
•  square-well potential 
•  spherical symmetry  
•  l=0 (s-wave) 
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(E −V )χ = 0 χ =ϕr( )

Radial Schrödinger equation 
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χ I = Asin pr, p2 =
2ME
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Region I: 
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χ II = c+e
q(r−a ) + c−e

−q(r−a ), q2 =
2M(Vb − E)
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Region II: 
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χ III = c1e
ip(r−b ) + c2e

−ip(r−b )
Region III: 

How do resonances appear? A square well example 



In almost all cases |χIII| is much larger than |χI|. We are now interested 
in those situations where |χIII|  is as small as possible.!
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c+ = 0⇒ tan( pa) = −
p
q

defines “virtual” levels in region I: 
particle is well localized; very small 
penetrability through the barrier 

The condition 



When c+=0, the penetrability becomes proportional to 
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This is the semi-classical WKB result: 

P =
χ III

2

χ I
2 ∝ exp −2 k(r)dr

r1

r2

∫
$

%
&
&

'

(
)
)



Width of a narrow resonance 

time-dependent Hamiltonian 
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H(t) = H0 +V (t) (V << H0 )
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i!∂ψ
∂t

= ˆ H ψ

ˆ H 0φn = Enφn ⇒ψ = cn (t)
n
∑ φne

− iEnt / !

…expansion of ψ in the basis of Ho 

i! dck
dt

= cn (t)
n
∑ φk V φn e

iωknt, ωkn = Ek −En( ) / !

As initial conditions, let us assume that at t=0 the system is in the state φ0 

cn (0) = 1 for n = 0
0 for n ≠ 0

If the perturbation is weak, in the first order, we obtain:  

i! dck
dt

= φk V φ0 e
iωk 0t

closed open 



Furthermore, if the time variation of V is slow compared with exp(iωkot), we may 
treat the matrix element of V as a constant. In this approximation:  

ck (t) =
φk V φ0
Ek −E0

1− eiωk 0t( )

The probability for finding the system in state k at time t if it started from state 0 
at time t=0 is: 

ck (t)
2
= 2

φk V φ0
2

Ek −E0( )2
1− cosωk0t( )

The total probability to decay to a group of states within some interval labeled 
 by f equals: 

ck (t)
2

k∈ f
∑ =

2
!2

φk V φ0
2

ωk0
2 1− cosωk0t( )∫ ρ Ek( )dEk



The transition probability per unit time is 

W =
d
dt

ck (t)
2

k∈ f
∑ =

2
!2

φk V φ0
2 sinωk0t

ωk0
∫ ρ Ek( )dEk

Since the function sin(x)/x oscillates very quickly except for x~0, only small 
region around E0 can contribute to this integral. In this small energy region we 
may regard the matrix element and the state density to be constant. This 
finally gives: 

W0→ f =
2π
!

φ f V φ0
2
ρ Ef( ) Fermi’s golden rule 

sin x
x−∞

∞

∫ dx = π

Although named after Fermi, most of the work leading to the Golden Rule was done 
by Dirac, who formulated an almost identical equation 1927. It is given its name 
because Fermi called it "Golden Rule No. 2." in 1950. 



T0 =
�
�

mean lifetime 

E = E0 � i
�
2

; � = �w

half-life 

Γ0→ f = 2π φ f V φ0
2
ρ Ef( )

transition probability W0→ f =
1

T0→ f

=
Γ0→ f

!

Fermi’s golden rule 

uncertainty principle 

normalized amplitude 



When can we talk about “existence” of an unbound 
nuclear system? 
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T1/ 2 = ln2 !
Γ
, ! = 6.58 ⋅10−22 MeV ⋅ sec

T1/2 >> Ts. p.

Ts. p. ≈ 3⋅10
−22 sec = 3babysec

Γ <<1MeV

A typical time associated with 
the s.p. nucleonic motion 

Compute the half-life of: 
•  141Ho proton emitter (Γ=2･10-20 MeV) 
•  3- state in 10Be at E=10.16 MeV (Γ=296 keV) 
•  First  2+ state in 6He at E=1.797MeV (Γ=113 keV) 
•  Hoyle state in 12C at E=7.654 MeV (Γ=8.5 eV) 
•  8Be ground state (Γ=5.57 eV) 
•  Baryon N(1440)1/2+ (Γ=350 MeV) 

Discuss the result. 



Reaching the limits of nuclear stability 1195

as such’ [22]. This statement was supported later by Cerny and Hardy [23]: ‘. . . lifetimes
longer than 10−12 s, a possible lower limit for the process to be called radioactivity’.

