06. Acceleration and

Normalized Emittance’
Prof. Steven M. Lund

Physics and Astronomy Department
Facility for Rare Isotope Beams (FRIB)
Michigan State University (MSU)

MSU PHY 905 and US Particle Accelerator School
“Accelerator Physics”
Steven M. Lund and Yue Hao

East Lansing, Michigan

January, 2020

* Research supported by: (Version 2020206)
FRIB/MSU: U.S. Department of Energy Office of Science Cooperative Agreement DE-
SC0000661and National Science Foundation Grant No. PHY-1102511

SM Lund, MSU & USPAS, 2020 Accelerator Physics



SO: Acceleration and Normalized Emittance
SO: Introduction & Equation of Motion Derivation

The Lorentz force equation of a charged particle is given by (MKS Units):

Cpi(1) = 4 [Blxi. 1) + vi(£)<B(xi, )]

m;, q; ....particle mass, charge 1 = particle index

x; (1) ... particle coordinate ¢ = time

Pz'(t) — mz‘%‘(t)Vz'(t) .... particle momentum

d d
vi(t) = Exi(t) = cBi(t) ... particle velocity
1
i(t) = .... particle gamma factor
V0
Total Applied Self

Electric Field: E(x,t) = E%*(x,t) 4+ E’(x,t)

Magnetic Field: B(x,t) = B%x,t) + B*(x,t)



S1B: Applied Fields used to Focus, Bend, and Accelerate Beam

Transverse optics for focusing:

Electric Quadrupole Magnetic Quadrupole Solenoid

Coil (Azimuthally Symmetric)

¢a - 7Vq .
Electrodes Outside of Circle r =r, Conducting Beam Pipe: T =7
Electrodes: z* — ¢* = 777 Poles: xy = +72

Dipole Bends:
Magnetic x-direction bend

Electric x-direction bend
Coils

+V -V

3]

Ea

~
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Longitudinal Acceleration:
RF Cavity Induction Cell

Pulse Power

Magnetic

N\ Acceleration
Gap

We will cover primarily transverse dynamics in initial lectures. Later lectures will
cover acceleration and longitudinal physics:
* Acceleration influences transverse dynamics — not possible to fully decouple
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S1C: Machine Lattice

Applied field structures are often arraigned in a regular (periodic) lattice for beam
transport/acceleration:

) A N :
¥ ¥ -

Focus Accel Focus Accel Focus

Quadrupole  KF Cavity
Solenoid Induction Cell

* Sometimes functions like bending/focusing are combined into a single element

Example — Linear FODO lattice (symmetric quadrupole doublet)

VO YA
OO

Focus Accel DeFocus Accel Focus

Quadrupole Quadrupole Quadrupole



S1D: Self fields

Self-fields are generated by the distribution of beam particles:
Charges

Currents
Particle at Rest Particle in Motion
lectrostati
(pure electrostatic) , Dk
A ES
Obtain from
- Lorentz boost q v
of rest-frame field:
see Jackson,
B 0 Y Classical Y

Electrodynamics BS

taw

* Superimpose for all particles in the beam distribution
* Accelerating particles also radiate
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We neglect self-fields

* Possible to include at various levels of approx. Will be touched on later in the

course.
Neglect
Total Applied
Electric Field: E(x,t) = E“(x,t)
Magnetic Field: B(x,t) = B%(x,t)

E(x,t) ~ E*(x,t)
B(x,t) ~ B%x,t)

* Applied fields must obey the Maxwell Equations
* Expansions and idealized forms of the fields are often used
- Example: Linear applied focusing fields



In accelerators, typically there is ideally a single species of particle:

4 — ¢ Large Simplification!
m; — m Multi-species results in more complex collective effects
Motion of particles within axial slices of the “bunch” are highly directed:
N/
1 .
Eﬁ Z \Z I/
i=1

Y
|

Mean axial velocity of

Foe N’ particles in beam slice
d .
Cxi(t) = vilt) = 2fy(2)c + o,
0v;| < |Bp|lc  Paraxial Approximation
Force:

Fi = qE{ + qv; x B{ E(x;,1) = E¢ etc.




