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Introduction:
Electron Rings

* A ring is a an electromagnetic system with a closed particle orbit.

* The closed orbit is a natural choice of the reference orbit in rings. The
motion of particles typically is described relatively to the closed orbit.

= \We will be interested in systems with a stable orbit. That is, particles
with a small enough deviation from the closed orbit are stable in
respect to the closed orbit.

» Electrons in circular accelerators can make many turns and interact
with accelerating RF many times, reaching high energy over an
extended period of time.

* In linacs, this happens only once or several times (recirculating linacs).

* Also, rings can store electrons (and positrons) for significant amount of
time (hours), providing unique experimental capabilities as colliders
and synchrotron light sources.
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Introduction:
Electron Synchrotron Boosters

» Electron synchrotron boosters accelerate electrons to a specific energy
to inject them into other accelerators. Electron linacs are frequently
used as injectors to boosters: source—linac—booster ring—storage ring

= Historically, boosters were used for fixed target experiments. However,
those machines have been decommissioned long time ago

Vacuum

The first synchrotron to Pipe

use the "racetrack" design
with straight sections, a
300 MeV electron

synchrotron at University | #
of Michigan in 1949, etina (Rl Y Ejecti
Iniect 4 jection
designed by Dick Crane. o &
Accelerati
—1 " Central
Orbit
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Introduction:
Electron-Electron, Electron-Positron Colliders

VEP-1. 1963 Large Electron—Positron Collider (LEP)
Russia. Novosibirsk Operational: 1989 - 2000
’ Tunnel was used for LHC after LEP was

o decommissioned
Particles: electron — electron

~ Collision energy: 160 MeV Particles: electron — positron
Luminosity: 1028 1/(cm?2s) Collision energy: 100 GeV
Rings size: two 1m x 1m Luminosity: 10% 1/(cm?s)

Circumference: 27 km

\

1 Storage rings
2 Compensating systems
3 Synchrotron B-2S




Introduction: Light Sources
Main Application of Modern Electron Rings
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Particles: electrons

Energy: 3 GeV

Beam current: 0.5 A o | <8l
Circumference: 792m |
Number of bunches: 1056 \
Beam size (v/h): 3-13 um / 30-150 um
Experimental beamlines: 58

uilding 742
(LOB 2)




Simple Electron Ring Lattice
and Typical Subcomponents

» Basic subcomponents of electron rings: @
« Bending magnets or electrostatic bends - - RF caviies

d|p0|es Deflecting 2

» Focusing magnets — quads (can be ] meoes
incorporated into dipoles)

« Multiple magnets to achieve specific
beam dynamics characteristics

* RF cavities to accelerate or compensate
losses due to synchrotron losses and
keep beam bunched RF cavities

* Injection/extraction systems

Extractionsmagnets Injectionsmagnets

= Simplified lattice example
» Bend
« FODO doublet (Qx, Qy)

» Sextupoles to compensate tune chromatism
(Sx, Sy)
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Accelerator Model Review

The single particle equations of motion have
been derived previously.

{x,x",y,y',2,6; s} 5= v Y
s = ct - p 2T
Veon 2 Vyo . B’ 1 B , 1
"y (== = kg, = — ks, = r=""Y =—
X +(R) x =0 Bx = g Bx [Bp]+p2 B /ax B ké
Transverse betatron motion p
v (Vyoy? Vyo B’ [Bp] == ‘Rigidity’
Y H(R) Y= k=R Ky= g 0 g
|Bp] Transverse
z' = —Ngp6 ‘Slippage’ nsup = a — 1/),2 O0<a= 1/1/2 (typically)
x0
0 ,unbunched Momentum compaction factor (lattice function)
=0 1 (vsp\? _ 0=
0 (io) z ,bunched NMstip| = = 0=a- 1/ Ver2
Nstip R at transition LongitUdinaI
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Lattice Functions

» The lattice defines the environment in which the particles respond to
perturbations

Dispersion

Ap
xo) (x)_ D,(p,s)— _(Dx(p,s)5) /" <2 po 1 _1P0
()= () =25 ) - oy + (1,2~ L g)p, = 100
Po p Do + Ap po(1+6) p P p D

n, 1S also commonly used
Momentum Compaction (path length changes)

AC A D
) 4 =af a= <—> C:specific orbit circumference
ring

C Po

Chromaticity, ¢ (beware — definition varies!)

