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Mismatched Beams and Beam Halo

Envelope modes of beams in continuous
focusing

Envelope modes of bunched beams in
continuous focusing

Halos from mismatched beams
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Single particle equation for uniform density beam:
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And the condition on equilibrium beam radius becomes:
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What are the eigenvectors (i.e. £/n) for each frequency? &)
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Continuous focusing: breathing mode and
quadrupole mode

Breathing mode: l

Quadrupole mode:

Note that in the quadrupole mode the beam area is nearly constant,
whereas in the breathing mode, density increases increasing restoring
force; hence breathing mode has the higher frequency of the two modes.
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“Total field seen by particle is sum of rf and spacecharge |8
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e Perturbed Envelope Equatmns
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Envelope equatlons y:eld equrllbrlum beam parameters and

| ergenfrequencnes and modes of mlsmatched beam
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Bunched beams with continuous focusing:
frequency and high frequency modes

High frequency mode (primarily transverse):

X

)

(A second high frequency mode (primarily transverse)
corresponds to the quadrupole mode of unbunched beam).

Mode motion

Low frequency mode (primarily longitudinal):
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Mode motion
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Particle frequency = (1/2) Envelope frequency

As particle dives in and out of envelope, particletis at
same phase of envelope oscillation.

Those particles that are exiting the beam when beam
radius is small, and entering beam when beam radius
is large, get larger "kick" going out and smaller kick
coming in, so are driven to large amplitude.
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Orbits of resonant particles have amplitudes which are highly varying
compared to non-resonant particles

Oscillation
0. 75 N t frequency
—Non-resonant large
I'I' amplitude particle Kso (or kgo)
0.25 hl N
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/// \1\\ /K \ 3
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~ Changing Poincare phase rotates diagram as expected |18
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o Maximum beam size -in»"large Seale Simulations‘ found to
- be in excellent agreement with “peanut diagram” of
partlele -core model
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.. exhibits asymmetry in peanut d1agram also observed 1n
- simulations with HALO3D PIC code |
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e Absence of k, /2 resonance (and assocmted halo)

predicted by CTP analy51s confirmed in HALOBD
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nonlmeanty 1s turned off Also observed n HALO3D
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Numerically determined frequency and amplitude of particle
oscillations: linear rf focusing L
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Numerically determined frequency and amplitude of particle
oscillations: non-linear rf focusing L
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Simplified core-particle model (~xcos(k,s) for the oscillating
core and ~x’ for the non-linear space charge field external

to the core

;”FIG 2. Polar plot of v vs A for the tI'd_]ECtOI‘ILs correspondmsz
to thc, parametric: l'LSOI'ldI'lLL usmg A = O 35 €= 0 1 and the
-1‘7,_5:ji'5|mpllhc,d modn.l ' S s L B

d 1 11 wave numbers except ’?q'*? p, bemg careful to 1nclude;
P the step functlons as we obtain these averages. The ﬁnal' |
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o ar-to, rqs (’) 7) and 8) md dg lln lde l() an mtq:ml ()f'. ) 1
the mouon Whl(,h _;n' wis T S SR

I8




Full core-particle model using theta functions to model the
oscillating core and the non-linear space charge field .
external to the core. @
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PACS numbers: 41.85.~p, 29.17.+w, 20.27.Bd

linacs have become increasingly attractive in recent years.
Among possible applications are heavy ion drivers for
{hermonuclear energy production, production of’ tritium,
mnsmutation of radiofclive wastés, and produclion of
rdioactive isotopes for medical use. -
Obviously, it is desirable to accelerate the maximum
possible current in such linacs. Much work has been
done to explore the optimum transverse phase space dis-
tribution in such beams. In particular, the Kapchinsky-

¥ Viadimirsky (K-V) distribution [1] is simplest to analyze,

since this projection into real space has a uniform density
and thereflore linear space charge forces. The stabilily

-of the K-V distribution has been analyzed and approxi-
“mately confirmed by numerical simulations. Neverthe-

less it appears Ihat, particularly at high currents, the
K-V and other equilibrium distribulions evolve lo ones
with rounded edges and tajls.  In many cases ‘involving
high peak current, the distribution spins off a cluster of
particles in the form of a halo surrounding a dense core.