The particle equations of motion in x; — v; phase-space variables become:

¥ Separate parts of qE; + qv; X B]  into transverse and longitudinal comp
Transverse

d

%XML = V1

d a -~ a a -~

@(m%’vﬂ) ~ qE7;, +qbvcz x BY; +qB;; Vi X Z
Longitudinal

d

% = Uzi

dt :

d a a a

E(m/ﬂvzi) = qEzi — q(vwiByi _ vy’iBa:z')

In the remainder of this (and most other) lectures, we analyze Transverse
Dynamics. Longitudinal Dynamics will covered in later lectures

* Except near injector, acceleration is typically slow
* Fractional change in 7p, O» small over characteristic transverse dynamical
scales such as lattice period and betatron oscillation periods

* Regard 7p, Oy as specified functions given by the “acceleration schedule”
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S1E: Equations of Motion in s and the Paraxial Approximation
In transverse accelerator dynamics, it is convenient to employ the axial coordinate

(s) of a particle in the accelerator as the independent variable:
* Need fields at lattice location of particle to integrate equations for particle trajectories

t
Ay SESZ-—I—/# dt v,;(t) Ay

i Time t Beam

Initial Bcam -

Transform: Neglect

i dv;  dsdv,  dvs dz,
in_ds = r; dsdr —v-i=(5b0+5//z‘i)i

T dt dt dt ds ' ds ds
. dx;
Denote: 1z , ~ By y
Vyi = ~ Bycx; S
, d dt Neglecting term consistent
" ds dyi / with assumption of small
Uyi = dt Bvcy; longitudinal momentum spread

(paraxial approximation)
* Procedure becomes more complicated when bends present



In the paraxial approximation, x’ and y' can be interpreted as the (small
magnitude) angles that the particles make with the longitudinal-axis:

xr — angle = Yoi o Dwi g
Vyi  Bpe v Typical accel lattice values:
Uy Vyi x'| < 50 mrad

y — angle = £ ~ L =/ X
Vyi  PbC

The angles will be small in the paraxial approximation:
Vi vii < BiF — o7y

Since the spread of axial momentum/velocities is small in the paraxial
approximation, a thin axial slice of the beam maps to a thin axial slice and s can

also be thought of as the axial coordinate of the slice in the accelerator lattice
N/
L (Y
B=d =
: C
1=1

5 slice

t
s:srl—/ dt By (%)
t.

(4




t
S~ s; —l—/ dt By (t)
t.

1

The coordinate s can alternatively be interpreted as the axial coordinate of a
reference (design) particle moving in the lattice
* Design particle has no momentum spread

It is often desirable to express the particle equations of motion in terms of s rather
than the time ¢

* Makes it clear where you are in the lattice of the machine

* Sometimes easier to use t in codes when including many effects to high order



Transform transverse particle equations of motion to s rather than t derivatives

:""d """""""""" T
i (m%Vm) ~ gE%; + qbpcz x BY +§QB§'¢VM Xz
Term 1 Term 2
Transform Terms 1 and 2 in the particle equation of motion: d d
- = UZ’L_
- | d dx | ; d d dt ds
o MY ] = Uz iUzi 7 X 14
ermba \"M ds \ st
5 d? n d d ( )
= M7V, 7—5X1i MUz | 7 X1¢ | 7 iUz
Tilzi gz T ds ) ds V!
Term 1A Term 1B
Approximate:
2 d2 d2 2 2. 1

Term 1A: MYV, 75X1; &~ m%ﬁbc 19 —— X1 = My cX],;

zzdg

ds ds ds
~ mByc® (1p8) %' ;

d d d d
Term 1B: MUz <—Xu) % (%Uzz') ~ mpyc <—XM> — (%550)



Using the approximations 1A and 1B gives for Term 1I:

d ClXL ) 2 92 [ 7 (’Ybﬁby /

Similarly we approximate in Term 2:

qB% v, ; X 2~ qB% Bpcx’| . X Z

Using the simplified expressions for Terms 1 and 2 obtain the reduced transverse
equation of motion:

