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S2E: Solenoidal Focusing

Write out transverse particle equations of motion in explicit component form:
The field of an ideal magnetic solenoid is invariant under transverse rotations

"y (%) ___4q a4 q B about it's axis of symmetry (z) can be expanded in terms of the on-axis field as as:
z r = Y zY A .
(’Yb/B b) m’ybﬁbc m’ybﬂbc Coil (Azimuthally Symmetric)
q A NN Vacuum Maxwell equations:
e B — \
_ I a_
n (wB) _ q a q a, ./ PESE——— Vx B =0
Y + = Bz - BZ.’I,' — T o .
(v60b) mYsfpc mypBye [ Imply B® can be expressed in
q 0o / Ny terms of on-axis field B¢(r = 0, 2)
my;B2c? Oy
E*=0 See
Appendix D
1 (=1 0% 'Bo(2) (x| \* 2 or
Bi = 2 Z |( ) Dl 9 zyi(i( ) (%) X1 Reiser,
v=1 v (l/ o ) z Theory and Design
0o v 22 2v of Charged
B = Bzo(z) + Z (71) 33—20(2) M Particle Beams,
- 1 (v1)? 022 2 Sec. 3.3.1
B.o(z) = BZ(x, =0,2) = On-Axis Field
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Writing out explicitly the terms of this expansion:

B(r,z) = tB(r,z) + 2BZ(r, 2)
= (—%sinf + ycos 0) By (r, z) + 2BZ(r, z)

N

. 64 | 2304 147456

Linear Terms

B.o(z) = B¢(r =0, z) = On-axis Field

where < (L) i
_ - =1\ (TN~
Bi(rz) = mBzo (2) (5)
v=1
_ B, BYG s BY() s, BYR) 1 BIR .,
___________ 2 16 384 18432 1474560
B = B (5)”
SRET Lz e g
""""""""" 7 (4) (6) (8)
= B.o(z) i— Bly(2) » + By (2) 4 o By (Z)T,GJr B (Z)rs T

9" B:o(2) 9B:0(2) ?B.o(z
B () = o Bly(2) = o " (2) = azg( )
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For modeling, we truncate the expansion using only leading-order terms to obtain:

+ Corresponds to linear dynamics in the equations of motion

Bg _ _laBZO(Z)m
2 0z
po= 19B0(2)  Buy(z) = Bi(x. = 0.2)
" 2 0z = On-Axis Field
Bz = BZ()(Z)
Note that this truncated expansion is divergence free:
10B, O 0
Bl =220 2 —~ B,y =
v 2(9Z(9XLXL+620 0
but not curl free within the vacuum aperture:
1 623 O(Z)
a _ — 7 TRU\F) & 5
VB =g—"s (-Xy+y2)
10°B, 10°B, .
_19 O(Z)r(—fcsine—l—ycose): 19 O(Z)TG

2 022 2 022

+ Nonlinear terms needed to satisfy 3D Maxwell equations
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Solenoid equations of motion:
+ Insert field components into equations of motion and collect terms

' ! B.o(s) q 09
2 + (’Ybﬁb z zO(S) _ 0 r_ o
(B " 2B YT B Y T B on
! : B.o(s) qg 09
"4 (wBs)" + ZO(S):{:—I— 2= o
UGBy Y T 2B T B mg B2 Oy
B = 2P _ pigidiy  Dx0l®) _ wels)
[Bpl  whe

we(s) = M = Cyclotron Frequency
m (in applied axial magnetic field)

+ Equations are linearly cross-coupled in the applied field terms
- x equation depends on y, y'
- y equation depends on x, x'
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It can be shown (see: Appendix B) that the linear cross-coupling in the applied
field can be removed by an s-varying transformation to a rotating
“Larmor” frame:

y A » i= xcosy(s)+ysiny(s)
: § = —xsini(s) + ycosi(s)

N U(s) = —/ ds kp,(3)
P Siq
B.o(s) _ we(s)
2[Bp]  2mBe
= Larmor
wave number

B

~. used to denote
rotating frame variables

s = s; defines
initial condition
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If the beam space-charge is axisymmetric:
o6 0 or  9px.
Oox, Orodx, Or r

then the space-charge term also decouples under the Larmor transformation and
the equations of motion can be expressed in fully uncoupled form:

' d
7 4 (753) 4+ /{(s)~ q — a‘bx
E%gb))/ m,yb ﬁbc 3; " Will demonstrate
11 YoPb) - ~_ 9 y this in problems
i (Bs) ¥ () CmA 2R or for the simple
case of:
2 2
wls) = K3 (s) = [Dol2) | | els) Buo(s) = const
2[Bp 27 Bpc

+ Because Larmor frame equations are in the same form as continuous and
quadrupole focusing with a different ~, for solenoidal focusing we implicitly
work in the Larmor frame and simplify notation by dropping the tildes:

)NCL—>XL
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Solenoid periodic lattices can be formed similarly to the quadrupole case
+ Drifts placed between solenoids of finite axial length
- Allows space for diagnostics, pumping, acceleration cells, etc.
+ Analogous equivalence cases to quadrupole
- Piecewise constant K often used
+ Fringe can be more important for solenoids

Simple hard-edge solenoid lattice with piecewise constant <

A ‘
Ro(s)] | (Ka = Ky) R
|- (.
42 ¢ Ldf2 i d2t d=(1-n)L,
PR SN S
' Lattice Period ) n= Occupancy c (0’ 1]
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/I Example: Larmor Frame Particle Orbits in a Periodic Solenoidal Focusing
Lattice: 7 — @’ phase-space for hard edge elements and applied fields

