂ'
Area — e
See problem sets for critical point E/f’
calculation Vel B Z
* Important to understand extents
. . Negative Quadrant
of bundle or particles with Critcal Points Symmetrical
di erent initial conditions
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/I Aside on Notation: Twiss Parameters and Emittance Units:
Twiss Parameters:

Use of &, 3, v should not create confusion with kinematic relativistic factors

* [, Y are absorbed in the focusing function

+ Contextual use of notation unfortunate reality .... not enough symbols!

* Notation originally due to Courant and Snyder, not Twiss, and might be more

appropriately called “Courant-Snyder functions” or “lattice functions.”

Emittance Units:
x has dimensions of length and x' is a dimensionless angle. So x-x' phase-space
area has dimensions [[ € ]] = length. A common choice of units is millimeters
(mm) and milliradians (mrad), e.g.,

€ = 10 mm-mrad

The de nition of the emittance employed is not unique and di erent workers use a
wide variety of symbols. Some common notational choices:
TE — € €—>¢ e—FE
Write the emittance values in units with a 7, e.g.,
€ = 10.5 7 — mm-mrad (seems falling out of favor but still common)
Use caution! Understand conventions being used before applying results! I/
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Emittance is sometimes de ned by the largest Courant-Snyder ellipse that

will contain a speci ed fraction of the distribution of beam particles.

Common choices are: X
+ 100%
* 95%
+ 90%

>

/ X
100 % Ellipse

+ Depends emphasis
Comment: 90%

Figure shows scaling of concentric ellipses Hal
for simplicity but can also de ne for

smallest ellipse changing orientation

We will motivate (problems and later lectures) that the statistical measure

_ 2\ /.12 n211/2
Erms = [((x Hz'™) — (z27) ] (--+) = Distribution Average
= rms Statistical Emittance

provides a weighted average measure of the beam phase-space area.
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Properties of Courant-Snyder Invariant:

* The ellipse will rotate and change shape as the particle advances through the

focusing lattice, but the instantaneous area of the ellipse ( me = const )
remains constant.

* The location of the particle on the ellipse and the size (area) of the ellipse
depends on the initial conditions of the particle.

* The orientation of the ellipse is independent of the particle initial conditions.

All particles move on nested ellipses.

* Quadratic in the x-x' phase-space coordinates, but is not the transverse particle

energy (which is not conserved).

See examples of Courant-Snyder Ellipse evolution in 04 lecture set
+ Continuous Focusing
*+ Periodic Solenoid Focusing
* Periodic FODO Quadrupole Focusing
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S7C: Lattice Maps

The Courant-Snyder invariant helps us understand the phase-space evolution of
the particles. Knowing how the ellipse transforms (twists and rotates without
changing area) is equivalent to knowing the dynamics of a bundle of particles.
To see this:
General s:
2 / /2

yr“ 4 20xx’ + fa’C =€
Initial s = S;

Yix? + 2053 + Bl =€

Yi = (s = si)

Apply the components of the transport matrix:

[ | =Mlslsy) [ " } _ [ C(sls:)

. "L‘Z
i C'(slsi) T
Invert 2x2 matrix and apply det M = 1 (Wronskian):
i S’ -5
— {x,}—[_c, c ][i,] C = C(s|s;), ete.

€Ly

S(sls:)
S (sls4)
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Initial s = Si General s:

Yix? + 20uxx) + Birl? = € = const = yx? + 20z’ + Ba’?

Insert expressions for x;, x; in the initial ellipse expression, collect factors of

2 I 2 . .
T~, xTx I~ and equate to general s ellipse expression:

€Z; _ S/ —S . x
| | -C" C x’
x; =S'r — 82’

x,=—-C'z+ Ca'

— i = [1S57)2? + 2[—7i S8 ax’ + [1:5%)a"?

+ Similar steps for other two terms for 20z, i)
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Completing this procedure and gathering terms:
(57 — 20;5'C" + B;C"?]2?
+2[—7;85" + a;(CS" + SC") — B;CC"xa’
+[7:8% = 204, SC + B;C*z"
= va? + 20z’ + fa’?