/
X,/Z—l_(’)/b/gb) X/i: q a,?;_l_ q ZXBGZ
T (wBe) T mBEeET T mapBye +
qui / A
+ X|; XZ
MYy Buc +
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Write out transverse particle equations of motion in explicit component form:

/ . .
2 4 (’Vbﬁb) . q Eg B q B® 1 q B?y’
()~ imeByc? myfee ¥ mypPe
7 (/ybﬁb), / I q a q a q a ./
+ — B+ BY — Bx
J (Yo5p) Y mpB2c? Y mpBpc mypBpC

For linear fields without skew coupling,

incorporate in lattice functions Kz, Ky

Equations previously derived under assumptions:

* No bends (fixed x-y-z coordinate system with no local bends)

* Paraxial equations ( 2'%, 7% < 1)

* No dispersive effects ( 5, same all particles), acceleration allowed ( 3, # const )
* Self-field interactions neglected



Summary of Transverse Particle Equations of Motion

In linear applied focusing channels, without momentum spread or
radiation, and space-charge effects, the particle equations of motion Iin
both the x- and y-planes expressed as:

/1 (/Vbﬁb), /

x’ + ) ' + ke(s)xr =0
7 (fybﬁb)/ / L
-+ (v55) Y+ ky(s)y =0

k. (s) = x-focusing function of lattice

Kky(s) = y-focusing function of lattice

Common focusing functions:
Continuous:

Rz (8) = Ky(s) = k%o = const

Quadrupole (Electric or Magnetic):
b (8) = —hiy(5) = K(s)

Solenoidal (equations must be interpreted in rotating Larmor Frame):
ka(s) = iy (s) = (s)



Although the equations have the same form, the couplings to the fields
are different which leads to different regimes of applicability for the
various focusing technologies with their associated technology limits:
Focusing:

Continuous:

Kz(8) = Ky(s) = /c%o = const

Good qualitative guide
BUT not physically realizable

Quadrupole: 3
G(s) Electric _ TIbEhe
c|Bp|’ [Bp] -

io(s) = —hy(s) = § G q

B agnetic
G Is the field gradient which for linear applied fields is:
( a a
9B _ 9B _ 2 Rlectric
G(S) = 9B OBY B. :
\ 50 = 0w T—j, Magnetic
Solenoid:

ko (s) = tiy(s) = kL (s)

29 Bpc ’ m



In many cases beam transport lattices are designed where the applied
focusing functions are periodic:

Kz (s + Lp) = Kaz(S)

koy (5 + Ly) = ky(s) L,, = Lattice Period

SM Lund, MSU & USPAS, 2020 Accelerator Physics

18



Common, simple examples of periodic lattices:

i Periodic Solenoid

ix( 5) (%:%) B
: . -
| | | | | S
! | - !
Ty Ty a= (-,
A iPeriodic FODO Quadrupole € =nly
Kl S) (Fe = —Ky) —
L _____ _ ,"{1 _—— - _____ —
d 14 d
E Quad s —IH:-I [ -
| | i -
—» D Quad . >
A :
B AR —K S
- L g d=(1—n)L,/2
| Lattice Period | 0 — an/Q
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However, the focusing functions need not be periodic:

+ Often take periodic or continuous in this class for simplicity of interpretation
Focusing functions can vary strongly in many common situations:

* Matching and transition sections

* Strong acceleration

* Significantly different elements can occur within periods of lattices in rings

- “Panofsky” type (wide aperture along one plane) quadrupoles for beam
insertion and extraction in a ring

Example of Non-Periodic Focusing Functions: Beam Matching Section
Maintains alternating-gradient structure but not quasi-periodic
Matching Section x—Focusing Strength

1.0F :
0-8¢ 1 Example corresponds to
g :'j 1 High Current Experiment
Z 0: o Matching Section
S o0 (hard edge equivalent)
RPPY: at LBNL (2002)