L,=05m x=20rad/m? in Solenoids Z(0) =1mm  §(0) =0
n=20.5 ¢~0 Py = const #(0)=0 7'(0) =0

K (scaled + shifted) 3

w3 -15F o 3

20— n n n n ra—

1 2 3
s/ L, |Lattice Periods|

)

,2 £

af K (scaled + shifted)

-6F 0 E
2 | 2 3 J 5

s/ L, [Lattice Periods|
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Contrast of Larmor-Frame and Lab-Frame Orbits
+ Same initial condition

Larmor-Frame Coordinate Orbit in transformed x-plane only

r (scaled + shifted)

72.0 S— T n n n —
0 1 2 3 4 5

s/L, [Lattice Periods]
Lab-Frame Coordinate Orbit in both x- and y-planes

1.0
0.5 x
0.0 l\: ,,,,,,,,,,, \m ,,,,,,,,,, T

-05
= ’1'2 It % (scaled shiftcd) Calculate
. — -] using
° ! N °  transfer

matrices in

1.0 E
5 /KV{/\\ Appendix C

= -os —
= —:“ »g ) r (scaled shifted)
—20f © [
0 1 2 3 2 5
s/ L, [Lattice Periods]
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Contrast of Larmor-Frame and Lab-Frame Orbits

+ Same initial condition
Larmor-Frame Angle

Additional perspectives of particle orbit in solenoid transport channel
+ Same initial condition
Radius evolution  (Lab or Larmor Frame: radius same)

T T T

k (scaled + shifted)

7 [mm]

0 1 2 3 4 5
s/ Ly, |Lattice Periods|

Side- (2 view points) and End-View Projections of 3D Lab-Frame Orbit
>
;Q“Q o S
Calculate V %‘m | ] Calculate
% 1 2 3 4 s using 20— e using
s/ L, |Lattice Periods| transfer 4t/ - Jﬁ o transfer
4 matrices. in ¢ % Peroid ¢ E “ matrices in
] ] AR N e Ry A ek Appendix C 4 - E— h Appendix C
=a -4 ¥ < (scaled + shifted) § 0 y\“m |
= —65 7’ o i £ , \ -
—80 1 2 3 4 5 ¢ P*. . P w[mm]
s/ L, |Lattice Periods| o
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Larmor angle and angular momentum Comments on Orbits:
of particle orbit in solenoid transport channel + See Appendix C for details on calculation
+ Same initial condition ~ _ s B.o(s) - Discontinuous fringe of hard-edge model must be treated carefully if
Larmor Angle Y(s) =— / ds kr(3) ki(s) = 3[By] integrating in the laboratory-frame.
Sq

¥, Larmor Angle

o
3 -300¢ k (scaled | shilted)
;—400 3 E
_mo E 1 L 1 L -
0 1 2 3 4 5

s/L, |Lattice Periods]
Angular Momentum and Canonical Angular Momentum (see Sec. S2G )

+ Larmor-frame orbits strongly deviate from simple harmonic form due to
periodic focusing
- Multiple harmonics present
- Less complicated than quadrupole AG focusing case when interpreted
in the Larmor frame due to the optic being focusing in both planes
+ Orbits transformed back into the Laboratory frame using Larmor
transform (see: Appendix B and Appendix C)
- Laboratory frame orbit exhibits more complicated x-y plane coupled
oscillatory structure
+ Will find later that if the focusing is sufficiently strong, the orbit can

5[ R
= 0 L /— \ become unstable (see: S5)
E I/ \J L + Larmor frame y-orbits have same properties as the x-orbits due to the equations
£ B B (2 4y . (mlp 7 4 sbifiod) being decoupled and identical in form in each plane
E 10} - In example, Larmor y-orbit is zero due to simple initial condition in x-plane

) — : : . : - - Lab y-orbit is nozero due to x-y couplin
0 1 2 3 4 5 y -y coupling
s/ L, [Lattice Periods] n
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Comments on Orbits (continued):
+ Larmor angle advances continuously even for hard-edge focusing
+ Mechanical angular momentum jumps discontinuously going into and out of the
solenoid
- Particle spins up and down going into and out of the solenoid
- No mechanical angular momentum outside of solenoid due to the
choice of intial condition in this example (initial x-plane motion)
+ Canonical angular momentum Fp is conserved in the 3D orbit evolution
- As expected from analysis in S2G
- Invariance provides a good check on dynamics
- Py in example has zero value due to the specific (x-plane)
choice of initial condition. Other choices can give nonzero values
and finite mechanical angular momentum in drifts.