Collect coe cients of X%, xx', and x” and summarize in matrix form:

5y Sl2 _20/5! C/z -
a |l =| =88 CS'+S5C" -CcC" | | o See steps
B S2 -2C8 C? B; on next page

This result can be applied to illustrate how a bundle of particles will evolve from
an initial location in the lattice subject to the linear focusing optics in the machine
using only the principal orbit functions C, S, C', and S'
* Principal orbits will generally need to be calculated numerically
- Intuition can be built up using simple analytical results (hard edge etc)
* Can express C, S, C', S'in terms of CS-ellipse functions using S6F results and

de nitions for 3, «
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/l/ Example: Ellipse Evolution in a simple kicked focusing lattice

Y=
Drift: [g/ ?}ZH iisi} a=—%i(s —si) + o
B =i(s — 8:)* = 20i(s — s1) + B
=7 +20 i/ f°
Thin Lens: [ C S/ } _ { 1 0 } Z,i;—/fa_i_/i—‘_ﬁ/f
focal length f ¢ s “Yfl 3 ; 3, ' Z

Focus

Drift ﬂ Drift
U )
x x’ b x

RN . v/
. ,; . 2,

Upright Ellipse Diverging
(Beam Waist)

Diverging, Converging

For further examples of phase-space ellipse evolutions in standard lattices,

Rather than use a 3x3 advance matrix for 7, @, 05, we can alternatively derive an
expression based on the usual 2x2 transfer matrix M which will help further
clarify the underlying structure of the linear dynamics.

Recall in S6F
z(s) | _
z'(s) |

Identi ed

C(s|s;) =
S(s]si) = wiw(s) sin Ag(

)
c’<s|si>=(wi ))cosmb (g * i) ) sin Ao
/(o) = o cos A(s) + a (5)in D)

w(s) sin A)(s)

wu(}s) cos Ay(s) —

w; = w(s = s;)

5 ds
A(s) = /S w3 w;=w'(s=s;)

see previous examples given in: S6G n
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Using this and w B For the special case of a periodic lattice with an advance over one period
IR R s s+ L,
5 w —— [ I
a=—wuw' , w 8 si si+ L, )
—w,w = (—w,w | —
(muwhwe) e =@yl g, a(s) = als) Als)=B(s) (s) =v(s) Av=o
otc this expression for M reduces to
Cos 0 + arsin g sin o
After some algebra, we obtain the expression M(s; + Ly|s;) = { 2 o P o ]
—~ysin og Ccos oy — acsin o
N _ | Cslsi)  S(s]si) =1Icosog + J(s)sinog
M(S|Sz) = [ C,(S‘Si) S’(S|Si)
o) . . 10 s_[ols) B ol
B [ W[cos AY(s) + a; sin Ay(s)] VBiB sin A(s) =lo 1 = 77(3) foc(s) +a =70
- _a(s)—a; . _ Hasa(s) Bi _ .
S SO AY(s) ool sin Ay(s) Aoy lcos Atp(s) — asin Ag(s)] o /sz+Lp ds
0= 7~
s BB

+ Transfer matrix is now expressed in terms of Courant-Snyder ellipse
functions, their initial values, and the phase advance from the initial point.
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i

It is straightforward to verify that:
det] = —a*+98=1
J-J=-1
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7)) = Tcostp(s) + Isint)(s)
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An advance s; — s+ L, through any interval in a periodic lattice can be
resolved as:

|
\

s
S; 3 s;+ Ly s+ L,

Giving for M(s + Ly|s;) advance (write in two di erent steps LHS and RHS):

M(s + Lyls) - M(sls;) = M(s + Lylsi + Ly) - M(s; + Lyls:)
Or: = M(sls;) - M(s; + Lyp|s;) < M Ys|sy)

M(s+Lyls) = M(s|s;) - M(s; + Ly|s;) - M~ (s]s;)
Using:

Operate with from
LHS and employ

M(s + Lp|s) = Icosog + J(s) sinog M-M!=1
M(s; + Ly|s;) = Icosog + J(s;)sinog
Gives:
Icos o+ J(s)sinog = M~ (s|s;) - [Icosag + J(s;) sin o] - M(s]s;)
=Tcosog + M~ 1(s]s;) - I(s) - M(s]s;) sin g

Icos g is on both RHS and LHS and then canceling sin o
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This gives a simple expression connecting the Twiss parameters:

JE“V éa]

+ Simple formula connects the Courant-Synder functions v, «, (3 at an initial
point s = $; to any location s in the lattice in terms of the transfer matrix M.