X T T
0 50. 100. 150. 200. 250. 300. 350.
s [cm]




S10: Acceleration and Normalized Emittance
S10A: Introduction

If the beam is accelerated longitudinally in a linear focusing channel,
the x-particle equation of motion is:

Analogous
7 ('Ybﬁb)/ / g
xr' 4+ r + k.t =0 -
(% 519) T eicrllu;tlon holds

Neglects:
* Nonlinear applied focusing fields
* Momentum spread effects

Comments:
* Y, B are regarded as prescribed functions of s set by the
acceleration schedule of the machine/lattice
*Variations in Vs, Bp due to acceleration must be included in
and/or compensated by adjusting the strength of the optics via optical
parameters contained in Kz, K, to maintain lattice quasi-periodicity

- Example: for quadrupole focusing adjust field gradients (see: S2)
SM Lund, MSU & USPAS, 2020 Accelerator Physics



Acceleration Factor: Characteristics of
Relativistic Factor

vy, Ultra Relativistic Limit 1
Yo B

Vb
By, Nonrelativistic Limit 1— 57

Beam/Particle Kinetic Energy:

Ep(s) = (v, — 1)mc® = Beam Kinetic Energy

*Function of s specified by Acceleration schedule for transverse dynamics
*See S11 for calculation of &, and 765p from longitudinal dynamics
and later lectures on Longitudinal Dynamics

Approximate energy gain from average gradient:
£, ~ & + Gls — s;) &; = const = Initial Energy

G = const = Average Gradient

*Real energy gain will be rapid when going through discreet acceleration gaps

. vwmc?,  Ultra Relativistic Limit, v, > 1
p =~ e . ..
%mﬁf&, Nonrelativistic Limit, |8, < 1




Comments Continued:
*In typical accelerating systems, changes in V53, are slow and the fractional
changes in the orbit induced by acceleration are small

- Exception near an injector since the beam is often not yet energetic
*The acceleration term:

(768s)"

— >0

(765)

will act to damp particle oscillations (see following slides for motivation)

Even with acceleration, we will find that there is a Courant-Snyder invariant
(normalized emittance) that is valid in an analogous context as in the case without
acceleration provided phase-space coordinates are chosen to compensate for the
damping of particle oscillations



Identify relativistic factor with average gradient energy gain:

Ultra Relativistic Limit: 76 > 1, [p >~ 1
Ep E; G
Mo — = —s + —(5—5)

mc mc?  mc?
N S
(VB6) W % + (s — s;) S — S
Nonrelativistic Limit: Wb| <1, =l
By = \/ ch ZW (5= 51)

(5e)" By _ 1/2 o1
— (wB) B E+(s—s)  2(5—s)

*Expect Relativistic and Nonrelativistic motion to have similar solutions

- Parameters for each case will be quite different
SM Lund, MSU & USPAS, 2020
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//l Aside: Acceleration and Continuous Focusing Orbits with K, = k%o = const
Assume relativistic motion and negligible space-charge:

(786)" Y _ 1
(wBs) (B —si) +s
Then the equation of motion z” + rE) t' + kgzx =0 reduces to:
(v65)
x" + ! '+ k30 =0
Gs)rs
This equation is the equation of a Bessel Function of order gero:
Pz 1d —k kgo [ = — s
—;U —E =0 & = Kpos + BO<G 8)
de? " € dg & — kg
(1 = const (5 = const
x = (] Jo (g) + CQYO (f) J, = 81‘(1?(1’ nd)Besse] Func
;. st Kin
v = —CikpoJ1(§) — CakpoYi(§) Y., = Order n Bessel Func
dJo(x)/dx = —J1(x) and same for Y| (2nd kind)




Solving for the constants in terms of the particle initial conditions:

[ v ] - [ ) k(e ] | [ c. ]

Invert matrix to solve for constants in terms of initial conditions:

O |- a [ o ] [ ]

— [&]-1 :
A = kgolYo(€:)J1 (&) — Jo(€)Y1(&)]