Ap 1 [ds Ak AE
Av=¢(p)— =& v=—0¢— Li A el
Eppo 3 2T inac K, €E
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Longitudinal Motion [1]

= | ongitudinal motion is oscillatory and defined by the slippage factor

Nsiip = & — 1/]/2
Longitudinal synchrotron motion

I — _ )
Z Nstip |:> an (VLO)Z _0. bunched

R
0 ,unbunched

' — 1 vg0\2 =1 —1 _1
0 (io) z ,bunched Nslip = @ /),2 = /ytrz /),2
Nstip R
) Adjacent bunches )
VA VA
Below transition energy, 7, <0 Above transition energy, 1y, > 0
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Longitudinal Motion [2]

= Now with acceleration v, (s) = Vg sin(wgpt)

Synchronous particle: energy gain = energy losses / revolution

18

Longitudinal Equations of Motion®*!

The longitudinal equations of motion for an electron in a

eVor sin ( ¢ ) .y prima_rily synchrotron storage ring are T,=c/27R
RF S 0 radiation losses Vip(s) -
QA sk Seowe, & FoTREDCE
« dt ' dt  EoT, '
5 Y1 <. Note! , 0%

Vil H where and s are the momentum deviation and distance of

e S4gble higgns ) .
- the electron from the synchronous particle respectively. Note that s

pha 32 Pc.szﬁ‘a(.n_ | o2rive4

ecelice thach Pg:ﬁc/e 2

—

¢

N

Bunch length
| ! > i
| |

\

a

[~

RF acceptance
>

v

»

Fi

L'

SCHAN,

Stable oscillations
Unbounded trajectories

FRIBE
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h = wRF/wrev > 1
‘harmonic index’

is positive when an electron arrives at each azimuth ahead of the
synchronous particle. If the RF voltage, Vgg, is assumed to be
sinusoidal the following quantities are of interest.

1. Synchronous Phase, ¢,:

o= sin"[ Yo ]: sin"[:l]
eVrr q

2. RF Acceptance, £gg:

2
ERF =3 &)_{qu -1 —cos"(l/q)}] 7

nohE

3. Synchrotron Tune, vg:

r 172
Vg = Q _[ahcosos BVRF:I
wg L 2= E
4. Bunch Length, o :
r 2 172
o =% o0 = 2rothe E G
LT0, 7 | oRpcosos Vrr

J. Murphy, ed., Synchrotron Light Source Data Booklet, v.4, 1996
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Solutions to Hill’s Equation

= The linear motion has known solutions

(v,=0954, v =0.399)

50 0.4

Region 9 (- B,

ny (vx0)® =0 Hill’'s Equati
Xg +(?) xXg = H's cquation

xg + kéxxﬁ =0 = . o i
xp(s) &
[ d 10.2
S
=/ By(s)cos| | —+ I,
Bx
) 0 2 4 6 8 10 12 14 16
ﬁx ( S) Position [meters]
=% 5 cos(,(s)) D. Robin, et al, PhysRevSTAB.11.024002.
0 Advanced Light Source (1 of 12 Sectors)
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Natural Chromaticity

* The presence of energy spread in the beam leads to variations in the
betatron tune.

1
* Any lattice has a ‘natural’ chromaticity  &natwrar = ~ i f kéﬁds
—_ _|_ >

=R T
» Uncorrected, this natural chromaticity results in strong variations in
betratron functions with energy deviations.

* Negative chromaticity is also to be avoided so that head-tail
Instabilities and coupled-bunch oscillations may be suppressed.

* The addition of a sextupole magnet (length, /) is commonly used to

correct the natural chromaticity. But this introduces nonlinearity into the

ring dynamics.
1 Bl
Adsext = iED,B (Bp]

(+) for bend plane (eg. horizontal)
(-) for out-of-plane (eg. vertical)
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Introduction to Lattice Perturbations

* Non-ideal elements and symmetry-breaking insertions provide
localized sources of perturbations

v () y =y = () -y =

2

v
Y 2 _ 42 2
2) v =vi—KR

example
perturbation = (

KRZ ﬂy s)+ Aﬂy

B ZVyO IBO

Avy = Vy — Vo =

COS (1/)3,(3))
» Large perturbation —> secular growth, nonlinear island formation
vy = V5o —KR* <0
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Linear coupling between planes

» Coupling between planes from skew and solenoidal components,
misalignments, etc. B,

x=x9+xp+xp=x9+X |[5-cos(y) + Dy b
0

- |P
Y=Yo+ Vg +¥p=Yo +9 /ﬁ—ZCOS(l/)y) + D, 8

1 B!, 0B,/ 0x
x" + kZ X = Sy 1 Ry/ _|__R/y 4 ... S(S) _ _SKkew _
- 2 Bl ~ Bl
y"+k2 y=Sx—Rx’——R’x+--. R = sol
" 2 [Bp]

» Analysis of motion (similar to development of Courant-Snyder
parameters) finds at lowest order of perturbation

X% 4+ 9% = constant v, — vy = Integer  Difference resonance, bounded
X% — 9% = constant v, + v, = Integer ~ Sum resonance, unbounded
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Tune Diagram with Resonances

* |[n general, the resonances happen when
tunes satisfy equation

kvy +lv, =m
k,l,m —integers

Tune Diagram between 2
and 3 fork,l <4

* The strength of the resonances and their |
destructive effects reduce with the R L
resonance order (m) R SN B e

= Resonances higher than 4t order rarely ..[ .\~ L S
cause instantaneous beam loss but can [ \/ Tl TN/ VT
cause emittance increase and beam |, "0/, oy
quality reduction. Vi !

