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Roadmap:

Single particle equation with Lorentz force
q(E + v x B)

J

Make use of:

1. Paraxial (near-axis) approximation
(Smallr and r')
2. Conservation of canonical angular momentum

3. Axisymmetry f(r,z)
U

Paraxial Ray Equation for Single Particle

Next take statistical averages over the distribution
function

= Moment equations

Express some of the moments in terms of the rms
radius and emittance

= Envelope equations (axisymmetric case)

Some focusing systems have quadrupolar symmetry
Rederive envelope equations in cartesian coordinates
(x,y,z) rather than radial (r,z)




Start with Newton's equations with the Lorentz force:

P _ ErvxB)
— = +V X
dr q\L+V X b
In cartesian coordinates this can be written:
d(ymo .
(Z?x) =ymX +ymx =q(E +yB, —B))
(ny) =ymy +ymy =q(E, +2zB, - XB.)
d(ymz Ve : .
(Z? ) =ymZ+ymz =q(E_+xB, - yB,)
In cylindrical coordinates: (use ‘f’ -6 ¢, and dje =-60¢ )
(see next page). ' '
d(vmi . .
(Z‘r) —ymr®® = g(E, +r0B. - :B,) ()
1 d(ymr’0
Ldmr®) _ (E, +:8 - iB.) (I
r dt
d(ym; :
(’Z’Z) -g(E.+iB, -r0B) (IID)
1 0A
In general E =-V¢ _lo4d and B=VxA
c ot
0’) .
When £=05 E=grlﬂ_0mr +gel_%]+%[ﬂ_&_’4z]
ar ot | ot dz ot
B =al-% v, | L _&_f“z]%[;_&(mg)}
0z 0z or \r or




To calculate the rate of change of the momentum p in
cylindrical coordinates we must take into account that
the unit vectors change directions as the particle

moves.

A ® A A
B=prer+p666 +pz z =Ym‘_}

Note: on this page p*, = 6-component
of mechanical momentum, not to be

where p. = ymi confused with
. . Dy EYmMr 0 +qrAH =
Py =ymrt) €= canonical angular momentum.
p, =ymz
dp

SO d_; =prer +prer +pé60 +pé66 +pzez

= (b, = Ps0), +(p,0+ py)é, + p.2.
where we have used:

s . de. .
e 6 e _ ;g
dt dt
= P _ (d(ymr) - ymré?z)ér +| ymir6 + dGmr) e, dGmz) e.
dt dt t dt
t
Tdr
Note: second term =——(ymr’6)
r dt

mechanical angular momentum
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J y e, =e . cosf +e sinb
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de. . . . .
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Conservation of Canonical Anqular Momentum

Now the RHS of eq. || multiplied by r can be written:

: : grdA, .drA, . OrA,
E,+iB —iB)=q| -——% - 7—2 -
qr(e””rz)q( o r&r)
% %
=—g|l—+v- —|(rA
q[&ﬂ_f @}(f” 5)
o d(rAy)
=—q (1V)
d 2'
So eq. Il and eq. IV => E(er 0+qrA9) =0

Define:

p, =ymr’0 +qrA, = canonical angular momentum

=> %
dt
Note that the flux 1 enclosed by a circle of radius r about
the origin is given by:

w=[BdS=[VxA dS=FA dl=2mra,

=0

So p, = ymr'6 + aw
27

is conserved along an orbit in axisymmetric geometries

/) B
{ - } z dS=element of area spanning

\'/ circle; d/= line element along
4 circle



"External” electric and magnetic field with azimuthal
symmetry (d/00 = 0) (cf. Reiser section 5.3)

Consider the field E_,, and B,,, created by external
sources (time steady, vacuum fields):

VxB

—ext

=O Verxt=0 (:> Eext’ Bext ~V¢)

V- Bexl =0 V- Eext =0 (: VZ(P =0 )

In cylindrical coordinates:
19( 99, (¢
v ¢= r o"r( c?r) (&zz)
Let ¢(r,2) = D fo (1™ = fo(D)+ f2)77 + fir* + ..

V=0 = YV, + Y fl@r® =0
v=1 v=0

Let B.(0,z) = B(z) = -f,(z) and let ¢(0,z) =V (2) = £,(z)

B.(r,2) - —&"’;’; D i@+ f @ S+
_B()_r_dB(z)+r dB(Z)
Ty dzz 64 d7’
(9 1 // 1111 3
B.(r,z)=- ¢;:Z) — fo (D - f0 (r’ + ...

rdB() r_3 d’B(z)
2 dz 16 d7°




Similarly, for the electric field define

Let ¢(0,2) =V (z) = f,(2)

r*dV(z) r*d'V(z)

P =V - dz4
E (r,2) = ﬁf]ﬁg’: %) 1fo//( - fOW(z)r3 ¥ ...
__V//( )+ ”_d V(2)
2 16 dz*
Ez(raZ)=—a¢g;Z) ~fo (@) +— fo/”(z)r — fo/////(z)r + ...