1

Comments:
* Bessel functions behave like damped harmonic oscillators
- See texts on Mathematical Physics or Applied Mathematics
* Nonrelativistic limit solution is not described by a Bessel Function solution
- The coeflicient in the damping term oc 2z’ has a factor of 2 difference,
preventing exact Bessel function form

- Properties of solution will be similar though (similar special function)



Using this solution, plot the orbit for (contrived parameters for illustration only):

kgo = % 5o = 90° /Period £; = 1000 MeV
P L,=05m G =100 MeV/m
2(0) = 10 mm
S; —
2'(0) = 0 mrad i _ L

b 1—|— (G/gz)(S—SZ)

U A AR AT
TR TRV TR T T

-5
tu U s/ L, |Lattice Periods|

2'(s) ;SWW ~ e
pmrad)E[L LUV AR AT AR
;gﬁuuu ZVUVV\WVVVvﬁvvvvvgb'\}\/\/\ﬁoo
-30 s/ L, )Lattice Periods|
*»Solution shows damping: phase volume scaling ~ 1/(758p) =~ 1/ I/

-



S10B: Transformation to Normal Form

“Guess” transformation to apply motivated by conjugate variable arguments

T =/ VbPpx

Here we reuse tilde variables to
denote a transformed quantity we
choose to look like something

Then: familiar from simpler contexts
L
T = X
VRl
T (76)" .
VY6 0b 2 (8p)3/2
oL a o (wB) L3 (wB)% 1 (wh)" ] -
VY6 CRE 4 (73)572 2 ()32
The inverse phase-space transforms will also be useful later:
T = /70
- 1 /
&= \/hr + = (5) T
2 \/15)

SM Lund, MSU & USPAS, 2020
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Applying these results, the particle x- equation of motion with acceleration
becomes:

T(wB)? 1 (wh)”

1 ~
T0B)? 2 (b |

~/
r + |Kye +

SM Lund, MSU & USPAS, 2020 Accelerator Physics
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An additional step can be taken to further stress the correspondence between the

transformed system with acceleration and the untransformed system in the
absence of acceleration.

Denote an effective focusing strength:

L (%) 1 (7f)"
4 (wB)* 2 (bb)

K. incorporates acceleration terms beyond~yp, (p factors already included in the
definition of ~z (see: S2):

mys B2 G = —0Ly/0x = OFE} /0y = Electric Quad. Grad.

Kz =\ T e G = 0B; /0y = 0B,/ /0x = Magnetic Quad. Grad.
B.o = Solenoidal Magnetic Field

The transformed equation of motion with acceleration then becomes:

~// ~ o~
r + R,z =0




The transformed equation with acceleration has the same form as the equation in

the absence of acceleration. If space-charge is negligible (d¢/0x ~ 0) we

have: : :
Accelerating System Non-Accelerating System

~// ~ o~ /!
T + k=0 — T + Kkexr =0

Therefore, all previous analysis on phase-amplitude methods and Courant-Snyder
invariants associated with Hill's equation in x-x' phase-space can be immediately
applied to T — ' phase-space for an accelerating beam

Wy (s + Lp) = wy(s)

mé = Area traced by orbit = const
in -’ phase-space

* Focusing field strengths need to be adjusted to maintain periodicity of k. in
the presence of acceleration

- Not possible to do exactly, but can be approximate for weak acceleration



S10C: Phase Space Relation Between Transformed and
UnTransformed Systems

It is instructive to relate the transformed phase-space area in tilde variables to the
usual x-x' phase area:

di ® dz’ = |J|dx @ dx’

where J is the Jacobian: Inverse transforms
derived in S10B:
- 9% 03 ]
J=det | 9z, 0z T = \/VOpT
— oz oZx | ( 5 )/
- ox ox’ i’:\/m:v’—i—§ YbPb .
et VYBy 0 5 V55)
— de 1 (v65p)’ = YbPb
v RGeS
Thus:

dz @ dz' = VB dx @ da’




