
key structural information that is usually garnered only
after extensive spectroscopy. Shown in the lower panel of
Fig. 1 are mean-square charge radii, obtained by high-
resolution laser spectroscopy, for many of the same iso-
topic chains. The sudden changes seen in the binding
energies are also reflected by the radii, as discussed below.

The measurements were performed with the Penning-
trap mass spectrometer ISOLTRAP [20] located at the
isotope-separator facility ISOLDE at CERN. The Kr nu-
clides were produced by irradiating a 50 g=cm2 uranium-
carbide target with pulses of 1.4-GeV protons from
CERN’s Proton Synchrotron Booster accelerator. The nu-
clear reaction products diffused from the hot target through
a water-cooled transfer line into the new versatile arc-
discharge ion source [21]. The singly-charged ions were
transported at 30 keV through the two-stage high-
resolution mass separator into the ISOLTRAP cooler-
buncher where they were prepared for capture into the
cylindrical Penning trap. Usually, high precision mass
measurements are carried out in the second, hyperbolic-
shaped precision Penning trap where the cyclotron fre-
quency !c ¼ qB=ð2"mÞ (q and m are the charge and the

mass of the ion, respectively, and B is the magnetic field of
the trapped ion is measured via the established time of
flight ion-cyclotron-resonance detection technique [22].
This was indeed the case for 96Kr [see Fig. 2, top panel].
Because of the much lower yield of 97Kr, exacerbated by
its particularly short half-life (T1=2 ¼ 63 ms) and the high
charge-exchange rate of Kr ions with the residual gas, only
the first (preparation) trap was used to measure the mass of
this nuclide. There, a mass-selective ion-centering proce-
dure [23] is applied before extracting and transporting the
ions to a detector for counting. The theoretical line shape
of the cyclotron-resonance peaks from the preparation trap
has not (yet) been fully described. In the past, fits to a
Gaussian form have been used (see, e.g., [24–26]). Given
the proper conditions, the thermalized ions are centered in
the preparation trap. When they are extracted through the
3-mm aperture in the end cap electrode, the expected
detected-ion profile as a function of centering frequency
should be a step function. However, the ion distribution
results in a flat profile with smoothed edges.
The 97Kr spectrum [Fig. 2, bottom panel] was analyzed

using a Gaussian fit as well as a symmetric, flattened fit
(inspired by the Woods-Saxon nuclear potential) with fre-
quency, offset, amplitude, width, and wall smoothness as
free parameters. Additionally, the frequency center and
variance of the ion distributions were determined using a

FIG. 2 (color online). (Top panel) Time of flight recorded for
96Kr ejected from the precision trap and (bottom panel) ion
counts for 97Kr ejected from the preparation trap, as a function
of excitation frequency.

FIG. 1 (color online). (Top panel) Two-neutron separation
energies (S2n) for Z ¼ 32–45 versus N. The new Kr data
reported here are represented by filled diamonds (error bars
smaller than the points). Other data from [16], complemented
by [17] for Kr; [18] for Sr, Mo, and Zr; and [19] for Y and Nb.
(Bottom panel) Difference in mean-square charge radii for the
N ¼ 60 region. Data are from [28] for Kr, [39] for Rb, [40,41]
for Sr, [29] for Y, [30] for Zr, [31] for Nb, and [32] for Mo.
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Isotope Shift

In principle, an eA collision could be arranged in inverse
kinematics with a short-lived isotope beam scattering off
a target containing electrons. However, the difficulty with
this experimental design is that the momentum transfers
are too low for measurements of the nuclear form factors
and radii. At a beam energy of 0:7 GeV=u, the q2 is only
6! 10"7 GeV2 for eA collisions.

For these reasons, the determination of nuclear charge radii
for short-lived isotopes such as halo nuclei has not yet been
possible, except by the isotope shift method discussed in
Sec. III. Therefore, it provides a unique measurement tool
for this purpose.

III. THEORY OF THE HELIUM ATOM

The measurement of nuclear sizes by the isotope shift
method depends as much on accurate and reliable atomic
structure calculations as it does on the isotope shift measure-
ments themselves. This section discusses the relevant atomic
states in question and the theoretical methods used to calcu-
late the mass-dependent contributions to the isotope shift.
Figure 3 presents the helium atomic energy levels of interest.
Laser excitation of helium atoms from the ground state
requires vacuum ultraviolet photons at a wavelength of
58 nm—a region where precision lasers are not yet readily
available, although much progress has been made recently in
this area by using high-order harmonic generation of a
frequency-comb laser (Kandula et al., 2011; Cingoz et al.,
2012). Instead, most helium spectroscopy so far has been
performed on the long-lived metastable states (Vassen et al.,
2012). In a neutral helium atom, the nucleus occupies a
fractional volume on the order of 10"13, yet the minute
perturbation on the atomic energy level due to the finite
size of the nucleus can be precisely measured and calculated.
Figure 4(a) shows the electrostatic potential of a hypothetical
point nucleus with zero charge radius. The electrostatic
potential goes toward negative infinity as the electron