Some properties of particle orbits in solenoids with piecewise x = const
will be analyzed in the problem sets

i
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S2F: Summary of Transverse Particle Equations of Motion

In linear applied focusing channels, without momentum spread or radiation, the
particle equations of motion in both the x- and y-planes expressed as:

(7))’ z _ q 0
o (’Ybﬁb) o (s)e = mfyb 32 mry3B2c2 8x¢
( vB) _ q 0

('Y ) + " (S)y - m'Yb Bb myPB2c? ay¢

ks (s) = z-focusing function of lattice

ky(s) = y-focusing function of lattice

Common focusing functions:
Conti :
ontitous Kz (8) = Ky(s) = kgo = const
Quadrupole (Electric or Magnetic):
fa(s) = —ry(s) = K(s)
Solenoidal (equations must be interpreted in Larmor Frame: see Appendix B):
ra(s) = ry(s) = K(s)
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Although the equations have the same form, the couplings to the fields are
different which leads to different regimes of applicability for the various focusing

technologies with their associated technology limits:
Focusing:

Continuous:

Ka(s) = ky(s) = k3o = const
Good qualitative guide (see later material/lecture)
BUT not physically realizable (see S2B)

It is instructive to review the structure of solutions of the transverse particle
equations of motion in the absence of:

0 0
Space-charge: —¢ ~ _(b 0
Acceleration: Yp3p = const = (:/l:,—ﬁbb) ~0

In this simple limit, the x and y-equations are of the same Hill's Equation form:

Quadrupole: GO Electric B myBpC 2" + ky(s)z =0
Bp|’ =
Kz (8) = —hy(s) = %b(ps[) el Magnoti q Y+ ky(s)y =0
c[Bp]’ agnetic Th - 1 d Lo . 1
L 4
G i the field gradient which for linear applied fields is: ese equatlons.are central to transverse dynamics in conventiona
N accelerator physics (weak space-charge and acceleration)
— ‘9;;1- = aai ¥y — %7 Electric - Will study how solutions change with space-charge in later lectures
G(s) = e aBo »
6;; L= gt = %, Magnetic In many cases beam transport lattices are designed where the applied focusing
) i functions are periodic:
Solenoid: ) )
B.o(s) we(s) B.o(s) Ke(s+ Lp) = kz(8)
2 20 c 4520 T P T
Ka(s) = ky(s) = ki(s) = [ = we(s) = L, = Lattice Period
2[Bp] 27 Bpc m Ky(s+ Lp) = Ky(s) p
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Common, simple examples of periodic lattices:

Periodic Solenoid

However, the focusing functions need not be periodic:
+ Often take periodic or continuous in this class for simplicity of interpretation

¥ : 4 : S
Kz(5) ) (fﬂz _i_{iy) i | Focusing functions can vary strongly in many common situations:
| ‘ + Matching and transition sections
| | + Strong acceleration
| | o + Significantly different elements can occur within periods of lattices in rings
3 ; ; | | s - “Panofsky” type (wide aperture along one plane) quadrupoles for beam
' 1 PR ——— . . . . .
: d/Q i ¢ i d/g ! d/Q i d (1 — W)Lp insertion and extraction in a ring
A | Periodic FODO Quadrupole | £ =nlL, Example of Nf)n—I"enodm FOF:us1ng Eunctlons: Beam Matchlng.Sect}on.
pe($)] | (ke = —5y) R Maintains alternating-gradient structure but not quasi-periodic
,,,,,,,,,,,,,,,,,,,,,,, B e
d ¢ d 10 I}{Iatchipg SeFtion ‘x—Fo‘cusin‘g Strgngth ]
F Quad -——biqi-iq-—- 0.8
: ‘ - : Example corresponds to
s g os High Current Experiment
| D Quad £ o4 igh Current Experimen
¢! 2 oo Matching Section
N = e Y (hard edge equivalent)
; ' <
| t LBNL (2002)
- L - _ -0.2 a
e | d=(1-n)l,/2 Dy ,
Lattice Period I E . . . . . ;
{=nL,/2 0 50. 100. 150. 200. 250. 300. 350.
s [em]
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S2G: Conservation of Angular Momentum in
Axisymmetric Focusing Systems
Background:

Goal: find an invariant for axisymmetric focusing systems which can help us

For continuous, electric or magnetic quadrupole focusing without acceleration
(7s8p = const) , it is straightforward to verify that x,x" and y,y' are canonical
coordinates and that the correct equations of motion are generated by the
Hamiltonian:

further interpret/understand the dynamics. 1, 1, 1 9 1 9 qo
_— . . . Hy =07+ 5y + Shat” + ShyY + —35 53
In Hamiltonian descriptions of beam dynamics one must employ proper canonical 2 2 2 2 my;, By ¢
conjugate variables such as (x-plane): d OH | d OH
x = Canonical Coordinate + analogous ast T on ast T oy
P, =p; + qA, = Canonical Momentum y-plane ix' _ _6HJ_ iy' _ _5’HJ_
Here, A denotes the vector potential of the (static for cases of field models ds Oz ds dy
considered here) applied magnetic field with: o . . .
Giving the familiar equations of motion:
B=Vx A
v P B
For the cases of linear applied magnetic fields in this section, we have: v m,yg ﬂg 2 Oz
5G (42 — 22 i S " q ¢
V7 2 (1y x ),A 1 Magne'tlc Quadn.lpole Focusing Y+ Ky = —Wﬁ_y
A= —X5B.oy +y5B.0z, Solenoidal Focusing b"b
0, Otherwise
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For solenoidal magnetic focusing without acceleration, it can be verified that we
can take (tilde) canonical variables:
+ Tildes do not denote Larmor transform variables here !