This definition would be more restrictive than the definition of an element and thus is
inappropriate. The International Union of Pure and Applied Chemistry (IUPAC) has published
guidelines for the discovery of a chemical element [24]. In addition to other criteria they state
that ‘the discovery of a chemical element is the experimental demonstration, beyond reasonable
doubt, of the existence of a nuclide with an atomic number Z not identified before, existing
for at least 10−14 s’. The justification for this limit is also given: ‘This lifetime is chosen
as a reasonable estimate of the time it takes a nucleus to acquire its outer electrons. It is
not considered self-evident that talking about an ‘element’ makes sense if no outer electrons,
bearers of the chemical properties, are present’.

Similarly the definition of a nucleus should be related to the typical timescales of nuclear
motion. Nuclear rotation and vibration times are of the order of 10−22 s which can be considered
a characteristic nuclear timescale [22]. The above mentioned definitions of the driplines by
Mueller and Sherrill [10] and the Chart of Nuclei [19] can be used as the definition of the
existence of a nucleus. If a nucleus lives long compared to 10−22 s it should be considered a
nucleus. Unfortunately this is no sharp clear limit. The most recent editions of the chart of
nuclei include unbound nuclei with lifetimes that are of the order of 10−22 s [19, 25].

2.3. Experimental observation of the driplines

The fact that nuclei exist even beyond the dripline makes the experimental determination of the
actual dripline much more complicated. The production and unique identification of a specific
nucleus in a reaction is sufficient reason to claim its existence. Typical direct measurements
can identify nuclei with lifetimes longer than ∼10−9 s. For shorter lifetimes it is possible to
use the uncertainty principle relating the lifetime to the decay width ! = h̄/τ . Typical detector
resolutions in these experiments being of the order of keV, however, limit this method to times
shorter than ∼10−19 s. Thus there is a wide range of lifetimes that is currently not accessible
(10−10–10−19 s).

The distinction between dripline and existence is not an issue at the neutron dripline.
The shortest β-decay lifetimes are of the order of milliseconds which is well in the range of
directly observable nuclei. As shown in figure 5 neutron emission lifetimes are generally much
shorter than picoseconds. The observation of direct neutron emission with a lifetime longer
than picoseconds would qualify as neutron radioactivity and is an extremely unlikely process
because the window of separation energy is extremely small.

Thus the neutron dripline can experimentally be determined as the boundary between
directly observed and non-observed nuclei. The difficulty is to decide if the experimental
evidence is sufficient to claim the observation of a nucleus or to set an upper detection limit.
There have been several cases where claims of existence as well as non-existence have been
made based on limited statistics which turned out to be incorrect.

Already, in the early 1960s there were controversies about the existence of certain nuclei.
5H was first observed to be particle-bound [26], but its existence could not be confirmed in later
experiments [27]. The first evidences for the observation of 21C and 25O [28] were premature,
and these nuclei are unstable with respect to neutron emission and are thus beyond the neutron
dripline [29]. In contrast, 14Be [30] and 31Ne [31] were both first determined to be unbound,
but were subsequently observed (14Be [32], 31Ne [33]). Controversial cases at the proton
dripline were, for example, 45Fe [34, 35] and 69Br [36, 37].

The determination of the proton dripline is much harder. Simple observation or non-
observation is insufficient evidence to locate the dripline. In order to decide whether a nucleus

Rep. Prog. Phys. 67 (2004) 1187–1232 
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sequence of reaction channels http://www.nndc.bnl.gov/qcalc/  



Beyond the Neutron Drip-Line 
http://www.tandfonline.com/doi/pdf/10.1080/10619127.2014.882735  

Since the experimental details have been provided pre-
viously in Ref. [17], only a brief overview is presented. The
26O was produced using a one-proton knockout reaction
from a 82 MeV=u 27F beam produced at the National
Superconducting Cyclotron Laboratory at Michigan State
University. To produce the 27F beam, a 140 MeV=u pri-
mary beam of 48Ca bombarded a 1316 mg=cm2 9Be pro-
duction target. The A1900 fragment separator [27] was
used to select the desired 27F fragments which were then
impinged on a 705 mg=cm2 9Be reaction target in the
experimental vault. The 26O ! 24Oþ nþ n decay was
measured using the Modular Neutron Array (MoNA) and
the 4 Tm superconducting dipole magnet [28]. The dipole
magnet bent the charged fragments about 43" into a suite
of charged particle detectors, which allowed for the mass,
charge, kinetic energy, and angle of the charged particle to
be reconstructed from its track through the magnet [29].
MoNA was placed 6.05 m from the reaction target and
provided the measurement of the velocity and angle of the
neutrons.

