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Define	rx, ry,	ex, ey,	in	terms	of	2nd order	moments



= 0

We	included	a



Envelope	Equations	derived	in	course:
I.	Statistical	rms	envelope	equations	(envelopes	defined	in
terms	of	rms	quantities;	emittance	not	guaranteed	to	be
a	conserved	quantity).

1.	Paraxial:		rb;		azimuthal	symmetry;	r(r)
2.	Cartesian;	rx,	ry;		elliptical	symmetry	r(x2/rx

2 + y2/ry
2)

3.	Longitudinal:	rz for	

4.	Ellipsoidal	(rf)	bunches:
5.	Cartesian	with	images:	rx,	ry;	
6.	Larmor	frame:	periodic	solenoids:
7.	Cartesian	including	scattering:	rx,	ry;	emittance	evolves	

II.	Kinetic	envelope	equations	(constraint	equations	governing	the	
parameters	of	the	distribution	function.
Emittance	conserved.)

1.	KV	distribution	elliptical	uniform	density	beam
f(x,x',y,y')~  d(1-Cx-Cy);      Ex ~ x;    Ey ~ y;
(Identical	envelope	equation	to	#2	above).
2.	Neuffer	distribution	for	1D	(longitudinal	projections	of	
phase	space)	parabolic	line	charge	density	profiles
f(z,z')~(1-Cz)1/2;	Ez ~ z;
(Identical	envelope	equation	to	#3	above).

III.	Moment	equations
1.	Transverse	with	chromatic	effects

(Also		rx,	ry, rz; cf	Wangler	sec	9.9)	



The Heavy Ion Fusion Virtual National Laboratory!

Summary of current limits for different focusing systems !
Einzel lens                  Solenoid                       Quadrupole                    !

! ! ! ! ! !    !!
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magnetic!

electric!

For non-relativistic beams:  !
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For non-relativistic beams:!
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Here 2φ0 = voltage between Einzel lenses; !
Vq = quad voltage relative to ground; qV = ion energy!





Longitudinal	Dynamics	Summary

1D	Vlasov Equation			(∫ 𝑉𝑙𝑎𝑠𝑜𝑣	𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑑𝑥𝑑𝑥1𝑑𝑦𝑑𝑦′�
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Child-Langmuir	in	1-D	diode

“g-factor
model”

Leads	to	fluid	equations	(∫ 1𝐷	𝑉𝑙𝑎𝑠𝑜𝑣	𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑑𝑧1�
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0Continuity	Equation	 Momentum	Equation	

1D	Ez =>		Non-linear	solution	to	fluid	equations:
Child	Langmuir	solution;
2D	Pierce	electrodes;	(extends	CL	for	finite	radius	beam)
Time	dependent	Lampel-Tiefenback sol.	(extends	CL	for	finite	Dt)

g-factor	=>		Space-charge	waves	->		w =	cs k,		L1 ~	f+ +	f- and	v1 ~	f+	-f-
=>		Longitudinal	resistive	instability
=>		Space	charge	rarefaction	waves	(non-linear	solution	to	fluid	eqs.)

=>	Parabolic	bunch	compression	and	stagnation	(non-linear	solution	
to	fluid	eqs.)

Longitudinal	Envelope	Equation:	(∫ 1𝐷	𝑉𝑙𝑎𝑠𝑜𝑣	𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑑𝑧𝑑𝑧1�
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Kinetic	solution	to		Vlasov Equation,	obeying
envelope	equation:	Neuffer distribution:
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For	a	single	B	quad:





Instabilities

1.	Longitudinal	(resistive	wall)	instability	
(fluid	instability)

2.	Electron-ion	instability
(centroid instability)

3.	Envelope	instabilities	

4.	Kinetic	instabilities
(distribution	function	dependent)

5.	Single	particle	resonant	instabilities
-- Halo
-- Ring	resonances	(covered	by	Steve)

Steve	talked	about:

Steve	talked	about:



The Heavy Ion Fusion Virtual National Laboratory!

Several potential instabilities have been
 investigated in HIF drivers 

Temperature anisotropy instability!
!After acceleration T|| << T| internal beam modes are unstable; 

 !saturation occurs when  T|| ~ T| /3. (cf E.A. Startsev, R.C. Davidson, H. Qin,
 !PRSTAB 6 084401(2003) and references therein).!

Longitudinal resistive instability!
!Module impedance interacts with beam, amplifying space

 !charge waves that are backward propagating in beam frame.!
!(cf. Reiser, 2nd ed., chap. 6, K. Takayama and R. J. Briggs,eds., in Induction

 !Accelerators, [Springer, NY], (2012), chap. 9 and references therein).!