j =X =
=y Byl = mypBpc
ille— BzOy z}’:y/—l- Bsz [ p}:T
2[Bp] 2[Bp]
With Hamiltonian:
> 1 B.o \° B.o _\’ q9
H, =- <fél+—ﬂ> +<ﬂ’— T + ——===
2 2(Bp] 2(Bp) my, By e
d _ 8]2@ d §= OH Caution:
— = — ——Y = —F= . .
~ d oy’ Primes do not mean d/ds in
ds oz’ 5 y tilde variables here: just
ij’ _ OH i A OH | notation to distinguish
ds” 0T ds Y oy “momentum” variable!
Giving (after some algebra) the familiar equations of motion:
"o ;0(5)y _ BZO(S) I _ q @
2(Bp)] (B my; By c? Ox
B.y(s) B.o(s) q 0]
" 4 20 x4+ == _
YT B T B mgARe Dy
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Canonical angular momentum

One expects from general considerations (Noether's Theorem in dynamics) that
systems with a symmetry have a conservation constraint associated with the
generator of the symmetry. So for systems with azimuthal symmetry (0/96 = 0),
one expects there to be a conserved canonical angular momentum (generator of
rotations). Based on the Hamiltonian dynamics structure, examine:

Pp=xxP]l-z=[xx(p+q¢A)] -z

This is exactly equivalent to
+ Here 7 factor is exact (not paraxial)

Py = (xpy — ypz) + q(zAy — yAs)
=r(po + qAg) = myr*0 + qry

Or employing the usual paraxial approximation steps:

Py ~ myByc(xy’ — ya') + q(zA, — yAy)
= mypBpcr0 + qrig
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Inserting the vector potential components consistent with linear approximation
solenoid focusing in the paraxial expression gives:
+ Applies to (superimposed or separately) to continuous, magnetic or electric
quadrupole, or solenoidal focusing since Ay = ( only for solenoidal
focusing

B,
Py ~ mypBpc(zy’ — yx') + qTO(m2 + y2)

B
= m’ybﬁbcr29’ + 3220 ZZO r?

Conservation of canonical angular momentum

To investigate situations where the canonical angular momentum is a constant of
the motion for a beam evolving in linear applied fields, we differentiate Py with
respect to s and apply equations of motion

Equations of Motion:

Including acceleration effects again, we summarize the equations of motion as:
+ Applies to continuous, quadrupole (electric + magnetic), and solenoid
focusing as expressed
+ Several types of focusing can also be superimposed
- Show for superimposed solenoid

For a coasting beam (3, = const), it is often convenient to analyze: pn (7))’ 2+ ko — B(s) _ B.o(s) _ q @
+ Later we will finq this is ar}alogous to use of “unnorr.nalized’.’ variables used in (Vs5) * 2[Bp] y [Bp] y myp BEc? Ox
calculation of ordinary emittance rather than normalized emittance a (B 1o(s) B.o(s) B q o
P y, B 2 2 _ myPec (755) 2[Bp] [Bp] my, Byc® 9y
i e ) By = "k
mYePpC p q k3, = const, Continuous Focus (k, = f.)
— 20+ B.o 2 [Bp] = e Ka(8) = %, Electric Quadrupole Focus (ky, = —kz)
Q[BP} %, Magnetic Quadrupole Focus (k, = —kK;)
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Employ the paraxial form of Py consistent with the possible existence of a
solenoid magnetic field:
+ Formula also applies as expressed to continuous and quadrupole focusing

Bz
Py = myfpc(ey’ —ya') + 52 (2% + y?)
Differentiate and apply equations of motion:
+ Intermediate algebraic steps not shown

iP@ =me(wfh) (zy' — yx') + me(w ) (xy” — ya”)

ds
B/
+ quo(xz +9?) + ¢B.o(z2’ + yy')
= mc(Vf) [k — Kylzy — 2q <x8—¢ - y@)
So IF: Nbe \ Oy o
o 9¢ 99 _ 0% _
l)liz Ry Z)xa_y_y%_ae_o

+ Valid continuous or solenoid focusing

+ Invalid for quadrupole focusing * Axisymmetric beam

d
— Py =0 == Py = const
ds
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For:
+ Continuous focusing
+ Linear optics solenoid magnetic focusing
+ Other axisymmetric electric optics not covered such as Einzel lenses ...

Py = mypBpc(zy’ — ya') + —qBQZO (22 + y?) = const

mYyBrc(zy’ — yx') = Mechanical Angular Momentum Term

quO (
2

In S2E we plot for solenoidal focusing :
+ Mechanical angular momentum o zy’ — yz'’
+ Larmor rotation angle z;
+ Canonical angular momentum (constant) P
Comments:
+ Where valid, Py = const provides a powerful constraint to check dynamics
+ If Py = const for all particles, then (Py) = const for the beam as a whole
and it is found in envelope models that canonical angular momentum can act
effectively act phase-space area (emittance-like term) defocusing the beam
+ Valid for acceleration: similar to a “normalized emittance”: see S10

x? 4+ %) = Vector Potential Angular Momentum Term
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Example: solenoidal focusing channel

Employ the solenoid focusing channel example in S2E and plot:
+ Mechanical angular momentum o zy’ — yz’
+ Vector potential contribution to canonical angular momentum Bzo(zr2 + y2)
+ Canonical angular momentum (constant) P,
Py

mypBec

BzO

2[Bp]

xy —yx +

(2% + y?) = const = Canonical
Angular Momentum

— a2y — ya’ =20’ = Mechanical Angular Momentum
B, .