approaches the nucleus at the origin. On the other hand,
inside a real nucleus as depicted in Fig. 4(b), charge is
distributed over the volume of the nucleus, and the electro-
static potential approaches a finite value at the origin. This
effectively lifts the energy levels of the atomic states, with
particularly significant results on the s states whose electron
wave functions do not vanish within the nucleus. For ex-
ample, the transition frequencies of 2 3S1-3

3PJ in a helium
atom are shifted down by a few MHz, or a fractional change
of 10"8, due to the finite nuclear charge radius.

This section covers the necessary high-precision theory of
the helium atom. In calculations and discussions, it is conve-
nient to arrange the various contributions to the energy of the
atom in the form of a double perturbation expansion in
powers of the fine-structure constant ! ’ 1=137 and the ratio
of the reduced electron mass over the mass of the nucleus
"=M ’ 10"4. Table I summarizes the various contributions
to the energy, including the QED corrections and the finite
nuclear size term. Since all the lower-order terms can now be
calculated to very high precision, including the QED terms of
order !3, the dominant source of uncertainty comes from the
QED corrections of order !4 or higher. Yet, this QED uncer-
tainty (#10 MHz) is larger than the finite nuclear size effect,
thus preventing an extraction of the nuclear size directly from

FIG. 3 (color online). The energy level diagram of the neutral
helium atom. The 2 3S1 state is metastable. Laser excitation on the
2 3S1-2

3P2 transition at 1083 nm was used to trap and cool helium

atoms. Laser excitation on the 2 3S1-3
3PJ transition at 389 nm was

used to detect the trapped atoms and measure their isotope shifts.
Details are provided in Sec. IV.A.

FIG. 4 (color online). The electrostatic potential and energy of
bound s- and p-electronic levels are illustrated in (a) for a hypo-
thetical point nucleus, and in (b) for the real case of a nucleus with a
finite volume. The higher potential within the finite-sized nucleus
causes the electrons to be less bound. This so-called volume effect is
most pronounced for s electrons.

TABLE I. Contributions to the electronic binding energy and
their orders of magnitude in atomic units. a0 is the Bohr radius,
! $ 1=137. For helium, the atomic number Z ¼ 2, and the mass
ratio "=M# 1! 10"4. gI is the nuclear g factor. !d is the nuclear
dipole polarizability.

Contribution Magnitude

Nonrelativistic energy Z2

Mass polarization Z2"=M
Second-order mass polarization Z2ð"=MÞ2
Relativistic corrections Z4!2

Relativistic recoil Z4!2"=M
Anomalous magnetic moment Z4!3

Hyperfine structure Z3gI"
2
0

Lamb shift Z4!3 ln!þ ) ) )
Radiative recoil Z4!3ðln!Þ"=M
Finite nuclear size Z4hrc=a0i2
Nuclear polarization Z3e2!d=ð!a40Þ
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Neutron radii

Involve  strong  
probes

• Proton-Nucleus elastic
• Pion,  alpha,  d scattering
• Pion  photoproduction

http://physics.aps.org/synopsis-for/10.1103/PhysRevLett.112.242502

Phys. Rev. Lett. 112, 242502 (2014)
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A comment: Yukawa potential

�B =
1

µ
=

~
mBc

Compton wavelength of 
the boson (force carrier)

Mass of the boson

Klein-Gordon equation



Analysis  is  clean,  like  electromagnetic  scattering:

1.  Probes the entire nuclear volume

2.  Perturbation  theory  applies

Lead (208Pb)  Radius  Experiment :   PREX

208Pb

E = 850 MeV,
electrons   on  lead

06=q

Phys. Rev. Lett. 108, 112502 (2012)
http://physics.aps.org/synopsis-for/10.1103/PhysRevLett.108.112502

0.168± 0.022 fm

0.34+0.15
�0.17 fmPREX:

Theory:
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HW: Assuming the nucleus of mass number A to be a spherical 
object with a sharp surface and constant nucleonic density r0= 
0.16 nucleons/fm3, find the relation between nuclear radius and 
A.

Test the performance of the resulting expression by comparing 
with experimental data for charge radii:
http://www.sciencedirect.com/science/article/pii/S0092640X12000265
Assume that the radius of the mass distribution is the same as 
the radius of the charge distribution. Note that this reference 
discusses root-mean-square (rms) nuclear charge radii not 
geometric radii.