-such as LAMPF [2]. And efforts to remove the halo by
collimation have been largely unsuccessful since the halos
adlmost always regenerate. . - - AP

It is clear that the halos will produce unacceptably high

.,§ levels of radioaclivity in high current, high duty factor
1 linacs.  For this reason considerable -effort has recently
1 been devated 1o exploring their detailed structure and un-
derstanding the mechanism or mechunisms by which the.

halos are produced [3-6]. What has been learned is that

{ halos are most likely to be produced at transition loca-

tions, such as where there are discontinuities in frequency,
stricture geometry, transverse focusing pattern, acceleral-

{ing gradient and phase, etc.

In the present paper, we propose an analytic model

features seen in simulations and in actual linacs. In
particular we consider a circular cw beam with a K-V
core distribution and explore the motion of individual jons
pussing through the core. Since energy transfer between

" L Introduction.—High' curfent, ﬁigh' dty factor ion

This halo is seen in simulations as well as in actual linacs,

for halo formation which appears to reproduce the main -

ions and the core can take place only if the core hus a time -

_ 0031-9007/94/73(9)/1247(4)506.00
'@ 1994 The American Physical Society
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~Analytic Model for Halo Formation in High Current Yon Linacs
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We construct an azimuthally symmetric 2D model for halo formation in high currént jon linacs. The -
driving term, u “breathing”™ osciilation caused by o transverse mismaich along the linde, leads to growth -
* of ion amplitudes in the core through the. parametric resonance. As the jon amplitude grows, its wave
number increases, enhancing the resonance. This leads to the formation of a halo surrounding the core.
~ We explore the dependence of this mechanism on the tune depression and the size of the mismatch.
" The mode! agrees well with simulations at Los Alamos, but does not yet include the effects of chaos
observed in the simulations as the tune depression becomes severe. :

)

dependent behavior, we consider the driving mechanism

to be a “breathing” oscillation of the core. We then
explore the resonant (parametric) interaction between the

breathing core and the ions oscillating about and through
the care. Of particular importance is the dependence of

the frequency of each oscillating ion on_ its amplitude,

which is related to the fraction of the oscillatiqn for which .

the ion is within the core. S _
In spite of the fact that the actual distribution will

have nonlinear fields, the use of a K-V distribution for .

the analysis leads us to a very likely mechanism for the
development of the halo. In particular, the results provide
an explanation for the low density region around the core
which is surrounded by a somewhat higher density halo

ring. This explanation will probably still apply for other =

self-consistent distributions. - . S .
1. Model.—We consider an azimuthally symmetric

K-V core of radius a for which the equation of motion .

of an ion is_

x/a?, rsa}
wfrt, rzal’

o k= x{ @n

where the prime stands for d/dz, and k is the wave

. number of the transverse motion in the absence of space

charge. The perveance of the beam, x = el /2megmv?, is
a dimensionless parameter proportional to the. current 7,

“ where e, m, and v are the charge, mass, and jon velocity, ..

and eq is the permiltivily of free space.- The equation for
y is identical t0'Eq. (2.1), - 0 T

~ We now assume a coré oscillation of wave number p of -
the form a — a(l' — ecospz) and expand a~% in Eq. (2.1) "
to first order in e, the relative oscillation amplitude. After - -

some algebra, Eq. (2.1) can be written as
e 2y -
M+ qZ; == %x(l - :—2)®(r - a)

2 .
+ :;xcaspz(a(a -r),

‘where O(u) = 1,0 for u > O < 0 and where g = -

JET = k/a? is the wave number of. ascillations within
the core. : . . L i o

1247

(22) v'