—_ %(ﬁ +12) = k(2% + 3?) = Vector Potential Component
[Bp Canonical Angular Momentum

g

>

[mm-mrad]

# (scaled + shifted)
10 _ ]
_15 L L L L
0 1 2 3 4 5
s/L, [Lattice Periods]
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Comments on Orbits (see also info in S2E on 3D orbit):
+ Mechanical angular momentum jumps discontinuously going into and out of the
solenoid
- Particle spins up ( @ jumps) and down going into and out of the solenoid
- No mechanical angular momentum outside of solenoid due to the
choice of intial condition in this example (initial x-plane motion)
+ Canonical angular momentum P, is conserved in the 3D orbit evolution
- Invariance provides a strong check on dynamics
- Py in example has zero value due to the specific (x-plane)
choice of initial condition of the particle. Other choices can give
nonzero values and finite mechanical angular momentum in drifts.
+ Solenoid provides focusing due to radial kicks associated with the “fringe” field
entering the solenoid
- Kick is abrupt for hard-edge solenoids
- Details on radial kick/rotation structure can be found in Appendix C
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Alternative expressions of canonical angular momentum

It is insightful to express the canonical angular momentum in (denoted tilde here)
in the solenoid focusing canonical variables used earlier in this section and
rotating Larmor frame variables:
+ See Appendix B for Larmor frame transform
+ Might expect simpler form of expressions given the relative simplicity of the
formulation in canonical and Larmor frame variables

Canonical Variables:

TI=x Y=y
- B.o N B.o
P = — z y ’_ y/ + 20 .
2[By] 2(By)
PG / / Bz() 2 2
= =xy —yxr + z° +
mYsBpc vy Q[BP]( v)
=3y — g3’

+ Applies to acceleration also since just employing transform as a

definition here
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Larmor (Rotating) Frame Variables:

Larmor transform following formulation in Appendix B:
+ Here tildes denote Larmor frame variables

x cos P } 0 —sinv,k 0 : T (s) = — / ds k,(3)
z' | _ | kpsing cosyp kpcosy —siny i si
Y | sin® 5 0 5 cos 5 0 ~ U (s) = B.o(s)
Y —krcosty sinty  kpsing cosy 7 L 2[Bp)
gives after some algebra:
2= 4P
xy'—yx'zfcgj’—gjzfc'— 50 (.%2_’_:&2)
: 2[Bp]
Showing that:
Py / / B.o 2 2
— =Yy —Yyr + o4y
mBc 2[Bp] ( )
=y —zy

+ Same form as previous canonical variable case due to notation choices.
However, steps/variables and implications different in this case !
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Bush's Theorem expression of canonical angular momentum
conservation
Take:

B°=Vx A

and apply Stokes Theorem to calculate the magnetic flux ¥ through a
circle of radius r:

\Ifz/d%;Ba.z :/d%(VxA).z:fA-dF

For a nonlinear, but axisymmetric solenoid, one can always take:
+ Also applies to linear field component case

A =04y(r,2)
aAg 1 8
—— a _ r— 7 7
B T +2z 3 (rdp)
Thus:
U = 271rAp
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/I Aside: Nonlinear Application of Vector Potential

Given the magnetic field components
Bi(r, z) Bi(r, 2)
the equations

0
Bi(r,z) = —aAg (ry2)

10
B® =-—
2r2) = o[ A (r,2)]
can be integrated for a single isolated magnet to obtain equivalent
expressions for Ay

Ag(r, ) :f/z dz B (r, 3)

—00

1 T
Ag(r, z) = 7/ dr B¢(T, 2)
™ Jo
+ Resulting Ap contains consistent nonlinear terms with magnetic field
1
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Then the exact form of the canonical angular momentum for for solenoid
focusing can be expressed as:
+ Here 7V factor is exact (not paraxial)

Py = myr?0 + qrAg

: v
= myr?6 + 1=
27

This form is often applied in solenoidal focusing and is known as “Bush's
Theorem” with

Py = myr20 + % = const

+ In a static applied magnetic field, v = const further simplifying use of eqn

+ Exact as expressed, but easily modified using familiar steps for paraxial form
and/or linear field components

+ Expresses how a particle “spins up” when entering a solenoidal magnetic field
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Appendix B: The Larmor Transform to Express Solenoidal
Focused Particle Equations of Motion in Uncoupled Form

Solenoid equations of motion:

"+ T+

" ('Ybﬂb), ;o B.lzo(*S) _ Bzo(S) r_ q aQb
By " 2B Y T B Y T TR on
(1B, Bly(s) | Buols) ¢ 0

[

T =
Bp] - mABEe? dy
On-Axis Field

(wh) " " 2By
B,o(s) =Bi(r=0,z=3s) =

Bp] = 2259 _ Rigidity

To simplify algebra, introduce the complex coordinate
- Note* context clarifies use of i
1=v-1 | (particle index, initial cond, complex i)

Then the two equations can be expressed as a single complex equation

" (’}/bﬂb)/ ’ . ,/20(8) -BZO(S) ’r_ q <_¢ ¢>
T e 2 T 2B 2T B 2 T gz \or oy

Bl
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If the potential is axisymmetric with ¢ = ¢(r)
0 .0 0p z
o +1 0 _ 90z r=+/a?+y?
oz dy orr
then the complex form equation of motion reduces to:

