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Roadmap:

Single particle equation with Lorentz force
q(E + v x B)
U

Make use of:

1. Paraxial (near-axis) approximation
(Smallr andr')
2. Conservation of canonical angular momentum

3. Axisymmetry 1(r,z)
U

Paraxial Ray Equation for Single Particle

Next take statistical averages over the distribution
function

= Moment equations

Express some of the moments in terms of the rms
radius and emittance

= Envelope equations (axisymmetric case)

Some focusing systems have quadrupolar symmetry
Rederive envelope equations in cartesian coordinates
(x,y,z) rather than radial (r,z)




Start with Newton's equations with the Lorentz force:

I (E+vxB)
dt =( +V X
In cartesian coordinates this can be written:
(}Zl ) ymx + ymx =q(E, +yB, - zB))
d(ymy) Y . .
TP =y + jmy = G(E, + 2B, - XB.)
(}le) =ymZ+ymz=q(E_+ xBy - VB )
%, 4z and %o __p; )
(see next page). dt e
d(vimi . .
(Z’t”””) —ymr6® = g(E, +r0B. - :B,) (1)
1 d(ymr?6 . .
- (Y'Zt ) _4(E, +3B. - iB.) (1)
d(ym; :
(Z?Z) ~g(E.+B, - réB,) (1)
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To calculate the rate of change of the momentum p in
cylindrical coordinates we must take into account that the
unit vectors change directions as the particle moves:

A o R Note: on this page p*, = 6-component of
D =D, + Dyey + pe =ymy mechanical momentum, not to be
wherep, = ymi confuseq with
) : Dy =ymr 0 +qrA, =
Do =ymrt €= canonical angular momentum.
p. =ymz

dp A A . %A % A VN
SO d_; = prer +prer +pl9€0 +p9€9 +pZeZ
= (p, = Ps0)e, + (PO + py)e, + p.2.
where we have used:

de. . . de n

e, _ &0 ey _ —¢ 0

dt dt
d ' . . : :

N (d(”’””) —ymr@z)ér ey O |, - dma)
dt dt 4 dt dt

1 d; :
Note: second term = ——(ymr?0
r dt ()/m )

1

mechanical angular momentum
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Algebraically -

e, =e cosf +e sin6

~

e, =—e,sinb +e cosO

de . . .
= —-e Osm6b +e OcosO =¢,0

dt g

de, _ . L .
and —==-e Ocosf —e Osinb = —e,0

dt



Conservation of Canonical Angular Momentum

Now the RHS of eq. Il multiplied by r can be written:
orA orA orA
qr(EeJrZBr_fBZ):q(_ rA, . orA, Q)

ot 07 or
J J
= -— e ¢ — A
9| Y @](r o)
d(rA,)
= - 1%
” (1V)
d

So eq. Il and eq. IV => ()/mrzé + qrAe) =0

dt

Define:

p, =ymr’0 +qrA, = canonical angular momentun

=> %
dt

Note that the flux y enclosed by a circle of radius r about
the origin is given by:

p=[BdS=[VxA dS=PA dl=2mA,

=0

So p, = ymr’6 + av
27

is conserved along an orbit in axisymmetric geometries

. %Z ;b AB
>, dS=element of area spanning
/W/ circle; dI= line element along

Ay circle




"External" electric and magnetic field with azimuthal
symmetry (d/df = 0) (cf. Reiser section 5.3)

Consider the field E,,; and B, created by external sources
(time steady, vacuum fields):

Vxﬁext =O VXEext =0 (=> Eext’ Bext ~V¢)

V- Bext =0 V- Eext =0 (= V2¢ =0)

In cylindrical coordinates:

AR
V¢ ro”r( &r) (&zz)

Let ¢(r.2) = Y, fo, 1™ = fo(2)+ £, + fir* + ..

V=0 = >V @77 + E "(r* =0

Let B.(0,z) = B(z) =-f,(z) and let ¢(0,2) =V (2) = £,(2)

B.(r.) = _&‘P(a’;Z) ——fl(D)+ f///(z)rz _ 14 I+
_ B )_r_d B(z)+ r d4B(Z)
YT T e

B.(rz) = _8(/5;:%) _ l 0//(Z)r_i ////( )r +

rdB(z) r > d’B(2)
T2 4z 16 df




Similarly, for the electric field define

Let ¢(0,2) =V(2) = f,(2)

r dZV(z) r d4V(z)

pra) =V ==t dz
E(rz)=- ‘?‘P(’”Z) 1 0//() L OW(Z)I’ +
or
——V//() r_d4V(Z)+
2 16 dz"
B2 ==L i@ 1@ - £
V)4 r dV(z) rt d’V(2)