“wé‘extend the driving term to all values of r.
: -s:mplxﬁcd equalion for x is Lherel'ore :
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m Lqu’ oy =y = (i' is constant,
for radial motion then becomes

)e(r )

2— rcusp,.@(n - r)
’ @.3)

by' r:’/tl2 currespondmg to the cubic nonlinear term for
-a pendulum.. (However, its sign is opposite from the

The

x =iy 2

a2 a7 x cospz. (2.4)

. We now ‘use’ the phase-amplllude method by wriling

- x/a = Asing, x'/a = qAcosy, where f = gz + e, im-
.+ plying A'singy + Ae'cosyy = 0. Here A and « are taken

““to be the slowly varying amplitude and phase parameters

-of the ion oscxllatlon Substituting into Eq. (2.4) and snlv- )

ing for A’ and o’ we obtain

A= —m[Alsin3l//cps¢ ~ easin2yrcospz],  (2.5)

ol = ﬁ]}l2 sintyr — 2ea? sinyp cospz]. (2.6)
We now average over all rapidly. varying oscillatory terms
with the exception of the one with wave number 2q -p
(the pararnelrm resonance) and oblaln

Al = — Asm‘If

2q 2.7

Yt = — + 2547
v = (g = p) + G

(2q - pz + 2eis the phnsc of this resonant

(2.8)

where ¥ =

_ interaction. One then finds that an integral of the motion -

e)usts enabling us to wate 7

ecos¥ =A — i wo— E, (2.9)
. _ 8 w _
where w = A2/a?, A = q(p — 2q)a®/x, and where the

integration constant C is delermined by the initial values

of w and 2a. By resorting to the envelope equation we

can show that p2 = 4g? + 2x/a® for the breathmg mode,
so that )
: 1

1+ &2/g) /2’

" where g/k is the tune depression caused by the space.

S1248

A=_—__;— (2.10)

charge. In Fig: | we plot € cos'W vs w I'nr qlk = 04]2 |

A - 035, and various values of ¢ Vor &
plol of w vs ¥ is shown in Fig. 2.

.1, the pulae

stable fixed points. Figure2 is equivalent to a “second
order stroboscopic’ plot” for inlcgral values ol pz/27,
and contains the main features of the resonant interaction;
Specifically, "all trajeciories starting’ within the inner
separatrix (thick solid curve) bounded by Pand Q oscillate
in stable orbits while any trajeclory starting just outside

-will travel along the outer separatrix (thick dashed curve). -

For these particles, as the amplitude of motion grows
the true oscillation wave number increases, enhancing the

resonant lerm and locking in to the resonanee, And the

presence of a thin distribution of trajectories near the outer
separatrix has the appearance of a halo in x — y space’al
the radius corresponding to R in Figs. 1 and 2.

We. now drop the 'ilm[)lllled model and return to
Eg. (2.3). Although the algebra is fur more complicated
we eventually obtain a miore accurate version of Eq. (2.9)
with a very similar set of curves to those in Figs. 1 and

2. First we rewrite Eq. (2.3) for the variable s = r%/d’,

obtaining ) ] }
" T2 . :
s - (3) +2q( £—)=~2—':(.;—l)®(s—l)
2! 5 a* . ,
‘ + 4%’,_5scuspz®('l - 3.

(2.11)

Guided by 1he parametrization of the x and y motions

separalely, the amplitude-phase paramelrization of the
two-dimensional oscillation is written as

w4 L2 -2 o

i T cos(2gz + 7).

Here w and y are slowly varying amplitude and phase

parameters which would be constant if the right side uf

Eq (2. I!) vnmshed We now wrile '

2
wt.— L2
5=

sin (Zqz + )

and use Eq. (2.11) and the required connection between

w' and 9" implied by Eq. (2.13) to obtain explicit expres-

sions for w' and 9/, We then*averape over oscillntions at

[ecos ¥

Jt'is clear that @ .
is an unstable fixed point and that the origin and S me

(2.12)
(2.13)_'

witl

-VdL
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wharc flw) = (w' + L2 )/2w
Here S .
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FIG. 2
to the parametric resonunce usmg A =035 €=
simplified model.