"y ('Ybﬁb)lzl +Z.B;O($) . B.o(s) o — q _¢
= myb 3p2c? or

= R

B = 2B 2T B £ T

Following Wiedemann, Vol II, pg 82, introduce a transformed complex variable that
is a local (s-varying) rotation:

g A

zZ= ge_“i’(s) =T 41y

¥ (s) = phase-function
(real-valued) D

i

B2
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Then: 2z= Ze“z’

g// _ (Z/ + 2“;/2/ + iqL//Z _ 1;/22) eiz[z

and the complex form equations of motion become:

~1 . B.o (’Yb/))b)/:| ~/
=T [( [Bp]) " e |2
a2 B 5, (”// B, (75)’ ”/):| 3
# 0 G 1 (5 g o)
q 8¢2
m’ybﬂbc2 arr

Free to choose the form of ¢ Can choose to eliminate imaginary terms in i( .... )
in equation by taking:

1[)/ - B:o W 20 B.o (15)
~ 2[By] 2[Bp] ~ 2[Bp] (%f)
B3
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Using these results, the complex form equations of motion reduce to: B4
! B, \? d
z”+(%ﬁb)z’+< 20) 5= q 7 09z
(5) 2[Bp] m’yb 3p2c arr

Or using Z = ¥ + 1y , the equations can be expressed in decoupled
T, g variables in the Larmor Frame as:

. (wh) -, . q
v (765) +(s)7 = mvb ﬁb my332c2 Or r
~11 (’Yb/Bb)/ ~/ ~ q a¢ y
" (vo50) Trle)y = CmAP 2R or
_ Bao(s) _ we(s) _ whyme
Ko =R (=g = O (B = B
= Larmor Wave-Number

Equations of motion are uncoupled but must be interpreted in
the rotating Larmor frame
+ Same form as quadrupoles but with focusing function same sign in each plane
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The rotational transformation to the Larmor Frame can be effected by integrating

the equation for 1[)/ — %
p
~ B s
b(s) = / ds [B(;]) —/. ds k()

Here, S; is some value of s where the initial conditions are taken.
+Take s = s; where axial field is zero for simplest interpretation
(see: pg B6)

Because
7;/ - BzO _ We
2[Bp]  2vBc
the local & — ¥ Larmor frame is rotating at ¥ of the local s-varying cyclotron
frequency

+If B,y = const, then the Larmor frame is uniformly rotating as is well
known from elementary textbooks (see problem sets)

B5
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The complex form phase-space transformation and inverse transformations are:

z=ze Z=ze

(z + i z) z Z = (g’—izﬁ’g) e
2=z +1y z=x+1y zZ)/:_kL
§/2x1+iy, Zzlil-f—i?jl

Apply to:
+ Project initial conditions from lab-frame when integrating equations
+ Project integrated solution back to lab-frame to interpret solution

If the initial condition s =
B.o(s;) =0, then:

S; is taken outside of the magnetic field where

T(s=si)=z(s=s;) i'(s=s;) =2 (s =s;)
(s = si) = y(s = si) V(s =s1) =y (s =si)
s =si)=z(s =) (s=s)=2(s=s)
B6
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The transform and inverse transform between the laboratory and rotating frames
can then be applied to project initial conditions into the rotating frame for
integration and then the rotating frame solution back into the laboratory frame.

Using the real and imaginary parts of the complex-valued transformations:

T T T T
x ~ 7’ i’ -1 x’
=M, (s|si) - | = | =M, (s]si) -

’ s | ; (shso)- | &
Y 7 7 y'

[ cos } 0o fsindl 0 }
-~ kp siny cos® kpcosy —siny
M, ) = ~ o
r(sls:) simd) 0 cosb 0
|l —kpcost sinty  kpsinyg costy
[ cosp 0 sin 0
~r—1 krsiny  cos —kpcosy  siny
M, i) = 2 -
e (slsi) —siny 0 cos 0
L krcosy —siny  kpsiny cosy |

and it can be verified that:
= Inverse[M, ]

Here we used:

W = —kg M

T

B7
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Appendix C: Transfer Matrices for Hard-Edge
Solenoidal Focusing

Using results and notation from Appendix B, derive transfer matrix for
single particle orbit with: + Details of decompositions can be found in: Conte
+ No space-charge and Mackay, “An Introduction to the Physics of

Particle Accelerators” (2nd edition; 2008)
+ No momentum spread

First, the solution to the Larmor-frame equations of motion:

F 4 100 (’Ybﬁb) 7! +l€( ):E =0 B 9
(75 ) — k2 = 20
(w8 BN
- bb -
4 Sy k(s)g =0
(V)
Can be expressed as:
T T
.’i’l - .’i’l
ol =My(zla) - | T
p wlzlz) - | 5
7 7.,
+ In this appendix we use z rather than s for the axial coordinate since there are
not usually bends in a solenoid Cl
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Transforming the solution back to the laboratory frame:

From project of initial conditions
to Larmor Frame

=M, (zz) - ML(z \Zz) M (Z2|Zz -

SR

~

/

Y

= I Identity Matrix

+ Here we assume the initial condition is outside the maginetlc field so that there
is no adjustment to the Larmor frame angles, i.e., M,. " (z;z;) =1

SRS

= M(z]z) - =M, (2]2) Mg (z]2) -

~

Ty R

X X
x x
Y Y
y/ z y/ z=z; z=z;

M(z|z) = Mr(z|zi) . 1\~/IL(z|zi)

+ Care must be taken when applying to discontinuous (hard-edge) field models
of solenoids to correctly calculate transfer matrices
- Fringe field influences beam “spin-up” and “spin-down”
entering and exiting the magnet C2
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Apply formulation to a hard-edge solenoid with no acceleration [(0)" =01
Baolz)