Beam-break up (BBU) instability!
!High frequency waves in induction module cavities interact

 !transversely with beam  (cf., K. Takayama and R. J. Briggs, eds., in Induction
 !Accelerators, [Springer, NY], (2012), chap. 7 and references therein).!

Beam-plasma instability!
!Beam interacts with residual gas in the target chamber (cf. R.C.

 !Davidson and H. Qin in Phys. of Intense Charged Particle Beams in High Energy
 !Accelerators, [Imperial College Press,London], (2001), chap 10).!







Particle	frequency	=		(1/2)	Envelope	frequency	

As	particle	dives	in	and	out	of	envelope,	particle	is	at	
same	phase	of	envelope	oscillation.

Those	particles	that	are	exiting	the	beam	when	beam
radius	is	small,	and	entering	beam	when	beam	radius
is	large,	get	larger	"kick"	going	out	and	smaller	kick
coming	in,	so	are	driven	to	large	amplitude.



Processes:
1.	Coulomb	collisions	(intra-beam)

2.	Coulomb	collisions	with	residual	gas

3.	Charge	exchange

4.	Stripping

5.	Neutralization

6.	Gas	Ionization

HI
+ HI

++
HI

+

HI
o

HI
+ HI

+

HI
+

HI
+

HI
+

HI
o

+

HI
+
Heavy	ion Residual	gas

molecule

HI
+

HI
+

+

e-

e- electron

HI
+

HI
++e-

HI
+ HI

+
+

+

t ~	nc-1

Charge
changing	
collisions:

Beam	
loss;
hHI
molecules
from	wall

hg
molecules
from	wall



John	Barnard	and	Steven	Lund	USPAS	2011
19

HI
+

Ion
+

e-
e-

electron	emission

desorption	&
sputtering

reflection

e-
e-

desorption	&
sputtering

e-
e- desorption	e-

e-
e- desorption	

HI
+

g

g synchrotron	photon		

7.	Wall	interactions



Summary	of	electron,	gas,	pressure,	and	scattering	effects

1.	Coulomb	collisions	within	beam	can	transfer	energy	from
|		to	||	and	provide	lower	limit	on	T||,	higher	than	from	
accelerative	cooling.

2.	Coulomb	interactions	with	residual	gas	nuclei	provide	a	
source	of	emittance	growth	(but	usually	not	important	for	higher
mass	and	linac	residence	times.)

3.	Pressure	instability	from	desorption	of	residual	gas	by
stripped	beam	ions	hitting	wall	or	beam	ionized	residual	gas
atoms,	forced	to	wall	by	E-field	of	beam.	Limits	current	in	
rings	or	high	repetition	rate	linac.

4.	Electron	can	cascade	and	reach	a	"quasi"	equilibrium
population	of	similar	line	charge	to	the	ion	beam	electron-
ion	two	stream	instability	is	unstable,	and	can	lead	to
transverse	instability,	similar	to	what	is	observed	in	some
proton	rings.



Induction acceleration for HIF consists of several
subsystems and a variety of beam manipulations

Ion
source
and
injector

Acceleration
with
electric
focusing

Acceleration
with
magnetic
focusing

Final
focusing

Chamber
transport

Target

Drift
compression

Bending

Matching

Matching/
Possible
Merging

1.5-3.0 MeV
~ 0.5-1 A/beam

~100 MeV
~10 A/beam

~1-10 GeV
~100 A/beam

~1-10 GeV
~1-2  kA/beam~ 20 µs ! 4 µs ~100 ns

~ 10 ns

For “example IRE:”
1.6 MeV
0.8 A/beam
6.7 µs

9.4 MeV
1.9 A/beam
2.8 µs

200 MeV
15.3 A/beam
335 ns

200 MeV
1.0 - 0.26 kA/beam
5-20 ns

~ 50-200 beams

32 beams



The Heavy Ion Fusion Virtual National Laboratory!

2. Driver!

1. Target factory (to produce
 targets in quantity)!

Inertial fusion energy (IFE) power plants of the
 future will consist of four parts 

focusing
 system!

3. fusion chamber !

4. Steam plant (heat

 exchange for!
electricity production)!

(Heavy Ion Accelerator)!

A power plant driver would fire about five targets per second to

 produce as much electricity as today"s 1000 Megawatt power plant!
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Outward	expansion	at	2cs;	Inward	at	cs
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