= Resonance harmonics equal to machine [~/ o< b
periodicity (¢) can be particularly strong | / B innay S
(ie. excited at every lattice cell) SRARNNYAS

J'g.-:: :.|4 & I:.Ia -
Vx

Facility for Rare Isotope Beams
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Tune Diagram with Resonances

* |n general, the resonances happen
when tunes satisfy equation
kvy +lvy, =m
k,l,m —integers

30

* The strength of the resonances and their

destructive effects reduce with the
resonance order (m)

= Resonances higher than 4™ order rarely .. -\

cause instantaneous beam loss but can
cause emittance increase and beam

quality reduction. ¢

y

= Resonance harmonics equal to machine”__ |
periodicity (g) can be particularly strong | /

(ie. excited at every lattice cell)

Facility for Rare Isotope Beams
U.S. Department of Energy Office of Science
Michigan State University

FRIBE .

Red circles show approximate
area typically used by electron
ring synchrotrons for operations.

L
e i

.........

- o
.................

..........

14

..............

-------------

P I I &
I L
Y
W 1 . [
L 1 I i -
J"-F-‘ L] 1 [l L __-\“u'-\.
2 n Al p I 1
T [ v, O
.
T .l 4 I ™ (IR -
I "I"' I ""'I'I"'.- L
.......... Al i i Xt ...jr‘.'......t...
#Tas - Tl
L I L
I'I o | - f.ll b
Il- " - I'I N
’ e 1
I - I ¥ o L
- ! T
1 ! P ! ‘o !
¢ =T # i T~
¥ 1 I
-
e I L
1 L U R T T S
L) 4 1.6 1B

S. Lidia, Electron Synchrotrons, Slide 17



Non-Linear Dynamics and Its Treatment

* Nonlinear elements can severely affect beam dynamics in the rings
» Cause fast beam losses and beam quality degradation
* Limit beam lifetime in an accelerator
« Limit suitable selection of betatron tunes

* Accurate treatment of nonlinear motion still is not possible. There is no
mathematical apparatus that would allow us to do that in a general
case (except some specific cases)

= [terative perturbation analysis and averaging are used and produce
good results. However, this treatment is beyond the scope of the
course (although it is not too complicated and relies on analysis of
corresponding Hamiltonian Functions. It is just time consuming.)

» We study a simple model numerically to get a qualitative picture

Facility for Rare Isotope Beams
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Numerical Model
and Motion Far From Resonances

Uivems peinkia Step 1 — one turn transformation, linear optics
m:{’kmquLx M
[x] _ [ cos(2mv,) sin(vax)] [x]
x'ly  |=sin(2mv,) cos2mv,)] Lx'l4
Se le
0 le
605‘(;&_“_) Step 2 — thin sextupole and octupole transformations

2], =[sx3 4 0x]
— x'ls 7 |SxZ + 0x3

v = 0.171 - far from resonances, motion with /v \
nonlinearities is perturbed but not dramatically.

Linear motion shows no perturbations (ellipse). Sextupole Octupole
term term

Linear With Nonlinearities

S=0.05, O=-0.01
dv
0A2

Tune shift is positive for large amplitudes

O. Lldia, electron syncnrotrons, olige 1y

>0 for0<0




v = q/3 Resonance
(in horizontal x-x’ phase space plane)

Linear motion, sext = 0, oct = 0 — no phase space perturbation

v =0.31 v =0.32 v =0.33 v = 0.34

3V, =@

Non-linear motion, Sext = 0.05, Oct = -0.01 — strong perturbation of phase space.
Particles become unstable (Amplitude — o), causing losses in a few turns

v =0.30 v =031 v =0.32 v = 0.33 v =0.34

G

)

9

Particles with larger amplitudes get have a higher frequency, see previous slide
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v = q/4 Resonance
(in horizontal x-x’ phase space plane)

Linear motion, sext = 0, oct = 0 — no phase space perturbation
v =0.23 v = 0.245 v =0.27

© : @

Non-linear motion, sext = 0.05, oct = -0.01 — strong perturbation of phase space

v =0.23 v =0.24 v = 0.245 v =0.25 v =0.27

-~ f""
¢ @
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Frequency Map Analysis

* Frequency map analysis is a very powerful oo
tool to understand and improve the P A
nonlinear dynamic behavior in particle ’ ]
accelerators. ;

* Frequency map analysis is used to g
compare the performance of different ! 6. Steier. W v;)an PAC 2010 |
lattices and to carry out an automated A R
lattice optimization. T

» Experimentally, ‘pinger’ magnets are used
to excite motion and explore areas of the :
nonlinear dynamic aperture. Turn-by-turn -
motion is measured with BPMs.

