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RF Accelerating Structures

Outline:

10. SRF Cavity Design Approaches for Linear Accelerators;
11. Architecture of SRF accelerators;

12. SRF around the world;

13. APPENDIXES
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Chapter 10.

SRF Cavity Design Approaches for Linear

Accelerators.

a. The cavity RF design: approaches, tools;

b. SRF cavity mechanical design;

c. The cavity component desigh— RF couplers and tuners;
d. Cryo-module design: issues and approaches.
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SRF system design interdependences

Cryomodule design

Cryogenic Cavity design Vacuum
Machine parameters Issues system Mechanical design
stiffness,
Pulsed operation Lorentz force detuning Vﬂaraﬁon‘r}lodes,
tunability,
thermal analysis
- RF power dissipation
CW operation in cavity walls RF design
frequency & operating
— temperature choice,
Beam stability (HOMs) optimal gradient,
High beam current cavity shape optimization,
Heavy beam loading number of cells,
cell-to-cell coupling,
l HOM extraction,
Low Qext RF power coupling
High beam power )
N — inStrumentation
. Avallablhty of e oeaien & controls
high-power RF sources o
Beam quality Input coupler design
(emittance) p| Parasitic interactions
preservation (input COLlplCI' kick, alignment) HOM damper design
Low beam power High Qext, Tuner design |
microphonics High-power
Auxiliary systems: AC power, RF controls RF
cooling water, ... ==Fermilab
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SRF cavities design issues:

® Acceleration efficiency
- max R/Q & min surface field enhancement factors (electric & magnetic)

High Order Modes (HOMs) dumping
- incoherent effect (loss factors, cryogenic losses)
- coherent effects (emittance dilution, cryo-losses)
- collective effects (transverse & longitudinal beaminstabilities)

Operation with small beam current
- narrow cavity bandwidth & microphonics

* Field Emission
- multipactor & dark current

®* High Gradient pulsed operation
- Lorentz force detuning
®* Input Power Coupler
- CW operation (min RF loss & static heat load)
® Beam Instrumentation
- Cold Beam Position Monitor (low & high relativistic beam)
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Tools for RF cavity simulations:
|. Field calculations:

-Spectrum, (r/Q), G, B (coupling)

-Field enhancement factors
HFSS (3D);
CST (3D);
Omega-3P (3D);
Analyst (3D);
Superfish (2D)
SLANS (2D, high precision of the field calculation).
II. Multipactoring (2D, 3D)

* Analyst;

« CST (3D);

« Omega-3P
IIl. Wakefield simulations (2D, 3D):

« GdfidL;

- PBCI; _ <8 -

 ECHO.

V. Mechanical simulations: *m‘h- .il"nl
Lorenz force and Lorenz factor, | .- —

Vibrations,
Thermal deformations.

a. ANSYS 2% Fermilab
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Cavity Simulation Workflow

1. Creation of the project 3D model
- drawing in the CST GUI (takes time, full-parametrization, easy modification)
- geometry import from 3 parties CADs (quick, need special license, limited parametrization,
potential mesh problem)

2. Choosing a proper solver

- depends on the problem, available hardware, simulation time ...

3. Setting boundary conditions
- frequency, symmetries, ports, materials, beam excitation, temperature, ...

4. Checking the mesh quality
- generate and visualize the mesh, set initial mesh size, create sub-volumes and modify models
if needed, mesh fine-tuning (curvature order, surface approximation)

5. Solver fine-tuning
- direct or iterative, parallelization, special settings, ...

6. Running first simulation
- check the results, set postprocessing steps, tune & modify the mesh, ...

7. Setting optimization

- set parameters sweep, define the goal function, simplify the model
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Designh approaches

*Aperture choice:

*Smaller aperture - smaller field enhancement factors, higher R/Q;
*Limitations:

beam losses,

field flatness,

mechanical stability,

surface processing,

Q.44 (coupling to the main coupler)
HOMs (trapped modes)

Wakes (electron accelerators) -

O O O O O O O

SNS (805 MHz): 2a=86mm (B=0.61), 2a/A =0.23
2a=98mm (B=0.81), 2a/A =0.26

HIPPI (704 MHz): 2a=80mm (B=0.47), 2a/\ = 0.19

PIP Il (650 MHz): 2a=83mm (B=0.61), 2a/A = 0.18
2a=100 mm (B=0.9), 2a/A = 0.22
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Design approaches
TESLA optimized

Epeak/ Eacc

Re-entrant optimized | LL optimized

caVity Sha pe . Bpeak/Eacc Bpeak/Eacc

=
S

1 Joule

R

(B/Bpeak)’2 normalized

r [mm] 35 30 30

K. [%] 1.9 1.56 1.52

E oo E.co - 1.98 2.30 2.36

B'Dea /E ... [mT/(MV/m)] 4.15 3.57 3.61
R/Q [Q] 113.8 135 133.7

G [Q)] 271 284.3 284
R/Q*G [Q*Q)] 30840 38380 37970

ki (o,=1mm)| [V/pC/cm?] 0.23 0.38 0.38

k!! (0,=1mm) [V/pC] 1.46 1.75 1.72

Electromagnetic optimization
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The Scope of EM-Mechanical Design (a cavity +He vessel)

* Minimize a sensitivity to microphonics due to He pressure
fluctuations (df/dP) and mechanical vibrations
* Minimize a Lorentz Force Detuning (LFD) coefficient
* To keep the stiffnessand tuning sensitivity at suitable level
to allow for tuning.
* Keep provision for slow and fast tuner integration.
* Enough strength to withstand atmospheric pressure
* “Dressed” cavity has to be qualified in 5 different load
conditions by stress analysis
Warm Pressurization
Cold operation at maximum pressure
Cool down and tuner extension
Cold operation at maximum pressure and LHe weight
Upset condition — Insulating and beam vacuum failure

Lk wh e
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Design approach

S

Bare cavity Dressed cavity
He vessel

Bellows

Stiffening rings .
{& Fermilab
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Design approaches, df/dP optimization

df/dP vs. Tuner Stiffness
o5 R=90 mm
. -0-R=100 mm
s 20
£
T 15
10 *0-0—0 o o o @
5
KN/mm
0
0 20 40 60 80 100

df/dP for stiffening ring R = 90 mm vs. 100 mm
Bellows radius of OD=125 mm
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Design approaches, LFD minimization.

LFD Hz/(MV/m”2) vs. Ring R1, mm For 2 rings LFD~-0.275 Hz/(MV/m)?
-0.265 For1ring LFD~-0.38 Hz/(MV/m)>2.
75 80 85 90 95
-0.275 /?’Q\
-0.285
-0.295 ®-R2=120mm -®-R2=110mm
-0.305
-0.315
-0.325

%= Fermilab
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Design approaches, LFD optimization

LFD vs. Tuner Stiffness
- 0.4 kN/mm
= £ 06 2 40 60 80 100
= = N
= = X -0.684 -0.646
| c 0.3 -0.745
= IS
e en] B
= < —-R=100 mm
| T
£ 1.4
/4 -1.6

LFD for dressed cavity with R=100 mm
stiffening rings

2% Fermilab
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Design approaches, an elliptical cavity tuner options

Lever Tuner design:
Blade Tuner — scaled ILC: * Low di/dP,
*  High df/dP, * Mechanical resonances > 60 Hz
* Good tunability;
 Less expensive.

« Insufficient tuning efficiency

Titanium
s Niobium
[ Niobium-Titanium

& Fermilab
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Design approaches, the tuner

Coarse tuner (step motor) — for the cavity tuning after cooldown, range ~100 kHz
Fine tuner (piezo) — for microphonics and LFD compensation, range ~ 1kHz

Motor & power screw location

Analysis of tuner

Tuning ratio for motor ~ 20

Tuning ratio for piezo ~ 2

Tuner Stiffness ~ 68 kN/mm

Half model of tuner with
boundary conditions

J

Helium vessel support location

Pivotal point 1
Pivotal point 2

0.000 2 gt ; 0.400 (m)
| —2F |

Equivalent spring model .
3¢ Fermilab
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Couplers for SRF cavities:

1 The couplers should transfer RF power to the cavity operating at
cryo temperature

- High pulsed power (hundreds of kW for pulsed operation - SNS,
ESS) — good electric strength

- High average power (up to 100 kW in CW — PIP Il) = low dynamic
losses, sufficient cooling (air, He)

- Low static losses

- Good vacuum properties

 Issues:

- MP in the vacuum part = DC bias

- Copper plating (chips)

J Design choices:

- One window versus two windows

- Type of cooling

{& Fermilab
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Couplers for SRF cavities:
Coupler for PIP Il LB/HB 650

Inpu,f wave”guide, Thermal bias 4" x 6mm ghilill\gscopper
e BINNOW. &S5 eitar 0.5” antenna
| conductor / .
Air cooling ‘ -

cannel

e

——

- | 5K intercept

e-shileds 70K intercept
and matching

1” inner
conductor

HV bias

capaciter 4” copper outer

conductor

Average power up to 100 kW

& Fermilab
18 9/28/2023 V. Yakovlev | RF Accelerating Structures, Lecture 10



RF kick caused by the input and HOM couplers.

Simple estimations of the transverse
fields caused by the main coupler:

I:’Lg OkV B U=6kV 4 ,:::E’ i
E / AV - 777T :Z:,_. §
= 74 \ [T | L1 UL
i 7/ \TEEEEE LA
71171 / \ Ey~U DL
e =
0 EEE i
—bve—— I
0kV ::?: i
RF voltage: Transverse kick:
U=(2PZ)*2, Z-coax impedance;
Ap.C U 6kV 4
for P=300 kW and Z=70 Ohms V= Y~ = =10
U=6 kV AU ace 2U acc 2 X 30 MV

Transverse kick caused by the couplersacts on a bunch the same direction for all the RF
cavities of the linac.
Real part may be compensated by the linac feedback system;
Imaginary part dives the beam emittancedilution (here Sis beta-function, o is the bunch
length, and U, is the initial beam energy): T v’E’c’ By
~ v 0
7/€~7/(Zmax)ymaxymax_ 22 U2
RF™ 0

{& Fermilab
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SRF cavity production technology

Parts: D
: : umbbell
Shaate Parts  Half cell Iris q ’ Equator Qc
) . . ena ass. .
QcC forming  weldin welding
tubes i - & RF QC
. - Quali Ch ical Heat F Light

Foemdlel C::t:—f:ivl Proig:;:;zg Treafr?ient r'?:'rl:ienr;cy Chelriistr\rr

Vessel Light Quality

Welding Chemistry Control

String Quality Cryomodule Cryomodule
Assembly Control Assembly Testing
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Material quality control

Typical Technical Specification to Niobium Sheets

(For XFEL Cavities)

Concentration of Mechanical properties

impurities in ppm*
Ta < 500 H <2 |RRR* 2 300
W <70 N <10 | Grain size = 50 ym
Ti < 50 O | =10 | Yield strength, o, 50<00,2<100

N/mm? (Mpa)

Fe <30 C <10 | Tensile strength > 100 N/mm? (Mpa)
Mo <50 Elongation at break 30 %
NI <30 Vickers hardness HV 10 < 60

*ppm=Parts per Million
**The Residual Resistance Ratio “RRR” is the ratio of resistance at 300K (room
temperature) to the resistance at 10K. e )
3¢ Fermilab
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Material quality control

Eddy current scanning

Coll

Eddy
currents

Coil's
magnetic field

re

Eddy current's

magnetic field

Conductive Material

Disks are cut from high purity niobium
sheet and eddy current scanned for pits,
scratches or inclusions of foreign materials

Discs with inclusions of foreign materials or
damage are rejected

2= Fermilab
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Elliptical cavity production

Fabrication: Conventional fabrication (deep drawing and EB
welding of fine grain Nb). Experiences of ca. 20 years of industrial
cavity fabrication are available

Half cells are
produced by
deep drawing.