—~

B, B.o(z) = B. [0(2) — O(2 — 0)]

= Hard-Edge Field
Hard-Edge Magnet Length

B\Z = const
{ = const =

\ Note coordinate choice: z=0 is start of magnet
z=0 2=t =

Calculate the Larmor-frame transfer matrix in 0 < z < £ :

P+ k2E=0 ¢Bao B.o B. .
gl/ + k%y — 2’Yb[3bmc 2[Bp} Q[Bp} cons
0" <z< (" Subtle Point:
C S/kr 0 0 Larmor frame transfer
B —k.S C 0 0 matrix is valid both sides
ML (2(07) = 0 0 C S/kr, of discontinuity in
0 0 —kS C focusing entering and
exiting solenoid.
C =cos(krz) S =sin(kp2)
C3
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The Larmor-frame transfer matrix can be decomposed as:
+ Useful for later constructs

e S/ky 0 0
VP kS C 0 0 F(z) 0
M(07) = | 77 c S/kp |~ [ 0 F(z)}
K 0 —kLS C
with
- [C) S(z)/k &[200
FRI=| ks o) ) } e { Os }

Using results from Appendix E, F can be further decomposed as:

F(z) = { f](é)s(z) g(é))/k,; }
) { (1) f%tan (I%Z) } . [ 1—kLSin(k'LZ) (1) } . [ (1) f%tan(kgz)
= Murife (2) - Minin-lens(2) - Marige (2)

C4
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Applying these results and the formulation of Appendix B, we obtain the rotation
matrix within the magnet 0 < z < ¢
* Here we apply M, formula with ¢) = —f, » for the hard-edge solenoid

C 0 S 0
kS C  kC S
=S 0 C 0
-k C =S —kiS C

Comment: Careful
with minus signs!
Here, C and S here
have positive
arguments as defined.

M, (]07) =

With special magnet end-forms:
+ Here we exploit continuity of MM,. in Larmor frame

The rotation matrix through the full solenoid is (plug in to previous formula for

M.,.(2/07) )

cos ¢ 0 sin® 0
_ 0 cos ¢ 0 sin ¢ Tcos® Isin @
M, (€+]07) = —sin® 0 cos® 0 [ —Isin® Icos® ]
0 —sin® 0 cos ¢
I= 1 0

and the rotation matrix within the solenoid is (plug into formula for M,.(z]07)
and apply algebra to resolve sub-forms):

Entering solenoid Clz) 0 S(z) 0 1 00 0
1 00 0 *Direct plug-in from M, (2]07) = Clz) 0 S() 1.0 Lok 0
e 0 1 kr 0O f la above for M -S(z) 0 C(z) 0 0 01 0
M 0F0) =5 o 1 o ormu af T 0 —S(z) 0 C(2) —k, 0 0 1
kL 0 0 1 atz=0 [CEr S [T K 0 o
S| -SRI C(2)1 -K I K= { ]
Exiting solenoid ML ([0 - ML, (07[07) 0<zect ki 0
1 00 0 *Slope of fringe field e T
Lo 0 1 —k, 0 is reversed so replace Note that the rotation matrix kick entering the solenoid is expressible as
M) =1 ¢ 1 0 in entrance formula: . I K
kp 0 1 kr — —ki C5 M,(07]07) = { -K 1 } C6
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The lab-frame advance matrices are then (after expanding matrix products): Through entire Solenoid = — ¢+
Inside Solenoid 0% <z < ¢~ M(H|07) = M,.(£1]07)ML(£+]07)
M(2]07) = M. (2|07)M(=]07) cos? @ i sin(2®) 1sin(29) ﬁ sin? @
cos? ¢ ﬁ sin(2¢) 3 sin(2¢) % sin® ¢ | —ELsin(2®) cos’® —kpsin?® 1 9in(2(I>)
| —krsin(29) coq(?qﬁ) kr cos(2¢)  sin(2¢) | —isin(29) —kl sin?®  cos?® . s1n(2§>)
T | —1sin(26) Lsin2¢ cos?¢ S sin(2¢) kr sin2 @ _1 _kr g
2 T 2k 1, sin L sin(2®) £ sin(2®) cos? P

—kr cos(2¢) — 5111(2(;5) —kr sin(2¢) cos(2¢)

o =kpz
7[9(@1 o HI—K ' Hg(z) 0F<z>]
C) C(z)K+ (z)I} [F(z) 0 }
(2) K—S(2)I C(2)I-S(z)K 0 F(z)
)

S(z)K - F(z) C(2)K-F(z) + S(2)F (z)}
C()K - F(2) - S()F(z) C(2)F(2) - S(:)K - F(2)

+ 2" forms useful to see structure of transfer matrix

o = kLé
_ | cos®I  sin®I | [ F({) O
T | —sin®I cos®I 0 F(¢)

B [ cos ®F()  sin ®F(¢) ]
| —sin®F({) cos PF(()

+ 2™ forms useful to see structure of transfer matrix

Note that due to discontinuous fringe field:

1 00 O
_ 0 1 kr O I K Frin
M(0F107) = _ I ge going in
(07107) 0 01 0 [ -K I ] 7 kicks angles of beam
C7 —kr 0 0 1 C8
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Due to fringe exiting