= See http://www.cpt.univ- o
mrs.fr/~hscopp04/Abstracts/Laskar.pdf

Figure 1: Simulated Frequency Map for the ALS lattice
with errors in configuration and frequency space.
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Synchrotron Radiation [1]

» Synchrotron radiation is a by-product of
transverse acceleration of charged
particles.

* Predicted by lvanenko and Pomeranchuk
in 1943.

= Observed in 1947 in General Electric
electron synchtrotron.

= Originally considered a nuisance as it
provides a channel to drain energy from
the stored beam — with a strong
dependence on beam energy.

* Nowadays it provides the basis of
incredibly useful facilities for scientific
discovery.

Facility for Rare Isotope Beams
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Synchrotron Radiation [2]

» Radiation is emitted by relativistic charged particles due to acceleration
iIn @ magnetic field.

» Radiation is quantum in nature, but the high intensity of the field leads
to classical analysis.

» Radiation is emitted over a broad spectrum of low photon energies and
falls off exponentially above the critical energy

3hcy3 ,
€crit — hwmt = T = Ecrit[kBV] = 0.665 B[T]E [GBV]
* The total power radiated is given by

drtr,mc? y*
Protar = 3e P

I = ProgallW] = UplkeV1I[A] = [88'5 E4[Ge”] I1a]

plm]

* This power must be replenished by the synchrotron’s RF system

Facility for Rare Isotope Beams
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Spectrum of Synchrotron Radiation

3hcy?  Characteristic energy of SR spectrum

€crit — hwcrit —

2p
0.5T magnetic field, 1A baam current, 0.1% bandwidth
_1.x10" e | 4 N
E 1. x mm — , \ \
g
ﬁ | ! 1 \
= \ \
S 4 .q0" Spectrum of SR 1 GeV\ 3GeV | 8 GeV\
5 from a 0.5 T magnet \ \
-E II' III|
E I| 1
(s

1 1
1.x10" |

0.01 0.1 1 10 100
Photon energy, hwikeV)
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Quantum Nature of Synchrotron Radiation

2L Number of photons emitted per turn N = ay = %

a- is the fine-structure constant

Statistical emission of a quantum appears as a change in an
equilibrium orbit by recoil, causing oscillations around that new
orbit - increases betatron oscillations.

Multiple emissions behave like Brownian motion causing diffusion
and increase of emittance.

emitted

]

pRoton

S A on-energy closed orbil
/{ﬁ\ //'_ _\ :-"r-':"-fr;.. alaaadt adt
= ‘IIL‘ J v \4 particle
L___

trajectory

.-""-a-a-,-;
Quantum oscillations ultimately limit the equilibrium emittance.

The equilibrium emittance is defined by the damping rate and by the growth rate
caused by random emissions of light quanta.
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Quantum Statistics of Synchrotron Emission

8
Mean photon energy, (e ——— € i
p gy ( ) 15\/§ crit
RMS ph 2 g
photon energy, (<) ﬁem-t
Total photon flux, N, 15V3 B
8 €crit
: 55 55 v’
Product, N, ,(e?) —Pe,... =——hc’r,mc® —
ph 24\/§ycrlt 24\/§ e |p3|
A 2| 55(hc)? ; L(l N 1)d
L o _ S
Quantum excitation over path length, L E| cuant 28V3 Y , |p§’g| |p§|
L
Emittance increase over path length, L Agu| _ _Dorehe ],5] Hu
quant  48y3mc2" Jy |p]
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Radiation Damping

* Emission of synchrotron radiation reduces the electron energy.

= An electron radiates at the average rate U,/T, where T,=c/2nR is the
average revolution time.