Polar plot of w vs I for the trajectories corresponding
0. l and the

all wave numbers except 2g°— p, being careful to include

‘(he step functions as we obtain these averages. The final

equations for w’ and W [T = (2q — p)z + ] are simi-
Inr to Egs. (2.7) und (2.8) and again Jead to an integral of

| the- molnon which now is

gl - h)ecns‘lf fA -t+=C, (2.14)
g(w) =(w? — LYY/ 2w,

wh(w) = mn*'[e/u - _f)] + (1 = f)/2g* (215
for w = 1 and £(w) = Jlw »-_1)(w‘— L%)/w. Also

=L [ 2o ()

ar wg

ce . 2LE

+ 7t + L (f_ Lz)], (2.16)
for w=1, and’h(w) ="tw} =0 for w= 1. The are-

tangents are laken {o be in'the first or second quadrant,
The term in b{w) comes from the amplitude dependence
of the ion wave number. ‘A more accurate expression for
b{w) can be abtained, xf necessnry. by solvmg Eq. (2.6)

“wilth € = 0.

Since the resonance will have its greatest effect when
L = 0, corresponding to ion orbits which pass through the

core center, we present a plot of € cosW vs w for A = 0.35 -

and L = 0 in Fig. 3. The paitern of curves is very similar

to that in Fig. 1, and the w, ¥ polar plot in Fig. 4 for.

¢ = 0.1 has the same topology as for the simple model in

Fig. 2, as is also the case for L # 0. But the scale for w

is about 7 times larger, corresponding Lo a detuning with

amplitude about 7 times smaller lh.m lhul given by the

3/8 Factor in Eq. (2.14).
1. Dl.s!rlbuuan of Lina symmetrlc K-V beam. —The
distribution in L for n K-V beam is proportional to

- the presence of the resonant interaction.

ecos ¥

-0.1

-0.2

FIG.3. Plot of ecos¥ vs w fnr the exact modcl with A =
0.35, L =10, . . g .

fL) ~ ffffdxdydx’dy B(x +y

n2 n2 B
+ (;) + (3;—2) - a’)E(X'y - xy’ - Lga’).
(3.1
We ﬁrst do 45° rotations from the x/a, y'/qa space to the ‘

“u, u' space and from the y/a, x'/qa space to the v, v

space and follow lhls by integrating over the polar ang]es
in the wv' and v’ spaces. This leads to _

F) ~fa dsfu dt6(s + 1t — 1)5(
={é 2)Lf <1'-} . ‘ 62

2L > 1

where 5 = u? + (v')? and ¢ = v + (i)* are both posmve
Therefore the distribution in L for a K-V beam is uniform
from L = —1/2 to L = 1/2 and vanishes for |L| > 1/2.
. l'mpltcanans of the model.—Since the breathing
K-V beam is a solution of the Viasov eqnatmn particles
within the core will continue to remain there, even in -
If however, -

S 12 23 .
FIG. 4. Palar plot of w vs ¥ for the trajectories currespondmg
to the parametric resonance using A = 035, L =0, € = 01 E

and the exact mndcl
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;. core, particularly lo an oseillation nmplitude exceeding
" that corresponding to the points P or Q in the figures,
-a halo will develop at a radius corresponding to point
R in the figures. The most likely mechanism to do
this is ‘an instability associated with a nonlinear densny
perturbation. In addition, simulations show that chaotic
motion " develops near point @ in the figures for a
large amplitide breathing made at high current, enablmg
particles in the core to populate the halo,
V. Summary and discussion.—We considered a sym-
metric K-V beam undergoing a breathing mode and found
that the parametric resonance (2g = p) is a vehicle for
particles to leave the core of the beam and perform ex-
cursions to large amplitude, forming a distribution in real
space in the form of a halo. In this calculation, we ne-
glected the éffect of high frequency terms, and the ef-

*'fect of other possible resonances and driving oscillations.