Dumb bells are
formed by
electron beam
welding.

dumb bells and two end
group sections welded by
electron beam together

Important: clean conditions on all steps
shape accuracy, preparation and EB welding

2= Fermilab
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Elliptical cavity production

Cavity welding: the general way
There are differences of welding processes in industry

2 8 pieces /ﬁ;\
2 ) p \_

1 piece

N 4
"\I_J 1 pieces

-

Degreasing and rinsing of parts
Drying under clean condition
Chemical etching at the welding area ( Equator)
Careful and intensive rinsing with ultra pure water
Dry under clean conditions
Install parts to fixture under clean conditions
Install parts into electron beam (eb) welding chamber
( no contamination on the weld area allowed)
8. Install vacuum in the eb welding chamber <= 1E-5 mbar
9. Welding and cool down of Nb to T< 60 C before venting
10. Leak check of weld

o -

N oo s w

& Fermilab
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Elliptical cavity production

25

i

|__.‘
(1 1]

i

:
/;ﬁﬁi§§§§j

MEASURING OF DUMBELL

3.9 GHz half cells and dumbbell measurement fixture

V. Yakovlev | RF Accelerating Structures, Lecture 10
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Elliptical cavity production

Cavity production steps:
-Eddy current scanning of Nb shits.
-Cut disk blanks with hole in the center

-Flow forming of half-cell and trimming iris and equator area with extra length for
tuning and welding shrinkage compensation. No extra length for a tuning in mid-

cells. If pass visual inspection:

-Frequency and length measurements. Sensitivity of the frequency to extra length

is 14 MHz/mm at iris and -55 MHz/mm at equator.

-EB welding of two half-cell at iris to form dumbbell. Partial penetration welding

from both sides. If pass visual inspection:

-Frequency and length measurements of the dumbbells. Both mode frequencies

Fo and Fpi measured 3 times: 1) without perturbation FO and F1, 2) with

perturbationin 1°thalf cell Fo; and F1; 3) with perturbation in 2" half cell Fy, and
F.,. Difference of the frequencies of two half cell can be calculated from these

data:

dF=Fy-F1=(Fo1 - F11 +F1;, =F0y)/(Fo1 +F11- Fop -F12)) *k*FO

Where k™~4(Fpi - Fo)/(Fpi + Fy), for a 3" harmonic cavity k~0.08 MHz
-Trimming calculations:

-Equator trimming

-Equator welding

-Mechanical and RF QC of the new cavity.

-Bulk BCP and 800C baking,

-RF tuning of the cavity

26 V. Yakovlev | RF Accelerating Structures, Lecture 10

3885 - Dumbbell F vs Length, Pi-mode.L—_I
: & Long +0.76mm
3880 - . B Short+0.52 mm
E ' —a— Combo Dumbbell
, —®— FNAL2 Dumbbells
3875 4 = . -30.4 MHz/mm line
T \\ - = = Length, 'Long’
3870 = = = Length, 'Short'
1 1
3865 : ;
1 1
3860 : .
' |Length, mm
3855 ! T !
39 39.2 394 39.8 40
JE H
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Multi-cell cavity field flathess tuning

FNAL elliptical 9 cell cavity tuning procedure. This technique based on bead-pull
measurements of field distribution on operating (m-mode). Amplitudes of E-field

in the center of each cell used for frequency of individual cells. 40 | "
35 A
Normalized field distribution is uniform, A=1 fori=1,2, ... 8, 9, if frequency of 8 ,\/!‘y ? }”i ’; A
each cell are same. When frequency of the cell #n is shifted by dF, field . AT A 1Y
distribution will change by dA,. . fﬂg ?3 ; % { % If; Ef if }
:
— * 15
dA =K;,*dF, R I
Perturbation of frequency of each will change field distribution: 05 il AR ‘\
007m! { i ! b
Let us solve this equation to find frequency perturbation from field distribution: TO 25 s 75 100 125 150 175 200 235 29 275 300 35 350 375 40 425 40
dA=K*dF = K'*dA= KK *dF =dF Before tuning. FF 65%, slope +28 %
Where sensitivity coefficients matrix K calculated from HFSS simulations. -
_ , _ _ _ o | AAAINAAAAA
During RF tuning of the cavity, we need to tune its operating mode frequency F.. f f 2
f

Also, we can not measure individual cell frequency but can measure F,. Tuning of = i :
cell #n by dF, shifts also cavity frequency by dF.~dF /9. If design frequencyis F.0

tuning of the cell should be done by shifting operating mode frequency by:

A A
i
i
i
|
:

e S

-
i
it
i
il

- )
n =)

g,

RN RN S,

| |

|
]
|
|
%

R Rt e S W

%
%
?

i
%
|
i
|
!

dF, =(F,0-F,—dF,)/9 m/ NENM BN LR
This technique works best when field flatness of the cavity is close to ideal. 255075 L00TL5 AS0/LTS 200 325 250 275 3001325 350 375 400 435 450 475

Because it linear and based on small perturbations. Tuning is better to start with After tuning. FF 98%, slope +0.64 %
most perturbed cell. If field flatness still not acceptable the additional tuning ’
cycle should be done.

& Fermilab
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ICL Cavity Tuning Machine
FE! | ﬂ

CAVITY TuNIng MACHINE
CONTROL Rack

LSS
ESSURRRNNNNY

Lo
——
-
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Vacuum vessels
* The outermostcryostat component that:
— Contains the insulating vacuum.

— Serves as the major structural element to which all other systems are
attached to the accelerator tunnel floor.

— Serves as a pressure containment vessel in the event of a failure in an
internal cryogen line.
 The design for internal and external pressure are addressed by the

ASME Boiler and Pressure Vessel Code, Section VIII, Divisions 1 and
2 and specific workplace codes.

* |nsulating vacuum is generally in the 1e10° torr range, but can be
as low as 1e10*. The lower the better.
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Vacuum vessel a

| - _——

Nnd thermal shields

~

300 K Q ~ 300%-80* (=8e+9)

Vacuum vessel

Thermal shield

Cold mass

Q ~ 80%-4* (=0.04e9)

3F Fermilab
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Insulation

31

Multi-layerinsulation (MLI) reflects radiation heat transfer back toward its source.

Usually mounted on the outside of the colder surface, e.g. the thermal shield or cold
mass.

Consists of alternatinglayers of reflector and spacer material:

— Reflector is usually double-aluminized mylar sheets 6-12 um thick aluminum-coated
on both sides with a minimum of 300 A.

— Spacer is usually a polyester net, fiberglass net or other similar material compatible
with the environment.

— The reflector can be perforated to facilitate pumpout.

The number of layers varies but is usually from 30-60
layers on a thermal shield nominallyat 80 K and 10-15
layers on a lower temperature shield or cold mass.

It must be in vacuum — 1e10* torr or lower.

To estimate the total heat load due to radiation and
residual gas conduction, realistic values are ~¥1.5 W/m?
at 80 K and ~0.15 W/m?2 at 4.5 K.

2= Fermilab
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CM for 650 MHz, =0.61 elliptical cavity forPIP |

Power coupler

LHEinput

‘Bare” cavity,

elium vessel

Two-phase pipe .
“Dressed” cavity

Tuner access ports

Cavities in
B a cryo-module

3972.8 mm

Gate valve

_ 1
\ Thickness of the

| vacuum vessel plate:
25.4mm

Gate valve

1
Thickness of the |

I
m vessel plate::

254 mm 4270.9 mm

(gate valve flange to gate valve flange) :l
2% Fermilab
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CM for 650 MHz, =0.9 elllptlcal cavity for PIP I

Tuner

Internal magnetic
shield

a.

upports

{& Fermilab
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CM for 3.9 GHz elliptical cavity for LCLS |l

i

{& Fermilab
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Cavities supported by High-power couplers

<
-

§ f f § ’ .-..'." ’-o

—

we " (S

i
¥ |
1 4l

Helium tank ’ Cold tuning
5-66" clllptrcal cavxty Sgstcm Power couplcr Space frame

{& Fermilab
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CM for 325 MHz HWR cauvities for PIP Il (developed by ANL)

cavities

& Fermilab
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Cavities alignment

« Special alignment wire target panels (4 per each
component, 1 upstream and 1 downstream on each

Cauvity fiducials left-right side) — used for relative optical
measurement with respect to external reference
points

 Each panel has two intersecting wires forming a
crosshair along the diagonal, creating 24

configurations
Alignment wire targets system

Strongback fiducials

Transverse cavity alignment, mm RMS <z*1
Angular alignment, mrad RMS <10

» The cavity string is aligned in warm state with an
offsetto compensate forthermal shrinking.

» LaserTrackers and precisionoptical and
electronic levels is used as instrumentation for the
alignment of cavity string

« Aftercompletion of cavity string alignment and
transfer to the strongback referencing points, the
cavities and solenoids temporary fiducials, as well
as the fiducials on both sides of the strongback,
can be removed

U Beam — base alignment (BPM, HOMSs)

Alignment viewport

§ Cryomodule fiducials
Strongback fiducials

& Fermilab
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Cryogenics and thermoacoustic oscillations

* LCLS-llis a low-beam-current SRF linac —
cavities have very narrow bandwidth, ~10 Hz. - Normal

» During acceptance testing of the prototype
LCLS-Ilcryomodule, unexpectedly high level of
microphonics was encountered preventing
stable operation of the cavities in a GDR mode.

* The problemwas traced to thermoacoustic
oscillations in the supply JT valves.

» Thermoacoustic oscillations generally occur in
long gas-filled tubes with a large temperature
gradient.

* Acoustic modes couple to mass transport up
and down column especially well when gas
density is strongly tied to temperature. E.g.
warm gas from the top of a valve column
moving to the cold bottom contracts, reducing
pressure at warm region, driving the now cold

gas back.