r dV(z) r dV(Z)
4 d7? 64 df

= V() +
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jé;_(\ﬁm(f‘)—-\f“ﬁ‘f‘éz - ClCGV-. + 5;_ ~ 35&} (1}

(keeping only terms through

‘Pw he, oy v maa.( ‘?\ ofd LJsg, . .
- linear order in r)

Emw%; - {:‘ V“ - OCV{-&)
Beaxt =  Bu®) =+ O™
Btk = O Lawmee %%“"s = o]

for the self field use:

E. .o = NON-zero (to be shown)
Bz self — Oin paraXial approx. ( Vo Bz self ((Dc rb/C)2 Er self )

By <o = NON-zero (to be shown)

We let
5 = Bext + Eself
E= Eext + Eself



Paraxial ray equation:

d(vmi . .
(Z?r) —ymr6® =q(E, +r0B_. - zB,)
V” self felf - pself
(—r + rHB(z)) +q(E™ + rGB -zB,")
Inertial
Centrifugal £,
external gﬁzernal
glfg(rjri]ef;‘et;d (solenoid) self-fields

Now use s as the independent variable: v_dt = ds

d | VH
v, ()”ZVZ” )_ ymv’r'* = q(7 r+rv.0'B(z))+q(EX —v_By")
s
Expanding 15t term, using v, = vand dividing by ymv? (=ymfc?):
rn_rH'Z (’}//3)
B mpe

Define o, = gB/m. Using definition of p, eliminate 6' via:
—qy/@m) _ pp 9B py O,
ymr’ Be ymr’Be  2ymPc  ymr’Pc  2yPc
Adding the two 6' terms in equation (PI):

VH
2 2( r+r/3c0'B+Efelf —vZBg‘f’f) (PI)

8'= p@

_r6|2_rwc6' _p82 + pﬂwc _ ra)c2
2 2 3 2 2 2 202 2
vBe  y’m’Bc y'mBcr 4y fc
pﬂwc + ra)cz
y2m/32c2r 2'}/2/))26'2
_pe rwc2

}/ m ﬁ2 2.3 4,}/2[3202



So eq. P1 becomes:

” ( )' V” rwf p2 self se
1 ! r)— T2t 2 29223"' qz 2(Elf_VzBelf) (P2)
B mpe 4y"pct y'mpcr ympc
Now -
dymc’ E-v " q Lo 0P
=gkE- = = =— V'+
” qEk-v = ymc q n =gk, SO Y mcz( Py

q V” self self
How do we calculate W(;HE, ! —sze”) ?

V2¢Self _ _ﬁ s Bl a¢S€lf _ _ﬁ 0')2¢selj.
& r or or £, 07’
self 2 4 self
_ aq) __Ip ro ¢2
o\ or £, oz

1 . r};a2¢self
- 2arp(r)dr — dr

27e, J 2o -, dz’

. 2 g2 gl (Here we have

(r) ¢2 included only the lowest
2me, 2 0z order term for ¢™").
AMr) r 02(]5“”

+= 2

2.7'68 r 2 0z

J self
r ¢ =
or

E self

VxBY = = 2mB" =y, [ 23] (F)dF = pyy A(r)
_ WV, Mr) v, M)

2mr 02 27E 1
" ) self 2 )\,
_’,-_l_E;elf ZBgelf =£ VH ¢2 + 1_ sz (r)
2 0z c”)2mer
v mc’ I A(r)
- 2




Leading to the "Paraxial Ray Equation:"

r"+()/ﬁ)'r'+ r r+( De ) r+( Py ) ! 9 M) =0

vp 2y’ 2yPc vPme ) r’ B y’mpBc? 2me r
| Efrom Part of Self-field
Inertial | converging centrifugal o o
field lines term (E,” -v.By™")
Accelerative Solenoidal
damping (of focusing
angle r') (vyB. — part
of centrifugal
term)

which together with the conservation of canonical angular

momentum, mo r’
p, =yPmcr’0'+—=

and initial conditions, specifies the orbit a particle an
axisymmetric field.
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Figure 3.2. Schematic of magnet sefs producing a Peré‘?dmgfg c(g— " PH\(CIC { o
ing solenoidal feld with axial periodicity length 5. In Fig. S INTENTE g
successive coils are spaced by S and have the same curent po ﬂltcyl MTicL beru
Iy, +I1,---. In Fig. 3.2 (b), successive coils are spaced by $/2 an W Higy v {
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Figure 3.1. Schemetic of magnet sets producing an alternating-
gradient quadrupole field with axal periodicity length S.
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3.2] Periodic Focusing Field Configurations 5T

Figure 3.3, Schematic of conductor configuration with applied volt-
ages producing an alternating-gradient quadripole electric feld with
axial periodicity length 5. '
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Figure 3.7.  Alternating step-function model of a periodic
quadrupole lattice with filling factor 7 for the lens elements. The
figure shows & plot of the guadrupole coupling coefficient rq(s) ver-
sus ¢ for one full period (S) of the lagtice. Such a configuration
is often called a FODO trensport lattice (acronym for focusing-ofi-

defocnsing-off ). .
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