Thus our model, which successfully describes a mecha-

: nism by which halos can and probably do form, is only an

approximation to a much more complicaled situstion,
We have contpared our predictions with some prelimi-

B nary simulations performed for L = 0 by Wangler [8],

“4nd find that, for tune depressions from g/k =1 to 0.6,
“ the topology of the stroboscopic plot resembles Figs. 2
- and.4 very closely. For tune depressions below 0.6, the
stroboscopic plot shows the onset of chaotic behavior in

- ~'an ever widening band near the inner separatrix as the
Particles inside but near to the |

. ‘tune depression deepens.
- inner separatrix are then able to move outside the inner
" separatrix and participate more easily in the development
of the halo.

Wnnglcr S sunulmlon: using # K-V heam [8] confirm
' -Lhat core ions always remain within the inner separalrix.
-1t is quite possxble for core ions to lie outside the
equivalent inner separatrix for nonuniform equilibrium
charge density distributions, We therefore expect the halo
"mechanisms in the present model to apply lo non-K-V
beamis as well.

_ as well as the similarity wnth the three-body astronomical
problem.

"“. some other mechanism moves the particle outside the

Lagniel’s simulations [6]} give similar -
results, showing the onset of chaos for high space charge’

Our pre.sem model is. unable to descnbe allher dxffusmn.
or chaos in the w, ¥ phase space. 1T we" were 10 iy
to do so we would have to include the negleclr:d high
frequency lerms, as well as resonances other than the one
corresponding (o the parametric resonance. Imegmls of

the motion corresponding lo Eq. (2.14) would no lungar g

be valid. Descriptions of (he growth of halos mchdmg
the effects of chaos and diffusion will require furlher
analysis and/or extensive numerical simulations. - :

The .lutlmr would like o thank Alex Dragt, Bnb
Jameson, Pierre Lapostolle, Ron Ruth, Rab, Ryne, Fred
Skiff, and Tom Wangler for several helpful comments,
He is also indebted fo Dan Abell for perforrmng the
ca]culalmns leading to Flgs 14,

1] Sec T.M. Kapchinsky., Theory of Resonanie Linear. |
Accelerarors (Hurford Academic Press, New' Ymk IQHS).
p. 24741, : }

[2] R.A. Jameson, Los Alamos Repurt No. LA-UR-93-1209
(unpubl:shed) Jameson describes the early observations
of emittance growth and halo praduction, with particular
reference to LAMPF simulations and observations.

[3] M. Reiser, in Proceedings of the 1991 Particle Accelerator
Conference, San Francisco, Cuiufomm, (unpubhshed).

p. 2497,

[4] A Cucchetti, M. Rexser. and T Wangler, in Proceedings
of.the 1991 ancle Accelemmr Conference (Ref [31)
p. 251

H] 1.5. OC'nmlcll T. P W.m;JLr. R.S. Mills; and K.R.
" Crandall, in Proceedings ol the 1993 Particle Aceelerator
Conference, Washington, D.C. {unpublished), p. 3657.

-[6] J.M. Lagniel, Nucl. Instrum, Mclhods Phys. Res Sect. A

_ 345, 46 (1994).

{7] This result can also be oblaincd using a contuct transfor-
mation, followed by neglecting rupidly osciliating terms.
In fuct, the transformed Hnmilloniim in the canonicst
variables w and ‘II is H= (K/qaz)[wecos‘l’ — Aw +
3wd/BL . S

[B] Tom Wangler (anulB cummumcnnon)

: 'w1dlh
s ]m!

} curru

Dn_u..

- (MHI
o coklls

: A'th:e;‘(;'i
. althioy
2D W

- is act

ment

. The i
“the st
[6l. -

-1 and))

[5.71

- layer

tive

layer
very
serik
In:tl
curr

" -skin