* These oscillations are generally important for o  Low pressure operation consistently eliminated icing on the
the tremendous heat leaks they can represent, supply valves (JT, bypass)
not microphonics. o Indicates suppression of thermo-acoustic oscillations

J. Holzbauer, "1.3 GHz Microphonics measurement and mitigations," MRCW18
& Fermilab
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Beam Diagnostics

 Beam Position and Phase Measurement System
(button —type or stripline BPMs)

* Beam Loss Measurement System
(ionization chambers).

* Beam Intensity Measurement System
(DC current transformers and beam toroids)

 Beam Transverse Profile Measurement System
(traditional wire scanner or photo-disassociation of H by
laser radiation)

* Beam Transverse Emittance Measurements
(Allison-Type Emittance Scanners or Laser-Based Emittance
Scanners)

I”

“Don’t try to save on the beam diagnostics

{& Fermilab
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Beam Diagnostics in CM, beam position monitors (BPM)

500 line Instant Electric Field induced by the 4 mm bunch (B =1)
Voltage
Monitor
BPM signals produced by the 4 mm rms bunch BPM signals spectral densities for various bunch lengths
= Next step = fit the electrodes and electron beam weld them into
position.

BPMs for HWR cryomodule, prototype
(top) and production (bottom) units

BPMs for SSR1 cryomodule

ring pickup

P.Ostroumov, PIP-Il MAC meeting, 03/10/15

& Fermilab
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Summary:
d RF design of the cavity is based on

41

the accelerator operationregime — pulsed or CW;
the beam power and energy;

the beam quality requirements.

RF cavity parameter optimization includes:
frequency,

RT versus SRF

operatingtemperature choice for SRF,

optimal gradient,

cavity shape optimization,

number of cells,

cell-to-cell coupling,

HOM extraction,

RF power coupling

RF linac is self-consistent system and its subsystem are interconnected,;
therefore, the RF cavity design is an iterative process.

RF cavity design includes:

RF parameter optimization;

MP analysis

Mechanical optimization.

{& Fermilab
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Summary (cont):
(d The SRF cavity component design includes:

* theinput power design;

e the cavity tuner design;

* The He vessel design.

1 The SRF cavity manufacturing process contains a lot of operations and requires

high technological culture:

material quality control;

e cell manufacturingand pre-tune;

* finalassembly;

* surface processing;

 weldingintothe He vessel;

e componentassembly;

e Cavitystring assembly;

e cryo-module assembly;

e alignment

O The cryo-module:

e Contains the insulating vacuum.

e Serves as the major structural element to which all other systems are attached
to the accelerator tunnel floor.

e Serves as a pressure containment vessel in the event of a failure in an internal

cryogen line.

{& Fermilab
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Chapter 11.

Architecture of SRF accelerators.
a. proton/ion SRF linacs:

- RT or SRF front end?

- choice of beamline elements;

- lattice design.

b. electron SRF linacs.

& Fermilab
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Architecture of a GeV-range proton SRF accelerator:
Layout of typical modern proton SRF accelerator.

RFQ

¢t 1 t &

402.5 MH
2T et >  SNS (ORNL): H,1 GeV, 6% DF,
SRF, ﬁ=0_814 ve | 1.44 MW to accumulator ring
2.5 86.8 186 387 1000 MeV In operation
< 259 m -

}' SourceH"EBT i HMEBT orL |/ spoke i o I T ] Are— - ESS (Lund): p+’ 2.5 GeV,
L

1 6m 19m 52m 57,5m . 215m HEBT 100m
J : “ 1" 4% DF, 5 MW to target
75keV 3MeV SOMeV 200MeV 500MeV 2500MeV .
=N 27m < 325m <ES 100m Cat Under Constructlon

PIP Il (FNAL): H,800 MeV,
up to 100% DF, up to 1.6 MW
Design

(T | RFQ | MEBT | HWR | SSR1 | SSR2| S=0.6 | 5=0.9
~ RT(*15m) <

" 0-2.1MeV 2.1-177 MeV 177-800 MeV

v

£ Fermitab—
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Linac Design Philosophy:
dRT or SRF frontend?

* For low duty factor RT frontend (up to ~200
MeV) may be used

* For high DF or CW SRF is necessary from the
beginning

d Choice of beam line elements
» Accelerating RF Cauvities
* Focusing Magnets
 Lattice Design
* Focusing Period
* Transition Energy between Sections

& Fermilab
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RF cavities:

Radio Frequency Cavity

f<0.5 ] — p0.5
| l Multi-cell elliptical shape cavity
Quarter wave resonator Single spoke
(QWR), Half wave (SSR),Double, Triple...|
Resonators (HWR)

« Lower RF frequency provides better interaction with beam.

* RF defocusing factor is inversely proportional to frequency.

« Lower frequency implies larger RF bucket and hence larger longitudinal
acceptance.

& Fermilab
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RF cavities:

1 The frequency choices for multi-cell:
* Cavity length is about the same for the same £, (the same number of couplers,
tuners, etc). Typical length ~0.8-1 m depending on S, (from iris to iris)
* Lower frequencies — bigger size, higher cost, more difficult handling, microphonics
but: lower losses per unit length (smaller R/Q, but lower R,);
larger aperture (current interception), smaller beam
defocusing; smaller number of cells and therefore, smaller
a/A, smaller K..and K, and smaller numbers of cavity types.
* Typically, they use 650—- 800 MHz, and 5-7 cells/cavity:
SNS: 804 MHz, 6 cells/cavity (in operation)
ESS: 704 MHZ, 5 cells/cavity (under construction)
PIP Il: 650 MHz, 5 cells/cavity (under development)

 The frequency choices for the front end:
e Subharmonics of the main frequency.

 Acceleration gradient choice (high DF, CW):
* Quench, B, <70-80 mT
* Field emission, E ., < 40 MV/m

 Thermal breakdown typically is not anissue for proton linacs.
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RF cavities:

« Selection of the maximum accelerating gradients in cavities are
made on the basis of :

— Peak surface magnetic field
— Peak surface Electrical field

« Choices of peak magnetic fields are derived from:
— Dynamics heat load due to accelerating mode
— Cavity quenching.
« Choices of peak surface field is made to avoid field emission

CW Linac assumptions: Accelerating Gradient in PIP-II Linac

* 1625 MHz: H, <50mT
* 325 MHz: H, <60mT .
* 650 MHz: H, <70mT Gradient 9.7 10 11.4 15.9 17.8

* Ep<40 MV/m. (MV/m)

& Fermilab
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Focusing elements:

% Normal conducting magnets are cheaper but superconducting magnets

are.
» Compactin size
» Provide intense magneticfield with low power consumption.

s Low energy part of SRF linac typically has solenoidal focusing:
¢ Provide radial focusing

*» Intermediate and high energy section of linac use normal conducting
doublet focusing.
¢ Simplify cavity magnetic shielding requirements
» Correctors are built in each magnets.
» Solenoidal and doublet focussing keeps the beam round in transverse
planes.

4

L)

(R )

L)

L)

* Focusing magnets in each section

Section HWR SSR1 SSR2 LB650 HB650

Magnet S S S FD FD
S —solenoid, FD —doublet (F : focusing and D: Defocusing quadrupole).
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Focusing elements:
d Solenoid:

7

Solenoid focal length f:

(non-relativistic case, T is a particle

kinetic energy, T=mv?/2.)

- 000 0000

y,

Fhg reburmn oore

1
f 8Tm
* Focal length is proportional to %

* Focal length is inversed proportional to B,°L, L is the solenoid length;

f"ﬁfmﬁ" %

_[ B dz o o

* Therefore, solenoid can be used for low £ (£<0.5). For higher f quad is used.

 Quadrupole lens:
Quad focal length f:

1 _ 9B'L
fypmc
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Focusing elements:

For low section SC solenoids are used.

- Simple and inexpensive;

- Filed upto 6-8T;

- SRF cavity should have < 10 mT on the SRF cavity surface:
remnant solenoid field should be compensated

- Solenoid contains correction coils (steering dipoles)

- Alignment (typically <0.3- 0.5 mm, <5 mrad tilt);

- Quench protection;

- Leads

Magnetic Shield-

LHe Vessel -

Flux Return-
Bondoge-i\\\
Main Coil-
Steering Dipoles-

Beam Pipe-
Bucking Coil-
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Lattice Design: Focusing Periods

« Length of the focusing period is kept short, especially in the low energy
section where beam is non-relativistic and non-linear force may be

significant. Cryomodule Arrangement
HWR Section: [ Solenoid | Drift IHWRCavityI Drift ] SC-SC-SC-SC-SC-SC-SC-SC
0.3m 0.0806 m 0.25m 0.0552m
< 0.6858 m >

o

SSR1Section: (sspy cavity | [ Solenoid j [ssracaviey | [ssracaviey | CSC-CSC-CSC-CSC

' 1
1 0.4m

0.3m 0.3m
>

1 1
i ! ]
E e 4:: 0.45m ’i
L‘ 125 m o
0.32m 0.4767 m

0.75m i 075m-

-.

2.25m
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Lattice Design: Focusing Period in High Energy Section

* Frequency jump from 325 MHz to 650 MHz at LB650 MHz section
« Solenoidal focusing is replaced with quadrupole doublet.
« Same family of doublet is used in both LB650 and HB650 sections.

4.45 m

- > 1
< e

1 1
' :
! SC Crvomodule !
i i
] 1
i 0.9 m '
A — i
. 1 1
LB Section : ! Cavity Cavity Cavity '
! Field Map Field Map || Field Map '
v
n ]
n ]
0.6 m 0.975m 1 0.95m 0.2m
< >'e >le— i >
NC Doublet NC Doublet
10.6 m
1€ >
] 1
i |
HB Section: | SC Cryomodule |
1 1
] 1
i 1.44 m i
E —> p i
! Cavity Cavity Cavity Cavity Cavity Cavity !
: Field Map || Field Map || Field Map || Field Map || Field Map || Field Map ;
v L] L)
1
i
10.6m! 1.25m! 15 m 0.2m
le—>'€ >le > >
NC Doublet NC Doublet
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Transition Energy between Sections :

* Transition Energy between Sections (type cavity change). Optimizationin order to
minimize the number of cavities.

 Beam matching between sections and cryomodules are achieved using elements of each
side of transitions. Avoiding abrupt changes in beam envelopes to reduce possibility of
halo formations.

* Adiabaticvariationin phase advance alonglinac. Reduces possibility of beam mismatch.

Energy gain per cavity vs. Energy

12 —
-
16 /
14 /
o 12 /
ANV
.
6
/ \\""h_.
4 f —‘-—-_H"""'—H_
2
/
00 20 a0 60 300 1000 1200 1400 1600 1800 2000
Energy, MeV

Number of cavities required for acceleration from 185 to 800 MeV versus cavity beta in the LB650
and HB650 sections (left) and the energy gain per cavity versus particle energy (right) for LB650 (red
curve) and HB650 (blue curve) cavities.
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Architecture of a GeV-range proton SRF accelerator:

Correct selections of transitional energy provide better optimization of
real estate gradient and reduction in total number of beam line

elements.