M(£7[07) # M(£7]07)
kicking angles of beam

In more realistic model with a continuously varying fringe to zero, all transfer

The transfer matrix for a hard-edge solenoid can be resolved into thin-lens
kicks entering and exiting the optic and an rotation in the central region of
the optic as:

M(€£+]07) = M, (¢7]07) M (¢7]07)

matrix cqmponents will vary Cf)nt%’nuoysl‘y across bour.ldaries r cos2 i sin(2®) L sin(20) i sin? ®
- Still important to‘ get this right in idealized designs _ kTL sin(2®) cos? ® “kp sin ® 1 sin(20)
often taken as a first step! = —Lsin(20)  —Esin?®  cos’® S sin(29)
L L
kp sin® ® —1sin(2®) —AEsin(20 2P
Focusing kicks on particles entering/exiting the solenoid can be calculated as: - s 2 Sin(2®) L2 sin(22) Clos . 9
1 0 0 0 1 msm(Q@) 0 £ sin”® 1 00 O
Entering: — ~ — |0 1 —kz O 0 cos(29) 1 sin(2®) 0 1 kr O
z(0%) = z(07) 2'(07) =2'(07) + kry(0™) “lo 01 of]o0 As®e 1 ;isin@e) |[[0 0 1 0
y(0T) = y(07) ' (01) =4/ (07) — kpz(07) | ko 0 O 1 1 —sin(2®) 0 cos(2®) kL 0 0 1
= M(£F[€7) - M(£7[0%) - M(07]07)
Exiting: Iy S —
x(ﬁ"') = x(é_) x (f ) =x (f ) — kLy(f ) where ® = kp/¢
Y — 1t — ol (= -
y(£r) = y(7) y(r) =y (") + kra(”) + Focusing effect effectively from thin lens kicks at entrance/exit of solenoid as
+ Beam spins up/down on entering/exiting the (abrupt) magnetic fringe field particle traverses the (abrupt here) fringe field
+ Sense of rotation changes with entry/exit of hard-edge field. 9 C10
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Thf.t transfer matrix for the ha.rd-edge solenoid is ex.act V&flthln Fhe context of linear Solve 1) and 2) for harde edge parameters By
optics. However, real solenoid magnets have an axial fringe field. An obvious z
need is how to best set the hard-edge parameters B, £ from the real fringe field. /\ f * dz Bgo (2)
_ J—0
.0(2) z — o0 ;. b 7N\
Pot) f_oooodz B.o(2)
Real Magnet 9
23 Hard-Edge and Real Magnets [ [ fooo dz B.o( z)]
Hard—Fdge Magne axially centered to compare ! = — 5
ffoodz B2,(2)
n z=—(/2 z=4/2 =
Simple physical motivated prescription by requiring:
1) Equivalent Linear Focus Impulse o /dz k% o /dzBfO
— / dz B5)(z) =B,
— 00
2) Equivalent Net Larmor Rotation Angle o / dz kp o« / dz Bo
© —_
— / dz B,o(z) ={B,
— 00
Cl1 Cl12
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Appendix D: Axisymmetric Applied Magnetic or Electric Field

Expansion

Static, rationally symmetric static applied fields E, B® satisfy the vacuum

Maxwell equations in the beam aperture:

V-E*=0 VxE*=0 V-B*=0 VxB*=0
This implies we can take for some electric potential ¢°and magnetic potential ¢ :
E® = —V¢° B = -V¢™

which in the vacuum aperture satisfies the Laplace equations:
V2 =0 V2™ =0

We will analyze the magnetic case and the electric case is analogous. In
axisymmetric (0/00 = 0) geometry we express Laplace's equation as:

2 m _13 8¢m 82¢m_
Ve (T’Z)_rar (7" or + 072 =0

¢™ (r, z) can be expanded as (odd terms in r would imply nonzero B, = —
atr=0):

6" 2) = Y Fau(2r* = fo+ far® + fart 4
v=0

where fo = ¢™(r =0, z) is the on-axis potential
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Plugging ¢ into Laplace's equation yields the recursion relation for f,
(20 +2)" foya + f, = 0

Iteration then shows that

= (=1)Y 9% £(0,2) [\
d’m(r’z)_zo(@!))z afz(Qv )(5)

Using Bf(r =0,2) = B.o(2) = _&bma—((),z) and diffrentiating yields:
2
" _ Obm > (=1)* 9?7 1B,o(z) /r\2v-1
B (r.2) = or ; WH(v—=1)! 9z2v1 (2)
a  0bm  x= (1Y 0% Byg(z) (r\%
Bz ==, _;) W2 9.2 (5)

+ Electric case immediately analogous and can arise in electrostatic Einzel
lens focusing systems often employed near injectors

+ Electric case can also be applied to RF and induction gap structures in
the quasistatic (long RF wavelength relative to gap) limit. D2
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Corrections and suggestions for improvements welcome!

These notes will be corrected and expanded for reference and for use in future

editions of US Particle Accelerator School (USPAS) and Michigan State
University (MSU) courses. Contact:

Prof. Steven M. Lund

Facility for Rare Isotope Beams
Michigan State University

640 South Shaw Lane

East Lansing, MI 48824

lund @frib.msu.edu
(517) 908 — 7291 office
(510) 459 - 4045 mobile

Please provide corrections with respect to the present archived version at:

https://people.nscl.msu.edu/~lund/uspas/ap_2018/

Redistributions of class material welcome. Please do not remove author credits.
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