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Injectors and longitudinal physics -- III!

1." Longitudinal cooling from acceleration!
2." Longitudinal instability!

3." Bunch compression!

4." Neuffer distribution!































Logarithmic Gain G of the longitudinal instability as a function of 
perturbation wavenumber k, for R = 100 /m, C† = 0 (upper curves) 
and C† = 2 x 10−10 F-m (lower curves), after a growth time 
corresponding to lb/cs, where lb = 10 m and cs = 4.9 x105 m 
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Exact numerical (A -- solid) 
Analytic (B – dashed) 
Asymptotic (C – dotted) 
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For 2(cs/v0)ΓRR∗C† << 1: 
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If we regard the envelope radii              as specified functions of !, then these 
equations of motion are Hill's equations familiar from elementary accelerator 
physics:

Suggests Procedure:
Calculate Courant-Snyder invariants under assumptions made
Construct a distribution function of Courant-Snyder invariants that generates 
the uniform density elliptical beam projection assumed
-  Nontrivial step: guess and show that it works

Resulting distribution will be an equilibrium that does not evolve in"!"in 4D 
phase-space, but lower-dimensional phase-space projections can evolve in"!



Self – consistent longitudinal distribution 

Recall Hill's equation: (From Steve Lund's notes on 
"Transverse equilibrium distributions," p. 20 -26.) 

z'' + K(s) z = 0

The Courant-Snyder invariant Cz can be written: 
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2
= constant along a  
particle trajectory 

At each s, particle lies on ellipse of constant area πεz. 

Along each trajectory:   

€ 

df
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=
df
dCz

dCz
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= 0
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dCz

ds
= 0

so f(Cz) is a solution of the 
Vlasov equation. 

BUT   
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λ = f (z,z',s)dz'∫ must be of the form 
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λ = (a0 + b0z
2)   ⇒   Ez = −g∂λ

∂z
 ~  z

So what f(Cz) yields 
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λ = (a0 + b0z
2)   ? 

Answer:   
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f (Cz) =
3N
2πεz

1−Cz
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Neuffer Distribution Function 

f [z, z' ] =
3N
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Here N=r
z
=r

z
’=1; !z=0.3!