Transition time factor v/s beta

HWR SSR1 SSR2 LB650 HB650
1 , e e
A TN
S
& )R HWR
= o3 i / j / '\\ SSR1
f1 N SSR2
: LB 650
HB 650

0.2 04 0.6 0.8
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2.1
10.3
35
185
500

0.094
0.186
0.398
0.61
0.92

0.067 -0.147
0.147-0.266
0.266-0.55
0.55-0.758
0.758-0.842
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Acceleration voltage distribution
Voltage Amplltude in CaV|t|es

25 F

Amplitude (MV)
— o (3]
= th S

wn

0

« Maximum Energy gain in PIP-Il SC cavities

al

MEBT P
HWR

SSRI —— |
SSR2 ——
LB650
HB650

i}

0

20

Max. Egain

(MeV)
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Summary:

Architecture of a big SRF linac is determined by:

accelerated particles — electrons, protons or ions;

accelerator operation regime — pulsed or CW,;

accelerator parameters — energy and power.

For a proton accelerator the choice of the front end — RT or SRF — depends on
the operation regime, pulsed or CW.

The frequencies and cavity types for a proton or an ion accelerator should be
determined;

L The types of the focusing elements should be selected.

57

The lattice should be designed, which provides

acceleration

focusing

bunching.

Break points between the section with different cavity types should be
optimized,

The sections should be matched to each other to provide required beam
quality.
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Chapter 12.

SRF around the world

& Fermilab
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SRF around the world

ESS

FRIB \
ARIEL / @Q
MYRR A\ bERLI
® o CBETA %{npm
LCLSHI— a c':ég [ ATARLA

ASARAF

Operation &

© 00

Construction
electron
A proton/deuteron

A\ heavy ion o

Future plan
E QN

Global view Distribution of superconducting particle accelerators using SRF structures for
electrons (orange), protons (purple) and heavy ions (pink). More than 30 SRF accelerators are
in operation (circles), approximately 15 are presently under construction (triangles) and more
than 10 future projects are under consideration (squares). Credit: CERN
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Big SRF Accelerator Facilities:

Linac Laboratory Application Acc. Particle | Operation Status

SNS ORNL, USA Neutron Source |H- pulsed Operation
ESS ESS, Sweden Neutron Source |p pulsed Construction
CIADS IMP, China ADS p cwW R&D

ISNS Indore, India Neutron Source |p pulsed R&D

ADSS BARC, India ADS p CwW R&D

PIPII FNAL, USA Neutrino/Muons | H- CW/pulsed R&D

FRIB MSU, USA Nucellar physics | lons cw Commissioned
RAON RISP, S.Korea Nucellar physics | lons cw Construction
CEBAF JLAB, USA Nucellar physics |e- cw Operation
XFEL DESY, Germany | FEL e pulsed Operation
SHINE SINAP, China FEL e cw Construction
LCLS 1l SLAC, USA FEL e cw Construction

60 9/28/2023
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New large SRF accelerator installations

CEB}AF Upgrade - JLAB 80 cavities Electrons
Upgrade 6.5 GeV => 12 GeV electrons

XFEL - Hamburg, Germany 840 cavities

17.5 GeV electrons — Pulsed X-ray FEL

LCLS-Il (+ LCLS-II-HE) - SLAC 296 (+184) cavities

4 GeV electrons — CW X-ray FEL

SPIRAL-Il - France 28 cavities lons

30 MeV, 5 mA protons -> Heavy lons

FRIB - MSU 340 cavities

400 kW, heavy ion beams for nuclear astrophysics

RISP - Daejeon, South Korea 340 cavities

400 kW, heavy ion beams for nuclear astrophysics

ESS - Sweden 150 cavities Protons
1 -2 GeV, 5 MW Pulsed spallation source

PIP-ll - Fermilab 115 cavities

800 MV High intensity proton linac for neutrino beams

Coming up: SHINE in China, EIC at BNL, ILC in Japan, FCC-ee/FCC-hh at CERN, CEPC-SPPC in China,
Accelerator complex upgrade to 2.4 MW at Fermilab
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SRF gradient achievements and applications

60 _
)
3
ILC TDR EE ILC 1 TeV upgrade
1TeV R&D goal g‘-g‘- high-gradient R&D
50 O
)
2 3
352
40 - - oA
@ S =
S =939
= : S
g E &= 2 ILC construction
ICgoal g O st 2X 125 GeV linac
O mk HgE

Eacc [MV/m]
w
o
|

20

10

single-cell cavity

CEBAF 12 GeV upgrade
2X 1.1 GeV linac

8] L |
CEBAF 12 GeV upgrade goal  LCLS-II goal

E-XFEL construction :
TTF SASE FEL run 17.5 GeV linac E-XFEL ptloton science

CEBAF 12 GeV nuclear physics

LCLS}

STF

C g

| photon science

SHINE
nac photon
science

0
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Credit: Source: R Geng/ORNL
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2030

Gradient growth SRF linac accelerating gradient
achievements and application specifications since
1970.

CW SRF Linacs — SCA: Stanford Superconducting
Accelerator; MUSL: llinois Microtron Using a
Superconducting Linac; CEBAF: Continuous Electron
Beam Accelerator Facility; JLab FEL: JLab Free
Electron Laser; ELBE: HZDR Electron Linear
accelerator with high Brillance and Low Emittance;
ALICE: STFC Accelerators and Lasers In Combined
Experiments; ARIEL: TRIUMF Advanced Rare IsotopE
Laboratory; LCLS-II:

Linac Coherence Light Source extension; SHINE:
Shanghai High Brightness Photon Facility.

Pulsed SRF Linacs — FAST: Fermilab Accelerator
Science and Technology Facility; STF: KEK
Superconducting RF Test Facility; E-XFEL: European
Xray Free Electron Laser; ILC: International Linear
Collider.

50
.......................................................... Superheating field of Niobium
40
30 ILC
@European XFEL

N
(=]

@ Spallation
Neutron Source

=
(=]

@ CEBAF

Operating Gradient [MV/m]

0
1990 2000 2010 2020 2030 2040

Year of First Operations
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Fermilab PIP-II

S LEBT RFQ ‘ 22 B=0.51 B=0.61 P=0.9

SC

325 MHz 650 MHz
1-177 MeV 177-800 MeV

b,

Medium-Beta Elliptical
Cavities High-Beta Elliptical Cavities
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Architecture of Facility for Rare Isotope Beams (FRIB, MSU)

Beam Delivery
System To Target

f=0.085 Matching [=0.29 Matching [=0.29 Matching B=0.53 Matching  Superconducting
Cryomodule Cry;mochh Cryomodule Cryomodule Folding Segment
= 7 7 ' _
f.—. i b i i 1 -
"'ﬁsﬁ" 11 #=0.085 Cryomodules 3 =0.041 Cryomodules 500 keV/u RFQ

Room-Temperature  (=0.085 Matching 10 m Vertical Drop from

12 p=0.29 Cryomodules 18 p=0.53 Cryomodules

Folding Segment Cryomodule lon Sources (above ground)
K. Saito, September 2014 LINAC14 THIOAD2 ,
. FRIB cavities
il Cavity Type QWR | QWR | HWR | HWR
0041 | 0085 | 0285 | 053
805 805 322 322
_ 0.810 180 | 2090 | 370
- E,.. [MV/m] 529 568 | 789 | 751
E,/Ep. 582 589 | 422 | 353
B, /Eqee [MT/(MV/m)] 103 121 755 | 841
R/Q [Q] 402 455 224 230
¢ ] G[Q] 15.3 223 | 779 107
H Aperture [m] 0036 | 0036 | 0.040 | 0.040
g et ) Lg = B2 [M] 0153 | 0317 | 0265 | 0493
B,=0.041 B,=0085 PB,=0.29 B, =0.53 Lorenz detuning
N=12 88 72 144 [HZ/(MV/m)’} b = = s
b o BT Specific Qu@VT 14E+9 | 20E+9 | 55e+9 | 9. 2E+9
total 347 inc|udin'g matching module, spares Q 65C10 [ 1.9640 | 50810 [ 9100
$= Fermilab
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FRIB linac is successfully commissioned in May 2021!

|

=4 'i:"h"h"h*%f‘wﬁ :

4 ] ':"/rc'vlﬂ“?h‘m“'%;*a;.w

5-cell 644 MHz cavitiesfor FRIB upgrade
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Architecture of LCLS Il (electron SRF Linac for FEL)

Lo L1 L2 L3
p= o=-21° o=-21" =0
Vp =94 MV Vo =223 MV HL Vo =1447 MV Vo =2409 MV
e =12 A Ix=12A @=-165 lox =50 A Ioi = 1.0 kA
L,=2.0mm L, =2.0 mm Vo=55MV Ly=0.56 mm L, =0.024 mm
son b’ N cmos }o-[ emis B N cmie )| emss )-—-/m,c
LH BC1 BC2 E=4.0GeV
GUN E =95 MeV E = 250 MeV 12 CMs E = 1600 MeV 20 CMs Rsg =0
0.75 MeV  Rse = -14.5 mm Rsg = -55 mm Rss = -60 mm o;~ 0.016%
o; = 0.05 % 0;=1.4% 0;=0.46 % 2-km
100-pC machine layout: Oct. 8, 2013; v21 ASTRA run; Bunch length L, is FWHM
Line F (high temperature shield return)
v Line B (helium gas return pipe) Support post cover

JT and cool-down
7 valves
TE Ay A g

tercept supply) Tuner access port

pe ure shield supply)

e G (2-phase pipe, closed ends) and liquid level tube

Will be closed at each end)

Line D (low temperaﬂjre intercept return)
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European XFEL\

View Along the 1 km Lon%
Superconducting Accelerator

t] /’

| NE = EXFEL is the world largest SRF application at 17.5 GeV
i ' i /(800 cavities).

s 'k Operatjng gradient is 23.5 MV/m.

‘j‘“* Co st@tlon is complete commissioning has started.

t las‘gjg in® May /zqn 7!

' E‘Eﬁi\ "

2= Fermilab
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SRF Liner Accelerator is self-consistent system, parts of it strongly
depend on each other. Deep understanding and careful analysis of
subsystems and components as well as their interaction are necessary
to achieve required beam parameters and facility reliability at minimal
capital and operation cost.

The design process will never be reduced to just a few simple rules or
recipes. Using an existing design as a base for developing a new system
IS OK and can shorten the new system development time, but the
system designers should be aware that even seemingly small changes
could bring big consequences.

As accelerator application demands continue to increase (higher energy,
higher luminosity, brighter beams, more efficient accelerators, ...) there
will be no shortage of new challenges to tackle in the future.