Based on this area transform, if we define the (instantaneous) phase space area of
the orbit trance in x-x' to be 7€z “‘regular emittance”, then this emittance is
related to the “normalized emittance” €, in & — ' phase-space by:

gzc — ’Ybﬁbex
= Normalized Emittance = ¢,,,

*Factor /3, compensates for acceleration induced damping in particle orbits
*Normalized emittance is very important in design of lattices to transport
accelerating beams
- Designs usually made assuming conservation of normalized emittance



S11: Calculation of Acceleration Induced Changes in
gamma and beta
S11A: Introduction

The transverse particle equation of motion with acceleration was derived in a
Cartesian system by approximating (see: S1):

d dx | 1 0¢
— — | ~ ¢gE¢ z X B +qBJv, xz —
7 (WW pr ) qET + gbpcz +qB;v, X1z q% x|
using
d dxl) 2 2 [ 17, (Vbﬂb)/ / ]
m— | v—— | @ myBic® | x| + X
dt (7 dt Yo Pp 1 (/Vbﬁb) 1
to obtain:
/ Ba
X// + (7b6b> X/ — q Ea, _|_ q 2 < Ba _I_ q z X/ < 2
T (b)) T mmBET T myBe T mypBe”
q 0
v BEc? Ox
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To integrate this equation, we need the variation of 3, and v, = 1/4/1 — /37
as a function of s. For completeness here, we briefly outline how this can be done

by analyzing longitudinal equations of motion. More details can be found in
lectures to follow on Longitudinal Dynamics.



S11B: Solution of Longitudinal Equation of Motion

Changes in V»/3p are calculated from the longitudinal particle equation of motion:
+ See equation at end of S1D

d dz 90
— | my— | ~ qFE. — q(v.B; —v,B. — Q=
Term 1 Term 2 Term 3 Neglect Rel to Term 2
Using steps similar to those in S1, we approximate terms:
d (dz dz _ ~
Term 1. — 5b(%5b) ar vy 2 Ppe ="
at \'dt
d 3 d
Od® — = DpC—
Term 2: iEg ~ 4 e dt ds
m m 0s |,_,_o

¢” is a quasi-static approximation accelerating potential (see next pages)

a a d:U dy a

* Transverse magnetic fields typically only weakly change particle energy and

terms can typically be neglected relative to others



The longitudinal particle equation of motion for s, 5 then reduces to:

By ()" =~ — 100"

mc? 0s

r=y=0

Some algebra shows: /
1 BBy
/ b 3 /
Mo = = = Y BbBp
(F - @g) (157

First apply chain rule, then use the result above twice to simplify results:

—  Bo(wB) = By + 1B
= 857 By + 1868, = (1 + 73 85) 1868 = Vi Bo s

o
Giving: — N
VIS 0p*
I =
me? 08 | ,_,—g

Which can then be integrated to obtain:

Vo = _% “(r =0,z = s) + const
mc




We denote the on-axis accelerating potential as:

Vis)=¢*(zr=y=0,z2=25)

*Can represent RF or induction accelerating gap fields
See: Longitudinal Dynamics lectures for more details

Using this and setting V(S = 8;) = Vp; gives for the gain in axial

kinetic energy &b and corresponding changes in Vb, Ob factors:

& = (1 — D)me® = q[V(s;) — V(8)] + Epi

5b=\/1—1/%?

Yo =1+ Epi/(mc?) Epi = (i — 1)mc?

These equations can be solved for the consistent variation of Y(s), 8p(S)

to integrate the transverse equations of motion:

(%Bb)’xl _ q
() " mypBEc?
q 0

322 .2
SM Lund, MSU & USPAS, 2020
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Nonrelativistic limit results

In the nonrelativistic limit:

1 1
W1+ o By <1 & = (= me® = Smpyc’

and the previous (relativistic valid) energy gain formulas reduce to:

~ omBE = glVis) ~ V) +En
Evi = §m5§c2

Y 1

2&;
mec?