4 d7? 64 df
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(keeping only terms through

-F\ W ) S
bt sy teena Piofl V% linear orderin r)

Seat = {" V” -+ OC‘{‘?")
Bext = B&) -+ OCV@}

— W d LY O—
Byerk = O [ swmer —ﬁ%k = OJ

for the self field use:

E, ..;s = hon-zero (to be shown)

Bz self = Oin paraX|a| approx. ( VO z self ((Dc rb/c)2 Er self )

By .o;f = NON-zero (to be shown)

We let:
B Eext + BseIf
E=E . .+ E

=7 Zext ' =self



Paraxial ray equation:

d ' : :
(}C/ZF) —ymr0® = q(E, + roB, - zB,)

V” self self

q(—r + rHB(z)) +q(E™ + rG -zB,")
Inertial T
Centrifugal L,
external ternal
: ex

fgfrr;)drTi]eE’f)ld (solenoid) self-fields

Now use s as the independent variable: v, df = ds

d | VH
v, (}/’szr ) _ ymv’r'" = q(7 r+rv.0'B(z))+q(EX -v.By")
s

Expanding 1%t term, using v, = \7 and dividing by ymv? (=ymfFc?):

r'—r0"” + (}/[5)'
B ympe

Define w. = gB/m. Using definition of p, eliminate 6 ' via:
81 p@ _qw/@”) p@ qB — p@ _ wc
ymr’Be  ymr’Be 2ymPe  ymr’fe 2yfe
Adding the two 0' terms in equation (PI):

2 2( r+rﬁcH'B+Erse”—szge”) (P1)

_ HlZ _ rwcel _p02 pﬂa)c _ r(l)f
r 2 2 3 + 2 2 2 202 2
ype  y'm’Bc y'mpcr 4y*fc
pﬁwc + ra)cz
y2m/))2c2r 2}/2[)’26'2
_pe rwcz

}/ m [52 2.3 4'}/2[3)26'2



So eq. P1 becomes:

LB, g V" ro’ P, q
r+ r= 2 2 M=~ 5+ 26223"' 22(Erlf_VzBe[f)
B ympBc 2 dy“fc” y'm B cr ympc
Now ) st
dymc’® ) E-v . q 9"
— . ' == '— _ VH_I_—
dt kv = rme v, gk 507 mcz( J.
VH i wif
How do we calculate mgzcz(7r+ E;" -v_B, f) ?

£, v or o | e,

J J self 072 self
BN . W B
or or £, oz

self 2 4 self
Ve o P 1a(ra¢) p_J¢

(9¢self 1 . o r?or,2¢self ~

r = — 2arp(r)dr — dr
or 2me, fo pr) fo 0z’

2 a2 self (Here we have
M) 9 ¢2 < included only the lowest

2me, 2 Oz order term for ¢}

2 4 self 7>

= E:df = M) +£§ ¢2

2neyr 2 0z

VxB" =y = 2mBy =, [ 27T (F)dF = uv A(r)

Bself — — 2
’ 2mr ¢’ 2me,r
K 2 4 self 2
r all) v | A1)
self self | _ ° " Z
—r+E v_B, =5 V +—§Z2 + 1_02 Y
0
"' mc’ 1 A(r)
=——7r +

2q y? 2me, 1



Leading to the "Paraxial Ray Equation:"

2 2
' " 1 A
||+(y[)’) r|+ yzr_l_ & 7+ p@ 3_ 3 q2 5 (r) =O
vB 2vP 2yPc ypme ) v’ y’mfc” 2me r

r

A A
[ o f { {
from. Part of Self-field
Inertial converging centrifugal l 1
field lines term (EX" —v B,

Accelerative Solenoidal
damping (of focusing (veB,
angle r') — part of

centrifugal

term)

which together with the conservation of canonical angular

momentum, L mwr’
Dy =yPmer 0'+—=

and initial conditions, specifies the orbit a particle an
axisymmetric field.
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Figure 3.1. Schematic of magnet sets producing sn alternating-
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Figure 3.3. Schematic of conductor configuration with applied voli-
ages producing an alternating-gradient quadrupole electric field with
axial periodicity length S. '
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Figure 3.7.  Alternating step-function model of & periodic
quadrupole lattice with filling factor 7 for the lens elements. The
figure shows & plot of the quadrupole coupling coefficient #(s) ver-
sus s for one full period (S) of the lattice. Such a configuration
is often called a FODO fransport lattice (acronym for focusing-ofi-

defocusing-off ). .
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