The field of RF superconductivity is very active. The SRF technology is
the technology of choice for many types of accelerators.

{& Fermilab
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There will always be ample
opportunities for imagination,
originality, and common sense.
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2% Fermilab ® ENERGY |
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Appendixes
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Appendix 1, Vector calculus

V-(vA)=A -Vy+¢yV-A div(¥A) = A - grady + ¢ divA
Vx(YA)=Viyx A+yV x A curl()A) = grady x A + ycurlA
V(A-B)=(A-V)B+ (B-V)A+ grad(A-B)=(A-V)B+ (B:-V)A+ P\
+A x (VxB)+Bx(VxA) +A x curl B + B x curl A S
%VA? —Ax(VxA)+(A-V)A % gradA? = A x (curlA) + (A - V)A

V.- (AxB)=B-VxA-A-VxB |div(AxB)=B:-curl A—-A- curlB *

Vx(AxB)=A(V-B)-B(V-A)+ | curl(A x B) = A (div B) — B (div A)+
+(B-V)A—(A-V)B +(B-V)A-(A-V)B

{& Fermilab
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Appendix 1. Vector calculus

Vx(Vy)=0 curl(grad ¥) =0
V¢ = grad ¢
V-A =divA V- (VxA)=0 div (curl A) =0
V x A =curlA = rotA ) '
A=V2—-V.V AYp=V-(Vy)=V A ¢ = div (grad v)

VxVxA=V(V-A)—V>A | curl(curl A) = grad (div A) — AA

V=—it+ —j+ —k, e ) ; — .
8mt-|- ay.?-l-az . /curlF dS—ﬁF dil , fdldeV /F dS

Stokes theorem Gauss theorem
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Appendix 1. Vector calculus
Differential operators in different coordinates:

Cartesian Cylindrical Spherical
A A x+ Ay + A2 Ap+A,p+ A2 A1 +A3§ + A, @
of . of. Of. of . 10f . Of . of . 10f 4 1 of .
—X+ ¥+ -z — —— — 7 —r+——0 —
Vi Oz " c')yy 0z 3pp+pﬁcplp+ 0z or + r 00 +rsin6’ Ba,o(P
0A 0(pA 0A d(r* A, 0A,
V- A 6A¢+ y+6Az l (o p)-l-l {'0+6Az i (T )+ L i(Agsinl?)—k 1 z
oz Oy 0z p Op p Op 0z 72 or rsinf 00 rsin@ Oy
2 04y \ . 1 94 04, \ 4 1 9 A9\ A
(E_ Oz )X (;B_tp_ 0z )p + rsin @ (% (AHOS}.HH) (':)—)(‘ra +
DAL BA.\ - 94 04:\ - 1 1 04, il A
VXA (32 _g)y —I_ (azp_ ap)‘p + ;(Sina S _g(TAQO) 9 +
94, 94, \ - 1 { 9(pAy) A, N\ . 1 (8 04, \ -
o)) (Eow-3)
9> 02 92 1 s, 1 9? fl1 s, 1 s, 1 0
Ap—vp O OF O _i(p_f) 19F 9F _E(T.z_f)+ _ E(Sing_f) s
dx2 Oy | 922 pOp \" dp p? 8p2 022 | r2 Or or r2sin @ 00 o0 r2sin® § Op?
A AL\ . 24, 9 3(Aysinf) B 9 04, )\ .
(AAP - ?P - p% 8y )P + (AAT r2 72 gin @ i risin@ Op )’P +
- - 5 A 8A . Ag 2 04, 2cosf 40\ 4
AA AAZ+AMT+ALE| (a4, to g 100), | (a4 - o0+ 20 - 2ot 20Ny
~ Ay 2 a4, 2cos g 94y -
(AAZ)Z (AASO - r2 sin? 6 + r? sin 8 E + r2 sinzﬂa_ﬁf’) ¥
3¢ Fermilab
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Appendix 2

1 Focusing. Panofsky-Wenzel theorem
Let’s consider the particle transverse momentum change causes by the cavity RF
field. The particle moves on the trajectory z=vt parallel to the axis, but is displaced

fromit by 7, .
Force acting on the particle is
E(F) =e[E(F) +Vx B(F) B
From Maxwell equation curlE(¥)= —iwB(7*) one has:
F(r)= {E(F) +V % _"CH?»JE(F)]EM*’ = {E(F) + i*‘v’(a EF)—-(F-V)- E(F)]e“"”.
(0} 0]
If V=iyv then
F,(F) = eE, (F)e™

F, (F)= e{EL (F)+ vi(ﬁlEz (F)- %, (F)He‘a’t
40

0z

The differential operator v, acts on the transverse coordinates 7, only.
$& Fermilab
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Appendix 2

If the particle velocity and particle transverse coordinates do not change
significantly in the cavity, longitudinal and transverse momentum changes are:

ap, =ef  E,(Fedt],_,,= % [ E, (e dz
P ola o Ve oo IVOE (F) |,
A, =ef |E. M)+ TVLE, () =0 = et

However,

iV = OE , (F) OB (F) vy, L paitivg, [P E (i
v e, - [ E e L E e - [ E el

and
A_pL - eHJ‘OO ﬁl Ez (F)elwtdt |t=z/v = eLJ‘OO ﬁLEz ('—:)eia)z/vdz
() R ) Rt
Finally, we have:
I |V
Ap, :_VJ_(Ap")'
@

This relation between transverse and longitudinal momentum changes in an RF
field is known as Panofsky — Wenzel theorem.

3F Fermilab
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Appendix 2.
1 Bunching

Because a particle velocity depends on its energy, the cavity RF field provides the beam
bunching. If the particle in the bunch center has the RF phase of ¢ (¢, is a so-called
synchronous phase), the particles next to the bunch center will have the same
longitudinal coordinate at the same time at the distance L, from the cavity (see Figure

below), if
d(v() - t(9))/dep|p=g, = O. (1)
) L
Cauty L"
AR _ :

Here v(¢@) is the particle velocity after it leaves the cavity, and t(¢) is time necessary for
the particle to reach the distance L, — “longitudinal focusing distance”:

(@)= L/v(¢s)-(¢- @) w. (2)
On the other hand, one has (Lecture 8, Slide 23):
AW(r)—e|VOZ( )|Io(ﬁy)cos¢ (3)

{& Fermilab
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Appendix 2.

From (1), (2) and (3) it follows for the particle next to the axis (kr/fy <<1) that

L. = [v(qb)z . dw /dv _ v(@;)? . dW/dv| =g ()
171 o dw/de bbb, © AW, (0)-SiN '

For a linear accelerator one has

aw _ d(mc?y)

— 3
dv dv =mvy-, (5)

where m is the particle mass, and therefore

_ (mc?/e)B(@s)° v(@s)® _ _ (mc?/e)B(hs)°y(ds)° (6)

kAWmax (0) -SI'Hng kaax (O)'Sjn¢s .
For bunching one needs L”>O, and therefore, ¢,<0. Note that L” ~1/K. Note that for small
energy (and therefore small /) the bunching may be too strong, and low RF frequency is to
be used for acceleration.

L=

{& Fermilab
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Appendix 3. Eigen modes properties:
Eigenmodes in a cavity.

curlE = —iwuoﬁ, curlH = iweOE),
curlcurlE — k2E = 0, curlcurlH — k%H = 0, (1)

2 _ 2
Here k“ = w*¢y U

Boundary conditions: Et = (, ﬁn —0 orixE = 0,71 - H=0.
Equations (1) has non-trivial solutions only for defined k2, eigenvalues.
Corresponding solutions E,,(x,y,z) and H,,,(x, y, z) -eigenfunctions. There are

infinite number of eigenvalues.
Eigenvalues are real and positive. From (1) and vector theorem (App.1)

div(/f X §) =B-curlA— A - curlB (2)
one has:

div(ﬁ;"n X curlﬁm) = curlH,,curlH;,- H};, - curlcurl H,, = |curlﬁm| g k,%l|1?1)m|2

0
- |2
2 — 2 B — 2 o — = 2 fV |CuTle| av
kd, Jy |Hm| aV = [, |curlH,,| av — . (Hy, xAurlH,,) Ads. ki = i Far
IFFermilab
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Appendix 3. Eigen modes properties

Eigenmodes are orthogonal:

curlcurlE,, — k2E, =0, (3)

curlcurlﬁn k,%En =0, k2, # k2

Let’s calculate using (2)

dw(E X curlEm) dw(E X curlEn) = curlEm curlE — E curlcurlE -

curlEn curlE +EmcurlcurlE —EmcurlcurlE E curlcurlE
Using (3) we have:

div(E, x curlE,,)- div(E,, x curlE,) = (k2- k2) E,, - En._,0
(kZ-k2) [, Em- EnaV = §; (div(E, x cm curlE,)) fds.

(k2-kZ) [, Ep- EndV =0, k2,# k2

{& Fermilab
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Appendix 3. Eigen modes properties

Let’s consider again the equation we got

k,%lj |H,y,| dvzj |curlH,,| av
V vV

Taking intoaccount curlH,, = iw,,&oF,,, and  kZ= w2olp,

we have:

— 2 - 2
= [, tolHy|" aV == [, &]|Ep| dv

The time-average electrical stored energy is equal to the time-
average magnetic stored energy.