» Electrons on different betatron oscillations, but with the same energy,
will lose the same amount of energy (when averaged, in linear
approximation)

» Electrons with different energies, will radiate different amounts

= Electrons emit photons within an angle 1/y of the forward motion
 Longitudinal momentum is replaced by RF acceleration
* Transverse momentum is damped

M. Sands, SLAC-121 (1970)
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Damping of Synchrotron Oscillations

ZE{.'E'E’H'}‘l‘H [{J—-W'_"

Sl Energy transformation after
= . dw , 1 turn for electron with energy
EC v el i ‘f ‘(“" = ;E £’ ) deviated from the synchronous
energy
E"l.. = E,r‘ HE,_S
Es=Es+ ele s ©s— J7A Energy and phase of synchronous
particle
=5 4dE
Ie = (st p~ sk ps) d W
= fo)-Fie &

Z
=2  d&, [ ohv.dg + i & -p Forsmalloscilations

. n Synchrotrons, Slide 29
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Damping of Vertical Oscillations

b ;J;ﬂ'_’!l

0]
op+— /7 T K {7':{) ~ demyghive ~=_-|r__
. .- s
Friction B ,
¥ -
! i\;‘??" O —~ deelvath've ‘H‘:J“.H
| = -t
RF cavity > __dp_
/i%‘ fghﬂ.r_ﬁz_; {955 é{_m;& ‘,{\Sfﬁaﬁbh It‘— _ f E
%/ ) Y,
2
}’ Li ﬂ \7 T i"h"l Y = O
[mu® F
= 1 - ,E?ﬂ = A e M, — @iek logs
3} = é—lﬂ gog_‘ﬁj} Zap — Ct/ﬂ.':j‘,‘c‘_ﬂ_fefeciah
[
[* - Tc:: i T{; A = T -
Lﬁ"l‘!m‘ EEU g .ch\edfc g Ir) .
O0Sc. Ciinee ﬂ\;’ti'!hﬁh ;H R “Ftime

P-L?-."q 4

ﬁ‘J q,].“ 3
.
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Beam Lifetime

4, Zzn c
Gas scattering Tsclat e p [(ﬁx)ﬂx max (ﬂy)szl,max]
Bremsstrahlung on L 167‘eZZZPC 183] D
nuclei tbrem a1 zam| | e
: mrg CNC
Touschek half-life . Vrre (Z) = 813/20,0,0,, { = (€gcc/V Ox)?
o VeV
§ 2
Tg e
Quantum Tquant ;S? = grf/wg

J. Murphy, ed., Synchrotron Light Source Data Booklet, v.4, 1996

a ~ Facility for Rare Isotope Beams
[ ¢ y U.S. Department of Energy Office of Science . .
m Michigan State University S. Lidia, Electron Synchrotrons, Slide 31




Top Off Mode

Continuous replacement of lost beam

Advanced Light Source

User Operations Shift underway: User Operations Shift underway:
1.9 GeV, 276 buckets, cam bucket 318 400 mA Top-off
Refills at 9:00 am, 5:00 pm, and 1:00 am ©Ef 1.9 GeV, 272 buckets, cam bucket 318

244 1 e Sat, Aug 04, 2007 | LIGHT 399 B A Fri, Feb 20, 2009 LIEHT'
i | m
200-

6:18:57 AM 11:28:55 AM
400- :
i Gev EIE] Litertirs) KEX 1 1.9 QUICHE] 5.9 |

_ 10 GAP(mm} gy Iy A 0 carimm)  ou D]
s ] 45.00 | wEE wiEE
200- (5 0.00 BER] 2267 £+ 0.00 RTITRY 27.92|
150- swi [JRERD] 11z I ' sw IRERL] 11z XD
100- | G 19.01 RHIEL 25.09

50 TUBRLRE 11:.1m

?H-:W 21:00  I=00 0100 0900 D007 ﬂ. 00 (D GO0 OE00 000 : ] 18.79 Lel]  40.24
S PST

EBeam loss al
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Appendix 1

Transverse and Longitudinal Motion in
Electron Rings
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Equations of Motion and Hill Equation

(x, y) - small deviations from the reference particle
s is the independent variable instead of t (s=v*t)
JI% ,l=h

— 2 xal B
St =L (g 28

Sy nis the field index =~ B \dr
5% T

- Dipole magnet with gradient focusing _ T (dB >
0

. . - Quadrupole
o Y _

- Drift

T
X ""k'{-?ijt'ﬂ

- General Hill equation with periodic focusing
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Example: Weak Focusing
Azimuthally Symmetric Field with Gradient

I~ ~
; 7 — Custaunt r dB
- h n: T D ..
2 — lousdact B dr
) g} ©
% = A, m(JT—T»I ¢+ 6 Xt 4 s T )JT?‘ Solution

Yo A easily obtainable

re( L s s VA (Fs+1) T

N
r:h e Current is phase space density times area

& N 1. Increase density
2. Increase aperture
: N 3. Increase focusing
8 ;\,}'
W W Increasing focusing in both planes is

>. Impossible. Need other focusing
S& = NAOS E Syal ,qf;r %“' Mechanism (strong focusing)
z
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Strong Focusing

Strong focusing can be achieved by introducing variable focusing as
function of s. However, stability and properties of such motion needs to
be investigated.