- J(s) = M(s|s;) - I(s;) - M2 (s]s;)

+ Result does NOT require the lattice to be periodic. Periodic extensions can be
used to generalize arguments employed to work for any lattice interval.
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S8: Hill's Equation: The Betatron Formulation of the Particle
Orbit and Maximum Orbit Excursions S8A: Formulation

The phase-amplitude form of the particle orbit analyzed in S6 of
x(s) = A;w(s) cos)(s) = vew(s) cosh(s)

is not a unique choice. Here, w has dimensions sqrt(meters), which can render it

[[w]] = (meters)

inconvenient in applications. Due to this and the utility of the Twiss parameters
used in describing orientation of the phase-space ellipse associated with the
Courant-Snyder invariant (see: S7) on which the particle moves, it is convenient
to de ne an alternative, Betatron representation of the orbit with:

z(s) = Vey/B(s) cos(s)

Betatron function: B(s) = w(s)

Single-Particle Emittance: € = A7 = const

Phase: v =it | S = i+ Au)

+ The betatron function is a Twiss “parameter” with dimension [[ 3 ]] = meters
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1/2

Comments:
* Use of the symbol 3 for the betatron function should not result in confusion
with relativistic factors such as 3 since the context of use will make clear
- Relativistic factors often absorbed in lattice focusing function
and do not directly appear in the dynamical descriptions
* The change in phase A1) is the same for both formulations:

®ods ®ds
w0 = [ = L
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From the equation for w:

w”(s) + k(s)w(s) — w?’l(s) =0
w(s+ Ly) = w(s) w(s) >0
the betatron function is described by:
w = 51/2
1B
0 1 /3// 1 6/2
DY IV CEIE)
1 " _1 2 2 -
| 3BE)8(s) = 78%(6) + K(9)82(s) = 1
B(s+Ly) = B(s) B(s) >0

* The betatron function represents, analogously to the w-function, a special
function de ned by the periodic lattice. Similar to w(s) it is a unique function
of the lattice.

* The equation is still nonlinear but we can apply our previous analysis of w(s)

(see S6 Appendix A) to solve analytically in terms of the principle orbits
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S8B: Maximum Orbit Excursions
From the orbit equation
T = @ cos

the maximum and minimum possible particle excursions occur where:

cos) =+1 — Max[z] = \/ef(s) = Vew(s)

costp =—1 — Min[z] = —/eB(s) = —Vew(s)
Thus, the max radial extent of all particle oscillations Max|[x] = x,,, in the beam
distribution occurs for the particle with the max single particle emittance since the

particles move on nested ellipses: In terms of Twiss parameters:

T = VEmW = \/ €0

€
Ty = Vemw' = — %a

Max[e] = €,
fEm(S) =V emﬂ(s) = 6mw(s)

+ Assumes su cient numbers of particles to populate all possible phases
* x,, corresponds to the min possible machine aperture to
prevent particle losses
- Practical aperture choice in uenced by: resonance e ects due to nonlinear
applied elds, space-charge, scattering, nite particle lifetime, ....
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From: 1 . : : '
w”(s) + k(s)w(s) — ok 0 Corrections and suggestions for improvements welcome!
w2 (s
w(s+ Ly) = w(s) w(s) >0 These notes will be corrected and expanded for reference and for use in future

We immediately obtain an equation for the maximum locus (envelope) of radial
particle excursions Tm = v/ €EmW as:

2
zr (8) + K(8)Tm(s) — e ”(18) =0
T (8 + Lp) = Tm(s) Tm(s) >0

Comments:

*+ Equation is analogous to the statistical envelope equation derived in USPAS
course Beam Physics with Intense Space-Charge when a space-charge term is
added and the max single particle emittance is interpreted as a statistical
emittance
- correspondence will be developed in lecture on Space Charge E ects
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https://people.nscl.msu.edu/~lund/msu/phy905_2020/
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