{& Fermilab
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Appendix 3. Eigen modes properties:
Variation properties of the eigenmvodes:

Let’s consider expression for k?:

_ky |curlﬁ|2dV

k2

(1)

f, |H| av
Variation of (1) gives:
— 2 — — — —
Sk? [, |H| dV +2k? [, H-8HAV =2 [, curlH - curlSHdV
Using the and vector theorem (2)
div(Sﬁ X curlﬁ)= curlH - curl §H — 5H - curlcurlﬁ, we have

— 2 — — — — —
sk2 [, |H| dv =2 [, (curlcurlH — k*H) - §HdV + 2 [, div(6H x curlH)dV.
Using Gauss theorem, we get

— 2 — — — — — -
Sk2 [, |H| dv =2, (curlcurlH — k*H) - §HdV + 2 §. (6H X curlH) - 1idS.
Taking into account that curl curl H— k?H = 0 and boundary condition
n X curlH = 0 on S, and we finally get

| 5k2=0 |

{& Fermilab
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Appendix 3.
Small perturbations of the cavity geometry:

[lad H@2av  [lad DAV [leadADPaV — [leulHD [ dV
Vi Vi 1% Vo

[A®@2Zav — [IHOPRAV JIHORAV — [|[HOD|2dV
V. Vi Va

| %

[IH®]2dv [|eutlHM 2 av
Vo

Va Ty e AWgp — AWy
[IHOZav — [|ewlH® 2 dV Wo
v Vv
2 — k2 AWg — AW WNw  (wg — wg)- AV
7 = o S = . «Slater theorem
k 1 144 0 w1 W 0

1 , AT/ — AT
On the otherhand, 5(wH —we)AV=pAV =-AWo 444

Aw AW,

Wwo Wo

Wo

— = const | (compareto E:Vh)

wo

& Fermilab
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Appendix 4: Accelerating voltage and transit time factor:

For arbitrary axial distribution of the axisymmetric accelerating filed the voltage
V(p) at arbitrary phase ¢ is the following:
V(p) = Ref E,(p =0,z)el%zZ+@)dz =

— oo

= [7 Re[E,(p = 0,2)]cos(k,z + @)dz — [ Im[E,(p = 0,2)]sin(k,z + ¢) dz=

o1l

= J’OORB[EZ(,O =0,z)]cos(k,z + @) dz —I Im[E,(p =0,z)]sin(k,z+ @) dz =

— 00

oo

= cos(¢g) (Lm Re[E,(p =0,z)] cos(k,z) dz — J

— D

Im[E,;(p =0,2)] sin(k,z) dz) -

oo

—sin(¢) (fm Re[E,(p =0,2)]sin(k,z) dz — J’
Maximal voltage Vis, therefore,

V= KJ’W Re[F,(p = 0,z)] cos(k,z) dz — f

— Q0

Im[E,(p = 0,z)] cos(k,z) dz)

oo

Im[E,(p = 0,z)]sin(k,z) dz)

o 1/2

+ (J’m Re[E,(p =0,z)]sin(k,z) dz — J’

— 0

Im[E;(p = 0,2)]cos(k,z) dz) ‘

o 271/2
+ (J’ E,(p = 0,z)sin(k,z) dz) ‘

2= Fermilab

2

If EZ(,O;Z) N reall V = \(J’m E,(p =0,z)cos(k,z) dZ)
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Appendix 5. Modes in a pillbox cavity:

In a pillbox cavities resonance field satisfies wave equations:
AE +k*E =0,AH + k* H =0, where k = % - wavenumber.

For an ideally conductive wall components of electric field tangential to the surface is
zero. The pillbox cavity may be considered as a part of a waveguide having circular cross
section, shortened at both ends. The fields in this waveguide may be described in
cylindrical coordinates, (I,¢,z). In cylindrical coordinates longitudinal field components
satisfy scalar wave equations:
AE, + k*E, = 0,AH, + k*H, = 0 (1)

For the waveguide, the fields have translation symmetry along Z, i.e., in two points having
the same transverse coordinate, but different z, the fields differ by phase v =K,z i.e.,
E H ~et*zZ_ |n this case:
 Equations(1) have solution

E,(r,0,2),H,(r,,2) = J,,(k,r)e™PekzZ; | (k1) are Bessel functions;
o kZ+EkZ=k?
* All transverse components (E, E, H-and H, )may be expressed through the

longitudinal field components, E, and H, ;
oH,

o = 0.7 is normal to the waveguide

At r=b (b is the waveguide radius) E,=0 and
surface.

{& Fermilab
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Appendix 5.

1 ' ' ' 1
JO(X)
“ J;00)
J1(X)
0.57 o 0.5 P/ J5 (x)

: O 00
NN AN NN

| | | _1 | | |

0 5 10 15 20 0 5 10 15 20
(a) . . . . (b)

Bessel functions and their derivatives
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Appendix 5.

E, and H, satisfy the same equation, but have different boundary conditions, and

therefore, different k, :

Electricfield:
Equation: AE, + k*E, =0
Boundary condition: E,(r,¢,z) = 0,r = a;
or Jim (k. b) = 0;
and k, = MTH; Jn (Vi) = 0;

Magnetic field:

AH, + k*H, =0
0H,(r,p,z)/0r =0,r =a
];n(krb) =0,

k= %; ]rln(.umn) = 0.

For the pillbox cavity having end waIIs_at z=0 and z=d; therefore k,d = mp and
E,=C],, (k. r)e™Pcos(npz/d); H,= J,,(k,r)e™Psin(npz/d),

and resonant frequencies are:

2= () (2)'
m=20,1,..,c0;

n=1,2,..,00;
p — 011}")w;

TM | ,np-modes
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m=20,1,..,c0;
n=1,2,..,00;
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Appendix 5.

Roots of Jy,(x) = 0.

m Hm1 Hm?2 Hm3 HUm1

0 | 3.832 7.016 | 10.174 13.324\

1 | 1.841 5.331 8.536 | 11.706

2 | 3.054 6.706 9.970 | 13.170

3 | 4.201 8.015 | 11.346 | 14.586

4 | 5.318 0.282 | 12.682 | 15.964

5 | 6.416 | 10520 | 13.987 | 17.313

= V|
Roots of J,(x) = 0. MOTL In

m Vm1 Vm2 Vm3 Vi1

0 | 2.405 5.520 8.654 | 11.792

1| 3832 | 7016 | 10174 | 13.320¢] TM,,,and TE,,,

2 |"5.135 SA17T | 11.620 | 14.796 |
3 | 6.380 0.761 | 13.015 | 16.223 are degenerated!
4 | 7588 | 11.065 | 14.373 | 17.616 n=1,2,...,co;

5 | 8771 | 12339 | 15.700 | 18.980 p=1,2,... co*

*Note that TE,,, does not exist because of boundary conditions for magnetic field on the end
walls.

{& Fermilab
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Appendix 5.

Field plots for the
pillbox modes

(7)) Thay (8) TE4, {9 TE= (10 ThMgs {(11) ThMz

{18) TEzz

{13) TEz= (1) TEa: (15)TM; =2 (1G] Tha {173 T M

(1800 T (20) TE5

{25) TEs, (26) TMsz (27) TMe, (28) TEzs {297 TM,5 (30 TEqs H
| ’ ' 3F Fermilab
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Appendix 6: RF cavity excitation by the beam:

RF cavity having eigenmodes: eigen fields satisfy
Maxwell equations:

curl E. = -iosuH;, curlH,= io.eE.. (1) »J,

* The field excited by the beam:
curlE = -iouH, (2)

curlH =ioweE + J,

J. —the beam current

* The excited field may be expanded over the density spectrum
eigenmodes: component oscillating at
E — ZASES ~ gradg,, H = ZBSHS (3) the frequency

Here @, is space charge potential, typically its impact is small.
From (1) and (2) one has:

div(E; xH) = H- (jo;uH;) — E;:(ioeE + J,) =

= io,uH-H, — ioeE-E, — J,-E_, (4)
div(ExH;) = H,-(—iopuH) — E-(—-insgE)) =

= —iouH -H; + ioeE-E_.

All the fields have zero tangential electric field components on the wall.
3¢ Fermilab
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Appendix 6:
Substituting (3) to (4) one has:

[1.E av [3.E v
» v o v

A = — - X : ‘ B, = — - . £ ,
’ i(w — ) “JHS,H;JV i(0 — o) pJHsvH;dV

> v

Note that
ufHS-Ht;dV: W,
V

If there are wall losses,  w? — w? (1 + QL)
0
and for thin beam having the average current |, on the axis one has:
1 iw JIEdv_ iw Io| [~ Esz(z)e'?dz| W,
T wos < Taw @w. * T K== (5)

mz—mz—l—QS— s mz—mz—LT
From (5) and (3) one has for the cavity voltage on the axis for the st mode:

. 2 ikz
V_ﬂp”f.‘ _ J”E eikzdy =~ LW IDU ESZ(Z)E dzl Ems I (R)
s— = sz ~ ' oA )?
e - w2 — @? — |25 wsW, mz—mf—imms Qs
5 5
£& Fermilab
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here

(R) _ L E.,(2)e™*#dz|’

Q ws W

At the resonance one has

where

r=()

Appendix 6:

is a shunt impedance of the st" mode.
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Appendix 6:

* This coincides to the voltage excited by the AC current | =-21, ina
parallel resonance circuit.
* Note that for a short bunch the beam current spectrum is
() = Ig+215). 5(ws),
@ is the bunch sequence frequency; the equivalent circuit describes
the cavity excitation by imaginary current, it gives the sign “-”.
* From Kirchhoff theorem one has
lc+1 +Iz=IVoC+V/R+V/ioL = -21,,
and taking into account that ws=(LC)2, we get
iw?

R
0f8)
= o ww b(g) I

if ws = w. Here are the equivalent circuit N %

: s L R =
parameters:
L=(R/Q)./2w;
C=2/w(R/Q);
R= (R/Q)Q./2.
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Appendix 7: The cavity coupled to the line.

Let’s consider the cavity coupled to the feeding line:
Couplingslot

Consider another problem — the cavity coupled to the line shortened by a perfectly
conducting plane S, placed such a way, that the electric field at the coupling slot
has no tangential component:

Coupling slot S,
Cavity \ / line Cav line

(1) (2) E,=0
* The eigenfrequency of the new problem will be the same as *or uncoupled cavity;
 Thefieldsinside the cavity will be the same as for uncoupled cavity;
* The magnetic field on will be proportional to WG magnetic transverse eigenfunctionh,

H,=ikh(x,y); k is coefficient (real for convenience). Tangential electric field is zero.
& Fermilab
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Appendix 7:
For the cavity excited by the line (problem 1) one has on S, for transverse fields:
E=U-e(xy), H=Ih(xy), (1)
where e(X,y) and h(x,y) are the electric and magnetic WG transverse
eigenfunction, fsl (e x h)dS = 1.

The field in the cavity H is proportional to the eigenfunction H; of the cavity
coupled to the shortened line (see previous slide):

H =B- H, = ikBh(x,y) (2)
From (1) and (2) one can find that
I=1kB (3)

Following the procedure from Appendix 11, we have, see Formulas 1,2 and 3 from
this Appendix 11 and (1-3):

iw, Js(ExH; )-ds o Uk

5= w? —w? 2W, - -tuz-mf 2W,

i &

and
(@)
iwg  Uk?
wz—wg.ZM@

[ =—
{& Fermilab
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Appendix 7:

If there is wall loss in the cavity, w? - w? (1 +Q—i) and
0

lwg Uk?

The cavity impedance at§, is therefore

2
U w2—w2 -2 _
Z1 =7 =—RQo < 2 Q°> ~ R (1 +iQpx), (5) . i~
1

The impedance (5) coincides to the impedance

of a serial resonance circuit . At the distance of

A/4 (A is wavelength in the WG) the cavity impedance is

___ 2 R QK 2

Z, T RA+iQn)  A+iQ0 2~ 20w, ) LEc g,

It is the impedance of a parallel resonance CIrCUIt

(Z, is the WG impedance). —
$& Fermilab
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Appendix 7:

If the line is matched, the equivalent circuit is
3 %

; Cj]}e Hz

z z

* Power Py dissipated in R corresponds to the Ohmic losses in the cavity walls;

* Power P, dissipated in Zycorresponds to radiation in the line.

