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Consider a spherical shell with radius R which has potential V (8, ¢) = V; sin?(#) cos(264). Find the potential everywhere.

General Solution
The potential outside the shell obeys Laplace’s equation:

V2 =0

The general solution in spherical coordinates is

00.0.6)= 3 [ (1) + 8 ()00

lm
We solve for the coefficients, A;,, Biym,, using the orthonormality of the set of ¥;™:
/ Y Y™ dY = 610 B

So we apply this to our boundary condition:

O(R,0,8) = V(0,6) = Y _ [Aim + Bun] V" (6, 0)

lm
[ 3 [t + By a = [ v ao
im
Ay + Bim = /Ylm*V 2
Now, in our case, we are constrained by the fact that our potential should be finite everywhere. Therefore, within the

shell, By, = 0, and outside of the shell, A;,, = 0.
Now we use this method to decompose our boundary condition into the spherical harmonics:

A, + Bim = /Ylm* Vo sin® 0 cos 2¢ dQ

And we find that

2v2m vy l=2,m==42
A + Bim = {Ox/ﬁ 0 1

otherwise

So that the solution is




Azimuthal Symmetry

When the boundary conditions do not depend upon the azimuthal angle (% = 0), the set of functions which are solutions
to the Laplace equations becomes

O(r,0,0) = Z [Az <r> + B (R) (—H)} Py(cos )
]

Where P, are the Legendre polynomials, which follow the orthogonality condition:

As above, we apply this to our boundary condition:

O(R,0,0) = V(0,6) = > _ [Ai + B Pi(cos6)

l

/ . (cos 0) {Z [A; + Bi] P, COS@)} sin @ df = /P[(COSQ)VSiIIQ do
0 1

(A1 +B) —— /Pl(cos )V sin @ do

20+ 1
A+ B = 21—'_1 /Pl (cos @)V sin db

And using similar arguments as above, the relative values of A; and B; are constrained by the asymptotic behavior at
r =0 and r = co.

Now, take the boundary condition V (6, ¢) = Vysin®#. Applying this method, we find that

%VO =0
A+ B = —%VO =2
0 otherwise
So that the exact solution is
2 r\2
90,0, 4) = 2Vo (Po(cos ) — (%) fg(cosﬁ)) r<R
2Vo (£ Py(cosb) — (£)” Py(cos 9)) r>R