4 b
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|
(¢ U.S. Department of Energy Office of Science
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Linear Betatron Motion

Linear motion can be described by vectors and matrices

/
O e Gie Soluban, ( gi):i J CGs,)=0
S:HE l{»{ ;I I'
Eﬂ.;’&-a‘-“h 5(‘31):':&} S(Si).—_r_{ |

. [W _[€e) sts) ]y y
L] = [
K 5 CT'CS-} S {5) [xf]i ;,( JiJ = [Iri;}xi-i- %-51)11

(— - 1—]1 N
TCS”SQ o )7V L [
T{/SJS*C)"M_' Mﬁ"mmg@:'l
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Stability of Betatron Motion [1]

T(S;S"‘C):‘ M = ere Gng, M,ﬁu#

_Yi wil - Eigen vectors of M (basis) with eigen values 1, and 4,.

- ——

X
(f.'); oL, k7'r * biz\r';,_ - initial vector

X
= X\
(a{‘)g M(x:); °<r)‘?v, + oL AY, - after a turn
272

e
x ! Y - N - after N turns
S+CA = M-(ff)ji oL X, Y, +ol N, Y,

For the motion to be stable
/}k’) ) /A"E.[ 5 i
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Stability of Betatron Motion [2]

Matrices T and M are Wronskians => det(T) — constant.
det(T) = det(M) = 1 — obtain from initial conditions

=> ;ﬁ e Epae u is the betatron phase advance per turn

. S. Lidia, Electron Synchrotrons, Slide 40
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Twiss Parametrization

M= Linpe + Js—.'u/.‘. = 7 ~ ey~ Twiss parametrization
Because det(M)=1

= + - s TL
ia:a e ] J= [_}‘J ~a®+py =1
Jllll?;l,q__ 574-—13'5-;"?&.

Cisom Veckor

-] “lvds EAL)

<m/¢~.+ n{s}'%))' .._L/'_I,;.:.?“_-?*: ﬂi‘iﬁfy
ff?uc‘-?-?. T v awd (Q8,'le TCe2tun d}’-r’sy": + L}'

-

yf
—\f-:

-

Lo

|

=7 3 = . }(“aﬂ;}m ve el

’
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Evolution of Particle Coordinates
at Specific Location s

::(:ﬂ’{ﬁ,‘ - &lﬁ;‘ o, ﬁc’a--ﬂm«...f‘fix hwest be
' C‘J{ "-ﬁd
X _ - o
O{'{'Iﬁ, +0€2,r;; ‘:"{l"’""wsl‘f’j W’a-ﬂt?_u?

=) KZ‘H'IF'M;‘.LF
}C1= -_i e .
ﬁ},('g P+ oL o)

= JSHLE N Garna
X= AJR wr-(pr H4) u is the betatron phase advance per turn

X ﬁ\%(s,‘&{qwﬂya) ol ¢ ”?")
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Courant-Snyder Ellipse
At Specific Location s

Y = ,f"l‘lfﬁ\f.wf-' ¥a P + eV .«TJ:I Teqj4ctfo1;¢1v£—
) A - Lot (e et
¥ =1 of > ' -1 &
'\Irl:_\‘ ( Lok t & ?‘) ..r‘fff-' ‘___\T:..l _t_
‘¢ ."_!.- ¥

K.- ‘/, f.r"' > _

Alosy = 2 14/ __..f’//
'p

Y\ .

Z ¢ 2
A — ﬁ‘*"’f’ 'fﬂzhtl-zfz

= I"I!."Ut.lei_ 2"3"{}"{*?51"3- -

Ve

I ' . |
V' x% & 280xx He.x“‘ —o|th Voot

-

Area of £1 > Area of £2
Horenen, %mﬂm%é?_




Particle Motion Along Accelerator
Equations for a« and 8

(1) (%’):1_'%-_{ y's KY=0

il fa]‘ ey vesha.

[ Diffizenkate bft ad 2ish pote of /1)
DR L ' L £y e o
(vJ* - {}T)“ - ( a )
_'i_"u'—-:JLl' M] (Ic.i-*ag |
( r~ = -n' - ‘-—PZ——-{‘
Zgulize mﬁm%zwfuﬁ*
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Particle Motion Along Accelerator