One can see:
PZo R . Qo

PR Zy  Qext

External quality factor, Q,,; describes radiation to the line:

_ wsWs
ext — PZO
wsW.
Note that Q, = —=
1 . PZO+PR 1 n i
Qioad wsWs Qext Qo
Ratio of Qg to Q. is called coupling, S :
Qo — R = ﬁ
Qext ZO B
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Appendix 7:

Let’s estimate the reflection coefficientI” of the parallel resonance circuit connected to the line:

_Z—1Zy
747
According to (6)
, R
(1 +iQyx)
At resonance (X=0)
R 1
ro R—-2Zy Z, f—1
" R+Z, R, B+1
YA
0
For x#0 one has
F_R—Zo(1+iQOx)_ Ip+1 . [h+1
R+ Z,(14+i0px)  1+iQux/(A+B) —  1+iQ,00a4%

(from (7) and (8) it follows that Qy /(1 + £)= Qipqa)-
The power P dissipatedin the cavity exited by the input power P;, is the following:

P=P,(1—-1T?) = P;,

{& Fermilab
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Appendix 8: Beam Loading

Power from RF
source Pg

Input line

| Coupling
element

Beam |

Cavity .

99 9/28/2023

RF source and beam wy=w,= w;
Cavity: wg

Cavity voltage : V,

Shunt impedance: R,

Losses: P, = V2/Ry, = V.2/(QyR/Q)
Radiation to the line: V 2/(Qq'R/Q)
Coupling: = Qo/ Qext

Loaded Q: Q.= Qy/(1+ p)

Average beam current: |,
Synchronous phase: ¢

Power consumed by the beam: P, =
= |,V.Ccosp

Input power Py

Reflected power: P, =Py - P, - Py,

2= Fermilab
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Appendix 8:
Equivalent circuit for the cavity excited by a WG and loaded by the beam
(transformed to the cavity):

| | L=R/Q/(2w,)
~ ~ C=2/(R/IQ- wy)
] | ks ML ==c | |r. [l__b R =R/IQ Q2
Tb:_ZIb
I ) I B = 0o/ Qext
WG Cavity Beam

2

R¢/B”
in parallel to the

The WG impedance transformed to the cavity is Z,,c=R./p (radiated power is

—);

The WG is terminated by the cavity impedance* Z, = - lQ

beam impedance Z,, = ; ecl.(p, @ is the beam phase versus the voltage V...
b
1 1\ 1 [(14iQpx  Iyei®\
The total load impedance is Z = (z +Zb) =( R T )

Z
Vrer _ Z—Zwg _ 1=""5/,
Vforw Z+Zwe 1+ZWG/ .

The caV|ty voltageis V. = Vier+ Veorw = Vegrw(1 +T) = Vegryy,

Vrorw = (1+I‘) 2( +ZWG/Z)

Reflection for this load is I’ =

2

TG/Z and

*See Formulas (5-6), Appendix 7 ]
>:6), App £& Fermilab
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Appendix 8:

Therefore, the input power is:

. |VfOT‘W|z _ I/Cz ZWG 2 _
Py= _4ZWG|1+ /Z| _

~

4(%),3Q0 4 f

1+

~ VZ(1+B)? (1 + Ibcosfp(g)Qo> n ( Qo ) 2Af N IbSian(%)Qo

)

2

The formula works next to resonance: approximation is used for X:

w? 2w=wo) _2(f=fo) 2(f=fo) _28f

x=-——-1=

W Wo fo f f

2
114 . ) i
Note that Pg = |’;’¢' does not contain factor of 2 in the denominator

wa
because of the cavity impedance (g) definition.
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Appendix 9: Transverse impedance:

Let’s consider a cavity excited by a beam current |, having offset x,,. IfE is a dipole
eigenmode, the field E in the cavity in one-mode approximation may be expressed

asE ~ A(w, wO)E, where w is the bunch sequence harmonic frequency, w, is the
resonant frequency, and

iw [7- EdV 1) IGU_D; E,(x,y, Z)Eikzdz|

A=-— X = — X
w? —mﬂ—zngﬂ 2W w2 —mﬂ—tméu‘] w

ED — 2 .
where W = = |E| av and I, is an average current

{& Fermilab
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Appendix 10:

RF-kick at x=x, and y=0 may be obtained using Panofsky-Wenzel theorem:

o . 2
Ap,c ic L c I|J__ E.(x0,0,z)e*?dz]|
Ukick = == V, | E,e*dz| = —am % T
_.,3 2 _ 02 _ i
Xo (m w5 — 1= )
2
xUID f_oo (aEZ(gl 0: Z)) EERZdz )
N cwg y * X x=x, _ Wo < (-‘70) I (TII)
~ — 9 (2
((uz — Wi — i_wéﬂn) Waw, (mz —wi—i mg“) k Q
2
J‘_"D (aEz(gr Or Z)) Eikzdz
(’*‘”u) _ X X=Xg
where [—| =
Q Wwq

is dipole longitudinal impedance. and k= wg/c. Dipole (%) is measuredin Ohm/m?.

{& Fermilab
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Appendix 10:

RF-kick may be expressed through the transverse impedance:

2
Wy

ry
Ukick = X Xolg (—),
RCETEE

2

= 5EZ(JC, U,Z)) ikz
e dZ
-r—:c ( dx .

) _ m) 1_
where (Q) = (Q %= KW
Note that (%) is measuredin Ohm/m.

At resonance

Ukick = i(:;{_ﬂ) IhQ (%) = ixoloQ (%)
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Appendix 10:

Sometimes they use other transverse impedance, that is determined as:

(r_l) Ui |?
Q 1 wo Wy ’

where W, is the energy, stored in the cavity at the RF field amplitude which provides
given transverse kick U, Wo=|A[?W. At the resonance one has

2
xofoofi(aEZ(x’U’z)) etkzdyz
X=X

dx

0

_ (m) (x010Q)*

A2 =

(Ww,g)?
and

r 1 - 2
woWo = woWIA|* = (g) (%Io@)*. On the other hand, Ukickl® =15 (xofoQ (g))

and
(T_J_) _ \Ukick|® — (ﬂ) v 1
Q/4q woWo Q k%

r—l) is measured in Ohm. Note that Ugick = 1(kxo)I,Q (T—l)l
Q/4 Q

VD

{& Fermilab
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Pillbox cells with thin walls - AN

Appendix 11: Travelling—Wave acceleration structures:

Each previous cell exits EM filed . |
in a current cell, which in turn a .
excites the field in the next cell.

‘ 2a$— : \

j-3 -2 | j-1 j j+1 j+2 | j+3

Siis the cell metallic surface, S/ andS;” are the
coupling holes; V is the cell volume.

E} ,H’} - fields in the j* pillbox cell oscillate at frequency w;
E} Py ﬁj,n - eigenmodes in the | pillbox cell oscillate at frequency wy;

All the fields satisfy Maxwell Equations. Boundary conditions:

%

E} Xn=0onS;E;;, Xn=0on5+5+5".

2= Fermilab
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Appendix 11: Travelling—Wave acceleration structures.

We consider the following:
J;_ v (Ej X ﬁjn) dv = J‘V' [ﬁ;n : (Tf' X E ) ~E; - (ﬁ X ﬁ;n)]dv

= | [—lwu,H; - H;

jm
Vi

— iwney Ejp - E;1dV
Using Gauss theorem and boundary conditionswe have

onto | Eju-Byav—opo [ By -Haav =t[  (F xH,)-as

Vy Vi SiFS; (1)
Similarly, by considering

vj

we have

msgj E‘*t -E; dV — w, f H,H. dv =0
v; jin j nrtQ . ] in (2)

The eigenmode expansion:

{& Fermilab
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Appendix 11: Travelling—Wave acceleration structures:
By using (1) and (2) we obtain

LWy, fs}+s}'(Ef X H}ln) -dS (3)

w? — wj 2W; 5,

v - iw _IS}+5}’(EJ' X Hj,ﬂ) ~dsS
I w? — wf 2W,

The eigenmode amplitudes are determined by tangential electric field on the holes, E,;

How to find E; for small holes?
1. Quasi-staticapproximation:

2

We have: aE; +k%E; =0, k2 =% 2 2

Fora small hole, a<</,. It means that AE~—;> kE; = (%) E, and AE; =0
i.e., it means that Ei, = Vb , AD =0 orelectric field is quasi-static.
Far from the holes electric field has only longitudinal (accelerating)

component!

{& Fermilab
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Appendix 11: Travelling—Wave acceleration structures:

Ju
A B
3. Electrostatic problem: conducting sheet at z=0 with a circular
hole of the radius a, at z=-co the field is homogeneous, E,=E; at
z=0o the field E=0: problem A above. The problem has analytical

solution.*
We need to define the radial electric field at the hole, or at z=0 .

2. Superposition:

+

* W.R. Smythe, Static and Dynamic Electricity, 1939, p. 159
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Appendix 11: Travelling—Wave acceleration structures:

Oblate spheroidal coordinates: e
¢{=const ,.\\ N // //.
z . __q. spheroids 1" s -
Z 1rz ¢
{=const
2 2 . 40
—Z’—z+ 1:52 _ a2 hyperboloids rla o= — -1
r=al(1+>)(—é&)]V/? i
z = ags ] ‘ﬁ“: g
AD =0 & /// i e T Y B
_i E=0, ‘ |
1 z/a
D(£,0) = aEyé [{ — = 17 -1 .
(§,9) = ako? k g ot ¢ )\ : Lamet coefficients
1 (1-¢§2)2 r §2 =%\
£ () = V@G Do = Eo T =Bzt | n=a(555)

1 1
E,(r,0) = h_zvz(cb(‘fa O|(=-:] = EE:]

110 9/28/2023
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g2 — ¢2\'/?
h2=a(1+€2)
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Appendix 11: Travelling—Wave acceleration structures:

For TMy,, mode in a pillbox near the axis (see slide 110):

Ej,r(r)lsj = EU Tf(ﬂz _ T‘z)lffz [‘Yj—'l _Xj] TH E

T
E. (| = E X - X, PHYSICAL REVIEW
j’T(r)ls}r Dﬂ'(ﬂz 2)1;2 [ +1] nal of experimental and theoretical physics established by E. L. Nichols in 1893

(ﬂ Seconp Sermss, Vor. 66, Nos. 7 axp 8 OCTOBER 1 ano 15, 1944

Theory of Diffraction by Small Holes

ZZD H. A. BETHE

Department of Physics, Cornell University, Ithaca, New York
(Received January 26, 1942)

and from (3), slide 108, we have:

where K'is the coupling. dimensionless parameter:
_ 2E§a® 2 R/Q kea’ ke = Wo
" 3ZWoc 3 Z, d?T? ¢
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Appendix 11: Travelling—Wave acceleration structures:

In the infinite chain of cavities equation (4) has solution (travelling
wave):

X; = Xell® w(p)

and

wo[1 + 2K]Y/?
(@) = w1+ K(1 — cos)]*/? /
For small K we have: w /
0

w(p) ® wy[l+ %K(l — cos)]

One can see that

_ () —w(0)
B w(0)

{& Fermilab
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Appendix 11: Travelling—Wave acceleration structures.
The 2d Bell theorem, illustration:

For a pillbox structure:

The fields on the hole are equal to

Ej,?‘(r)lsj = Ey 7(a? — r2)1/2 [Xj—1 — Xj]

Wo
Mﬁ;.(’r')lﬂ. LED(4 )T[X 1+ Xj]

(E;and H,on the hole are two times smaller than in the cell center,

see slides 110-111).
Therefore, we have

P “Re[E;Hpds  woEZa’d |
Vgr = = = Reli(X;-1 — X;))(X; .+ X7)] =
gar |X-|2WD |X'|2Wﬂ 6ZUWUC ] ] J J
J J
d d
woEZa’d wod Kd dw
= 3}{'}0 sin(p) = TKsm(qo) = cTsm(fp) ar.