By =

Using this result, in the nonrelativistic limit we can take in the transverse particle
equation of motion:

(w8 _ B, & 1 V(s

(wBs) ~ B 2&  2q[V(si) — V()] + En
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Ultra-relativistic limit results

In the ultra-relativistic limit:

Yo > 1 by ~ 1 Ep = (7 — 1)mc2 ~ %mc2

and the previous (relativistic valid) energy gain formulas reduce to:

gb ~ ’ymeQ = q[V(SZ) — V(S)] -+ gb@'

Bb’il

Using this result, in the ultra-relativistic limit we can take in the transverse particle
equation of motion:

(whBs) & qV'(s)

Y

wBs) ~ Ww & qlV(si) —V(s)] + &

* Same form as NR limit expression with only a factor of V2 difference; see also
S10A
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S11C: Longitudinal Solution via Energy Gain

An alternative analysis of the particle energy gain carried out in S11B can be
illuminating. In this case we start from the exact Lorentz force equation with time
as the independent variable for a particle moving in the full electromagnetic field:

dp = Comments:
— = qE c X B '
dt +af * Formulation exact in context
o v = 1 /\/ 1 — B’ ) B’ of classical electrodynamics
p = ympe * ~. B not expanded

. = . >E, B el i
Dotting mc( into this equation: , D electromagnetic

1 3-8 =1-12% 2 [B-8] =4
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Inserting these factors:

11/ +4/72 =L 3. R
N A =1/ y+9/7" = —35
B
Y=—0" E
mc

Equivalently: & = (v — 1)m02
d d

_ _ 21 _ 3.
%g_dt (v —1)mc*| =qcB-E

*+ Only the electric field changes the kinetic energy of a particle

* No approximations made to this point within the context
of classical electrodynamics: valid for evolving E, B consistent with the

Maxwell equations. , . ,
Now approximating to our slowly varying and paraxial formulation:

d d Bz~ B =B
il ~ £~ & = (1 — me?
dt ds YTy ~ & = (1 — me
and approximating the axial electric field by the applied component then obtains
d dt d
— &y~ — — — )mc?] ~ qgE*
1550 = gy g 1 Ime] = b

which is the longitudinal equation of motion analyzed in S11B.
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S11D: Quasistatic Potential Expansion

In the quasistatic approximation, the accelerating potential can be expanded in the
axisymmetric limit as:

*See: USPAS, Beam Physics with Intense Space-Charge; and Reiser, Theory
and Design of Charged Particle Beams, (1994, 2008) Sec. 3.3.
*See also: S2, Appendix D
We take:
a ¢°
>
and apply the results of S2, Appendix D to expand ¢“ in terms of the on-axis

potential in an axisymmetric (acceleration gap) system:
@)

vy o (2D 0760 (r = 0.2) (72
P*(r z) = l;) (v!)? 0z%v (2)
Denote for the on-axis potential
¢“(r=0,2) = V(z)
a 1 & 2 2 1 o 2 22
= 0" =V(2) = 155V (@)@ +y7) + o7 VI()(@™ +y7)" + -
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The longitudinal acceleration also result in a transverse focusing field
o
ox 1

a a
1 — L|foc -

1 |toc = Fields from Any Applied Focusing Optics
O ¢a N 1 62

o &3 WV(Z)X 1 = Focusing Field from Acceleration
X | Z

*Results can be used to cast acceleration terms in more convenient forms. See
USPAS, Beam Physics with Intense Space-Charge for more details

*RF defocusing in the quasistatic approximation can be analyzed using this
formulation

*Einzel lens focusing exploits accel/de-acell cycle to make AG focusing
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Corrections and suggestions for improvements welcome!

These notes will be corrected and expanded for reference and for use in future

editions of US Particle Accelerator School (USPAS) and Michigan State
University (MSU) courses. Contact:

Prof. Steven M. Lund

Facility for Rare Isotope Beams
Michigan State University

640 South Shaw Lane

East Lansing, MI 48824

lund @frib.msu.edu
(517) 908 — 7291 office
(510) 459 - 4045 mobile

Please provide corrections with respect to the present archived version at:
https://people.nscl.msu.edu/~lund/msu/phy905_2020/

Redistributions of class material welcome. Please do not remove author credits.
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