Phase Advance

11: Fe-« _ + .+ F'fr’z
! & F
‘::'!_?: i(;.?f;s'__,_ic_{_%
Y B Sl (&
11_;"5_9:
Y=o p e P
he _5*_5
8.+ X= Ay U}d P “0
g
;?—*/ﬁt ’Dh,;.;t::.fkmm Pﬂ-‘-{"-‘&h

o
- = ,_ S‘f - Betatron tune
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Example
Small Focusing Perturbation
M, Thin, weak lens added to a ring with the one-turn matrix MO
@ Find new betatron tune and g at the location of the lens
% ~ F Mo
M = L_:{ © ][E‘F'i?l-t;*ﬂ.sll'},t_‘__- ﬁ'&*h'u/-_,__. |
'Fj - - J;!H‘“)/l\__. l.':r.’,'.l _%hlh
— ﬂmx‘-_ + ol S-.‘ly{(:_
O B e e B
) s {‘“’77"“-."“{5‘71-;- }?J,'./L(‘
L = ?1 ﬂ-[
Yaale L‘”:@-:f M ;! — . .
A — = an/a_dﬁ&.&%ﬂ
ﬂ\.‘?}'ﬁhn -+ -ﬂ-/t"-) — Cr e - ,.j:h/& ‘at For small 5u
=2 .
i

:-‘:’) -‘51} = ﬁ_{ = = !E
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Motion of Particle With Energy Deviation

iﬂf«?%wr‘& 8p+o

ma— 2££LEEHLL
Efﬂrﬁ. rd 'T,.-zfj Ledo U

/g :
]?(S}z—[&“ . Q{P{T)BE')-

FRIBE .

2si&) pc
ne= & Xe .
2
1
olp = 7 5%43
__bC _ A
wh ““"r—;

Facility for Rare Isotope Beams
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i

z P
¥ = ]?ﬂ) &p .Search for solution
F in this form
I
h+ kl? - :é Equation for dispersion
function

(1t~ ¥ (Y] pY) s’
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Azimuthally Symmetric Case

_ T
1= & (teead M~ =,
olp= —!

F 1=k
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Energy-Phase Motion with RF [1]

/
Wyp= A —PF ﬁt?/mﬂ? AL =eU s\ ¢ . -sine dependence!
A*Li‘? Huah{‘c

haiin b LF"EFPJLG—;!L
Lo -umfhﬁhﬁzwuc?

T= .EJ“’- zevoludlon Tinwe 7= C
=

OT = -~ G —
?%_)_ pxe _ é_c__g_u_‘?-#__; A
vE < v/ PP

=T/ L, - -1 - U Lohr 2
( P ‘Jéz f.;f C“-; oty &{ﬁpnag ‘fmd;ﬂvz. ﬁm,eé-‘-"t ‘55

r . .
(Can bevepatie for. (on ancel p 2670 ?4'&75.)
QU S
. P <,
Unstq ble S4able higans

Fﬁ: c | dalphade peaticle | orrived
%ﬂp ecelice tUach P{.&_’f‘l::'n{i! 2
&

hrotrons, Slide 49



Energy-Phase Motion with RF [2]

Rate of phase chasse y
s L+ Ao T CP_ ap _ 1, \ sp Assumes slow
ftu=ge s oo (ﬂ('o J?’F d+ T b ff"')?'o Change per turn

Coni=El s el 5, ¢ — o, W, is energy loss per turn to radiation
For synchronous phase, ¢,, W, is exactly

= f i

S s P el s, s~ o compensated by energy gain

‘E:L-H E + ,-::rc.{lf.f'a- h.C)ﬁ—- S /4 Ps.) &= E"ES

di_.., L& 24 !
£ = = (s /e P —si [fﬂ) ~ Equations of energy-phase motion
oL o
poF S (¥)- & (sip-su

FeP)T g (e Sps)

ol
j;a—g: Ah{ﬂf— ya,?_),%f




Small Oscillations

For small deviations in phase from the synchronous phase 2= - 1P « 1
St = Shlps = Sh(potay)~shlp, = Loayp, alfs
a’[!a - ,J_Mf,

/
Ny A ALY
s Equations of energy-phase motion
— (ﬂj . AU TR P for small amplitudes
£ = 4¥a
puT

E"rd__ffﬂ- + 'JTU (‘:{“-!’fg’f‘)eqmilﬁ}
¢ 2 pu- ¢

T
A _he” (dP* Q’r‘)*’”‘ bd 4 - synchrotron frequency
Zh pv

2>
)/ J l'(ﬂ’?’/f &ﬁ{ “”"Ps - normalized synchrotron tune
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Hamiltonian of Energy-Phase Motion with RF

T (__P} M@hlﬁ 5 u'f,)
pu'T

o

;Z/_[q,..,,,'/fu‘_.hm -E; —~ Feo hitth freen, (F), g— hﬂ-‘d’fui’[?j

' (D '
1= -

pUT

f —

| 4- E’Auﬁr-ﬁfp . +§_‘i(r-:r=-5ﬁ+ y“?”*"f) /

=

.
— J\U("JP ‘/I"XFP){-EH L.-!?dL:’ if-u"n "LF
puT
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Energy-Phase Motion with RF
with Arbitrary Amplitudes




Chromatism of Betatron Oscillations [1]