The three-body decay energy of the 24Oþ nþ n system
was calculated as Edecay ¼ M26O $M24O $ 2Mn, where

M26O (M24O) is the mass of 26O (24O) andMn is the neutron

mass. The invariant mass, M26O, was calculated from the

experimentally measured four-momenta of the 24O and two
neutrons. The three-body decay spectrum requires a triple
coincidence of two interactions in MoNA that pass the
causality cuts and a 24O fragment. The causality cuts are
used to select true 2n events from multiple scattering of a
single neutron and are discussed in detail in Ref. [17].

A detailed Monte Carlo simulation was used to fit the
experimental spectrum as described in Ref. [17]. The
simulation included all relevant components of the experi-
mental setup. In particular, special care was taken in repro-
ducing the neutron interaction observables in MoNA using
the GEANT4 framework with the custom neutron interaction
model MENATE_R [30]. As shown in Fig. 1, the experimen-
tal three-body decay spectrum was well reproduced by the
Monte Carlo simulation including the decay from both the
ground state (red long-dashed line) and first excited state
(green dashed line). It is important to note that the ground
state resonance was determined from a fit of the data [17]
while the placement of the first excited state was taken
from predictions from the continuum shell model [31].

Two scenarios for the decay of 26O with different life-
times are illustrated in Fig. 2. The 27F beam enters the
3815 !m (705 mg=cm2) 9Be target followed by the one-
proton knockout reaction producing the 26O. If the reaction
was to occur at the beginning of the target where the 27F
beam is traveling at about 11:8 cm=ns and the 26O had a
very short lifetime (top of Fig. 2) then the neutrons would
be emitted with an average velocity of 11:8 cm=ns. In the
other case if the 26O had a lifetime of 30 ps (bottom of
Fig. 2), which is roughly the time of flight through the
target, then the neutrons would be emitted with an average

velocity of 10:9 cm=ns due to the energy loss of the 26O
fragment traveling through the target. Thus, the observa-
tion of a shift in the expected neutron velocity can provide
a measure of the lifetime of 26O.
The relative velocity between the neutrons and fragment

is defined as Vrel ¼ Vn $ Vfrag, where Vn (Vfrag) is the
velocity of the neutron (fragment) in the laboratory frame.
The relative velocity was examined to remove the effect of
the momentum dispersion of the 27F beam (!p=p ¼ 2%).
Thus, the variation in the incoming velocity of the 27F is
removed event by event. Since the reaction point in the
target is unknown, the fragment velocity (Vfrag) is calcu-
lated assuming the reaction occurs at the center of the
target. The width of the Vrel distribution will be dependent
on the target thickness and magnitude of the decay energy
(both of which will increase the width). If the reaction
point was known on an event-by-event basis and the decay
energy was very small then the Vrel distribution should be
narrow and centered around zero. While the width of the

20

FIG. 1 (color online). Experimental 24Oþ nþ n decay energy
spectrum (solid black points) with causality cuts applied is
compared with the Monte Carlo simulation (solid black line)
with two components: the 26O ground state resonance (red long-
dashed line) and the first excited state (green short-dashed line).
The vertical dotted line represents the selection of 26O events
used in the analysis.

3815 m Be9

27F
26O

24O

n

n

27F 26O 24O
n

n

FIG. 2. The decay of 26O within the thick 9Be target is illus-
trated for two cases: (top) very short lifetime corresponding to an
immediate decay and (bottom) a lifetime around 30 ps which
allows the 26O to exit the target before decaying.
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Tetraneutron??? 

Detection of neutron clusters
A new approach to the production and detection of bound neutron clusters is presented. The technique is

based on the breakup of beams of very neutron-rich nuclei and the subsequent detection of the recoiling proton
in a liquid scintillator. The method has been tested in the breakup of intermediate energy 30–50 MeV/nucleon
11Li, 14Be, and 15B beams. Some six events were observed that exhibit the characteristics of a multineutron
cluster liberated in the breakup of 14Be, most probably in the channel 10Be 4n . The various backgrounds that
may mimic such a signal are discussed in detail.

PHYSICAL REVIEW C, VOLUME 65, 044006 (2002)

http://www.cnrs.fr/cw/en/pres/compress/noyau.htm  

http://www.gamefaqs.com/pc/944906-mass-effect-2/answers/157357-where-is-
the-best-planet-to-find-element-zero-resources  



http://journals.aps.org/prl/abstract/10.1103/PhysRevLett.90.252501  
Can Modern Nuclear Hamiltonians Tolerate a Bound Tetraneutron? 



Baryon and meson resonances 
Lots of unbound states! 

N* 

Δ* 