{& Fermilab
113 9/28/2023 V. Yakovilev | RF Accelerating Structures, Lecture 10



Bell theorems for periodic acceleration structures, proof

I. Floquet Theorem

| | “For a given mode of propagation in a periodic system
| | at given steady-state frequency the fields at one cross
section differ from that one period away only by

;S
S E ' "z~ complex constant”.
., E(x,y,2,) = E(x,y, z2) e
H(x,y,z,) = H(x,y,z;)e” " (1)
Zy = 721 + L

Il. 1t Bell Theorem

“The time-average electrical stored energy per period is equal to the time-average magnetic stored
energy per period in the passband”.

Consider the periodic structure to be divided by a series of surfaces perpendicular to the axis spaced by
the periodic distance L. One cell of the structure having the volume V is surrounded by these surfaces S;
and S, and the ideal metal boundary S;. Let’s consider the integral over the surface surrounding the cell,

which equals to zero:

gﬁExFI*-ds?:fso Exﬁ*-d§+f51 Exﬁ*-d§+f52 ExH*-d§ =0 2)
This is because we have

fso E x H* - dS = 0 because E; = 0 on S,

ande1 ExH*-ds+ sz E x H* - d3 = 0because of (1) and ds, = —ds;

{& Fermilab
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Bell theorems for periodic acceleration structures, proof

From Maxwell equations

curlE = —ia),uoﬁ (3)
curlE* = iw,uoﬁ*

and (2) we have

$E X curlE* - d§ =0

Applying Gauss’s theorem, we get:

J, div(E') X curlE'*)dv =0. (4)
Using the vector theorem (see Appendix 1)

div(/f X §) =B - curlA — A - curlB, (5)
we get:

f, (curlE*) - (curlE)dv — [, E - (curl(curlE*))dv =0.

Using Maxwell’s equations (3) and the homogenous wave equation derived therefrom (see Lecture 10)
curl(curlE®)) = w? puoeoE” (6)

we get

J, (—iwpoH) - (iwpoH)dv — I, E- (wz,uoeoﬁ*)dv =0

Dividing through 4w? i, yields:

— 2
ifv to|H| dv =ifv gl E|?dv=W/2,

quod erat demonstrandum.
Here W is total energy of electromagnetic field per period,

1 = 2. 1 = o
Wzgfv eoE - E dvzgfv UuoH - H*dv

{& Fermilab
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Bell theorems for periodic acceleration structures, proof

I1l. 29 Bell Theorem
“The time-average power flow in the pass band is equal to the group velocity times time-average
electro-magnetic stored energy per period divided by the period.”

Consider (4) wherein E and E* are functions of frequency w. Differentiate with respect to frequency:
0 . - = _

ﬁfv div(E X curlE*)dv = 0.

It gives:

J, div (Z—i X curlﬁ*) dv + [, div (E' X curl
Using the vector identity equation (5), we get

I, (curlﬁ*) : (curl g) dv — |, g : (curl(curll:f*))dv + .

))dv = 0(7)

OE*
dw

)dsz.

E*

w

+f, (curlE) - (curl%) dv— |, E- (curl(curl
Differentiation (6) with respect to w gives
ox ) = 2wpogoE”" + w?pogg o

dw ow
Using this in the second and fourth integrals of (7)

j (curlE*) (curlﬁ>dv—w2 € @ E*dv +
. dw Hofo | 3w

- a_)* - = a_)* -
+J, (curlE) - (curl %) dv — 2wpogg [, E - E*dv — 0’ o |, %E -dv=20

which is

5}
d

curl(curl

-

= OF OE = S
2Re {fv (curlE*) - (curl 5) dv — [, —=- (curl(curlE ))dv} — 2wlo&o J, E-E*dv = 0.

{& Fermilab
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Bell theorems for periodic acceleration structures, proof
Using (5) in reverse,
2Re {fv div (g X curlﬁ*) dv} — 2wpg& J, E-E*dv =0.
and using Gauss’s theorem on the first term,

2Re {gﬁg—ix curlE* - d§} — 2wHo&o J,, E-E*dv = 0. (8)

aE _)* - o, . .
Integral fS o0 X curlE™ - ds = 0 because of boundary conditions on the ideal metal surface.
0

From Floquet theorem (1) the following relation hold:
E(x,v,2,) = E(x,y,2 )e k!
curlE*(x,y, Z) =z, = curlE*(x,y, Z)|z=zleikZL (9)

E*(x,y,2,) = E*(x,y,2,) ekt

0bxyzy) _ 0BGy Z) ikl _ iL&E"(x,y,zl)e‘ikzL
Jw Jw dw
Separating the surface integral of (8)

2Re {fs %x curll:f*(x,y,Z)|Z=Z1 -ds + |,

1 S,

0BGy .z) o curlE*(x,y, Z)|Z=Z2 -d§} —

2(1)‘[1080 fV E . E)*dv =0
and substituting equations (9)

AE (x,y,21) = >
2Re {fsl Tl X curlE*(x,y, z) 7=z, - dS +

ky

9E (x,v,21) = > .. d
fs ——="Lx curlE*(x,y, z)|Z:Z1 -ds —iL ¥

2 ow

20Ho€ J,, E-E'dv=0

sz E(x, y,Z1) X curl E*(x, Y, 2) | z=z, * d§} —

w
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Bell theorems for periodic acceleration structures, proof

Since ds, = —d§; the first two integrals cancel. Using Maxwell equation (3) and condition s (9) we get
2Re {w,uOL %fsz E(x,v,2,) X H (x,y, z,) -d§} — 2wo& J,, E-E*dv=0
Multiplying by 4w20L S:Z we finally have
%Re {fsz E(x,y,2,) x H*(x,y,2,) - d§} = Z?Z'%'%IV goE - E*dv =0
or
P = VgrW,
here

P = %Re {fsz E(x,y, Zy) X H* (x, Y, 2Z) d§}is the time averaged power flaw in the passbands;

_dw . locity:
Vgr = d_kz IS a group velocity;

—

w = % : %fv o - E*dv = %%fv uoH - H*dv = %is the time-averaged stored electromagnetic energy
per unit length.

[1] J.S. Bell, “Group velocity and energy velocity in periodic waveguides,” Harwell, AERE-T-R-858 (1952)
[2] D.A. Watkins, Topics in Electromagnetic Theory, John Willey & Sons, Inc. London, 1958

[3] E. A. Burshtein, and G. B. Voskresensky, The Intensive Beam Electron Linear Accelerators, Atomizdat,
Moscow, 1970.
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Appendix 12: Standing —Wave acceleration structures.

Perturbation theory.
In matrix form Eq(1), see Lecture 8, Slide 31:

. w§
MX - —X =
w
here M;;=1; j=0,1,..N;
K
Mj)—l =W(j); j=1’2, N; ij-l_l_ZW(])Jj_U’l,."N_l

and wW()=1j=12,..N—-1 W()) =%,j=0,N

Eigenvectors and eigenvalues:

: 2
~ nq)j Wo
X!'=cos—; wi = Hq,qzo,l,...N

J N 1+Kcosw

Orthogonality:

N
X“q-)??*:ZW(,-)Mr:% 5. =1lands, = 0,if g %1
pt J Jj zw(q),l qq ’ qr ’ q
=0
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Appendix 12: Standing —Wave acceleration structures.
Perturbation theory
e Perturbation of the cell resonance frequencies causes perturbation

of the mode resonance frequencies dw,;
e the field distribution oX ...

21

wo; = w§ + 5000;

N XU =X14 5}?(}}

Variation of the equation (1), see previous

. . ~ w
slide, gives Mé&X%? = w—”

2 2

6(0
[6Xq + 0X7 — — Xq
w

q q

w2

2
‘”q

q

= [2W(q)/N]- 29029

120 9/28/2023

V. Yakovilev | RF Accelerating Structures, Lecture 10

Xa.5x1 , )
W YOL
> 0
)
where Q=|[ : 52
Ow
0 =
w§ |
|Swo|
|5Xq|~ av
|wq wqi1|
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Appendix 13: Wake potentials

“l“”l]l.l-,'.'-l-,'

nin

A. Novokhatski

Blue — deceleration
Green - acceleration
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—
- -
AL |
-
Py

Acceleration cells

Radiation fields in the
TW acceleration structure

test chélrge

drive charge

| S — _I"—?——— Z
— U i
22
- = 1 —
Wz(f‘,r’,s] = —E / dZ[Ez(T,Z,t)]t=(z+s)/c ,
51

22

-
—
3

W
—

{

21

% / dz [E"_L-I—c(éxé)}

t=(z+s)/c '

bunch \y =0, w, =0 for s<0
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Appendix 13: Wake potentials
Loss and kick distribution along the bunch V,(s) and V ,(S):

V:(s) = / ds' A(s —s") W,(s') = / ds' Ms') W,(s—s"),
0 —00

oC 8

Vi(s) = f ds' Ms —s') W_L(s'] = /ds' A(s") W_L(.s —s').

——>

— o0

A(S) is the charge distribution along the bunch.
Total losses and kick:

o0

AU = / ds }x(.‘i) Vz(s), ke = é_ = _12_ /ds A(s — loss factor
0 q° q .
knom = ki — Z R/Q - w|qce. mode‘

Y -

i = q_lz. f ds \s) V1(s) K, - kick factor

2= Fermilab
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Appendix 13: Wake potentials

Panofsky-Wenzel theorem for wakes:

_ . L
ow | _ i@i—_ — mlfdz _V+J_ E.(z,t)
as eq 83 q

t=(s+z)/c

Relation between wake and impedance:

Z(w) = / W.(1) exp{—iwr} dr = W.(r),
0

W.(s) = c[Z(w)]

il

Z(k) = /Wz(s) exp{—tks} ds
0

and

= iz f Zp(w) I*(w) dw .
0

Z
|
|

q* %q
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