Ct{:au....{-rm ,f Ke fetz 020 naa.tifc"c.ﬁbuﬁ.‘

X 4+ kx <o B
Quad \
k= .E_ﬂ___ B = E'*{
¢ —2X
. F | ' Koz L't
R'= E:Ffﬁ x+ L g"x*® — Tayla s#ies
: T ™~
‘LP‘I" 1"""* .F-E.!fl_l;.&_
= dR)_ ¢ I
QT.;Zi b X2t XopLi = ? bp
=ozbit
f(g{*‘nﬂx) F‘}f‘fm [ I :
k = ) Sl e (gl (h-8)p)
Cpll+ 'E'F;P) cp A 1 P
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Chromatism of Betatron Oscillations [2]

- —= £ (r &) —R)IP
CPCH‘EF}P) C’*P(,P +( ‘( ) )
.&\]).. -3._1‘]“"‘-'111 f-—‘”{ﬁaﬁ{a&ﬂ

I{ anor oV, <o, TM?F”““J“"‘L&“@‘IMF

Trve cpread cm:gé-e Cornpon sateod ﬂ‘w Jextapoles
aAdded WM:‘ Zo Wa as

Beneficial to install Sextupoles
g s& , [S _ f;- £ [y Atlocations with a large
et 1 beta function
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Appendix 2

Quantum Excitation of Radiation and
Synchrotron Integrals
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Quantum Nature of Synchrotron Radiation

2L Number of photons emitted per turn N = ay = %

a- is the fine-structure constant

Statistical emission of a quantum appears as a change in an
equilibrium orbit by recoil, causing oscillations around that new
orbit - increases betatron oscillations.

Multiple emissions behave like Brownian motion causing diffusion
and increase of emittance.

emitted

]

pRoton

S A on-energy closed orbil
/{ﬁ\ //'_ _\ :-"r-':"-fr;.. alaaadt adt
= ‘IIL‘ J v \4 particle
L___

trajectory

.-""-a-a-,-;
Quantum oscillations ultimately limit the equilibrium emittance.

The equilibrium emittance is defined by the damping rate and by the growth rate
caused by random emissions of light quanta.
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Quantum Statistics of Synchrotron Emission

8
Mean photon energy, (e ——— € i
p gy ( ) 15\/§ crit
RMS ph 2 g
photon energy, (<) ﬁem-t
Total photon flux, N, 15V3 B
8 €crit
: 55 55 v’
Product, N, ,(e?) —Pe,... =——hc’r,mc® —
ph 24\/§ycrlt 24\/§ e |p3|
A 2| 55(hc)? ; L(l N 1)d
L o _ S
Quantum excitation over path length, L E| cuant 28V3 Y , |p§’g| |p§|
L
Emittance increase over path length, L Agu| _ _Dorehe ],5] Hu
quant  48y3mc2" Jy |p]
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Equilibrium Lattice

2 :]3

Of
—=C ),2
2 q
Energy <dO'E2/dt| > = <d0'E2/dt| > EO 2:]2 + :74_x + :74_3,
quant S damp S SShC
spread o 52 .=
— T 4050 32+/3mc?
= 0.38319 pm
Bunch _ C|nslip| O = V 21c _nslipEO O
length Oz = ws E, z wo [heV,rcos s Ey
Horizontal 2.
beam <d€x/dt| > = —Zaxgx £ _ qu_ﬂ
emittance damp! equ Jx T2
- H, = 0 (no dispersion
Vertical (dsy/dt > = 2a,¢, y =0( - p © )
beam dampl ¢ . B q(ﬁy)s (p~3)
equ = " 2], (p72)

emittance  (Hor and Ver can mix due to misalignments)
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Synchrotron Radiation Integrals

1 1
.72 [m_l] = f <—2 + —2> ds C
Pe Py 2% E39,(1 — T4/ 75)

73[m2] f L) Co o
m = S
’ PAERRPNE s = = B30 2+ (Jax + Tay) /7]

ff & (1 + 2p2k)ds, sector
Pi & ¢, =2 T _ggag10-5—"
Tgu[m™1] = 5 D,k Y 3 (mc?)3 GeV3
f 2—ds rectangular m?
C,=2113.1
“ GeV3s

72 /
Hy, = puDy” + 20Dy Dy, + yuDi

:]Su

ImP
k=280 w=xy 4=
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Robinson Theorem of the Sum of Decrements

/ 1 ( 2 L
—_— —+ -, = = 2 = Mﬂ

G & TE e (J; +«J, *js)

ol +J, + Jo=4

L = Y [ — D) For most modern large scale machines

C, zeT R
D~ ap <1

‘Z{T = 2;”_“‘: (;1 + D) R is the average machine radius

- =t a, is the compaction factor

é s r is the magnet radius

¢ g e 5
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